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Abstract—Several methods [model selection procedures (MSPs)]
to determine the number of sources in electroencephalogram
(EEG) and magnetoencphalogram (MEG) data have previously
been investigated in an instantaneous analysis. In this paper, these
MSPs are extended to a spatio-temporal analysis if possible. It
is seen that the residual variance (RV) tends to overestimate the
number of sources. The Akaike information criterion (AIC) and
the Wald test on amplitudes (WA) and the Wald test on loca-
tions (WL) have the highest probabilities of selecting the correct
number of sources. The WA has the advantage that it offers the
opportunity to test which source is active at which time sample.

Index Terms—AKaike criterion, Bayesian criterion, EEG, MEG,
model order selection, source localization, testing source activity.

1. INTRODUCTION

O describe the underlying processes of electroencephalo-

gram (EEG) and magnetoencphalogram (MEG) data in
terms of relatively few dipolar sources, an a priori estimate
of the number of sources is required [1]-[3]. In [4], several
methods [model selection procedures (MSPs)] were examined
for instantaneous electromagnetic source analysis (EMSA) to
obtain such an estimate, including the residual variance (RV).
It was found that the RV had a high probability of selecting too
many sources (over-fit). It was also found that alternatives like
the adjusted Hotelling’s test, the Bayesian information criterion
(BIC), and the Wald tests (amplitudes and locations) were effec-
tive, that is they had a high probability to select too few sources
(under-fit) when the true sources were close, and had a high
probability of selecting the correct number of sources when the
true sources were more distant.

In this paper, the effective MSPs from [4] will be extended
to spatio-temporal EEG and MEG source analysis, if possible.
The MSPs that will be extended are the RV (for comparison),
the Akaike information criterion (AIC), the BIC, and the Wald
tests, on amplitudes (WA) and locations (WL). Although the ad-
justed Hotelling’s test performed well, its distribution cannot
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be determined easily if the sample (nonparametric) estimate of
the residual covariance matrix is unavailable. In spatio-temporal
source analysis, the nonparametric residual covariance matrix
is not available since the dimensions of this matrix are simply
too large compared to the number of trials. The effective pa-
rameterized alternative offered in [9] and [10] do not lead to a
similar distribution of the residual covariance matrix (Wishart
distribution) as in the instantaneous case. Consequently, the ad-
justed Hotelling’s test cannot be extended to a spatio-temporal
analysis. (Asymptotically Hotelling’s test would be equal to the
chi-square test, which was seen to be ineffective in [4].)

As was seen in [4] the nonparametric estimate of the residual
covariance matrix diminished the performance of several MSPs.
It was, however, not clear to what extent the estimation errors
in the covariance matrix were responsible for this effect. The
parameterized covariance matrix offers the opportunity to in-
vestigate the effect of the estimation errors. To this end, the
asymptotic distribution of the parameters of the residual covari-
ance matrix (which is Gaussian) is determined to create samples
of this matrix with estimation errors. This so called parametric
bootstrap is similar to [11] in a Bayesian setting. The size of the
estimation errors is expected to be reflected in the performance
of the MSPs.

This paper is organized as follows. First, the spatio-temporal
model, its assumptions, and the MSPs are specified in Section II.
This is followed by a simulation in Section III showing the per-
formance of the MSPs in spatio-temporal data and the effect
of using an estimate of the covariance matrix on the perfor-
mance of the MSPs. Finally, the results are discussed in section
Section IV.

II. METHOD

Although the following methods are discussed in terms of
MEGQG data, they can be applied to EEG and combined EEG and
MEQG data as well. The MEG data from m sensors and ¢ samples
are collected for each independent trial j = 1,...,n inthe m X
t matrix Y; = (yij,---,¥t)s With yij = (Y1ij, - - - Ymij)'
Denote the average over trials by Y = (1/n) Z?zl Y;. Itis
assumed that both the location and orientation of the d dipolar
sources are fixed over time (samples), and only the amplitudes
are allowed to vary over samples [1], [9]. The model for the
averaged data is then

Y =GA +E. (1)

The m X d matrix G contains the sensor gains of d sources
with unit amplitudes. The matrix G depends on the location and
orientation parameters of the dipolar sources, denoted by 7 and
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&, respectively, [9]. The d x ¢ matrix A contains the time varying
amplitudes of d sources, and the m X ¢ matrix E is the residual.
The residual consists of pure error (e.g., spontaneous EEG or
MEG) and modeling error (e.g., due to an incorrect number of
sources). The number of free parameters in MEG for d sources
and ¢ samples is p = 5d + td.

If the pure error is white (i.e., uncorrelated and ho-
moscedastic), then its covariance matrix is proportional to
the identity matrix, and the source parameters can be ob-
tained by ordinary least squares (OLS). An OLS estimate
b = (vec(A), ‘f",él)’ minimizes the squared residuals
r2(#) = tr[(Y — GA)(Y — GA)'], with vec(-) the operator
that stacks the columns of a matrix [12], and tr[-] the trace of a
matrix. At the minimum s%(8) = 72(6)/(mt — p) is an estimate
of the residual variance.

If on the other hand the pure error is colored (i.e., correlated
and heteroscedastic), then it is assumed that the covariance can
be structured as (1/n)(T ® X¥), where T is the temporal cor-
relation and ¥ the spatial covariance matrix, and ® denotes the
Kronecker product [9]. The temporal and spatial matrices can be
further parameterized. The temporal correlation matrix Y ((3) is
assumed to be induced by an AR(1) process. Therefore, Y(3)
has a Toeplitz structure with diagonals vy = B* with |3| < 1
the coefficient of the AR(1) process, and k = 0,...,¢t — 1 the
lag [13, p. 36]. For the spatial matrix X(w) the model o;; =
kikjexp(—d;;/a) is used, with k; > 0,5 = 1,...,m, the
standard deviation of the pure error at sensor j, d;; the Eu-
clidean distance between sensors ¢z and j, o > 0 the correla-
tion strength [14], and w = (K1, ..., &m, ). The parameters
of both the spatial and temporal matrix are collected in the m+2
vector { = (f,w’)’. There is some empirical evidence for the
adequacy of both the Kronecker structure [10] and the further
parametrization of the spatial [15] and temporal matrices [9].

In the case of colored pure error the source parameters are
estimated by (estimated) generalized least squares (GLS) [16].
In GLS, the data and model are prewhitened to render the pure
error white. Assume that an estimate of the covariance parame-
ters is available (see, e.g., [15]), and denote the ensuing temporal
and spatial matrices, respectively, by U = T(3) and s2V =
S = ¥(w), with s the average of the diagonal of S[4]. The data
and model can be prewhitened by the inverse of the Cholesky
factor of the pure error covariance matrix. Using the Kronecker
structure for the covariance matrix, the prewhitened data and
model are V~/2Y(U~/2)" and V-'/2GA(U~"/2), with
U~'/2 and V~'/2 the inverse of the Cholesky factors of the
temporal and spatial matrices, respectively. A GLS estimate
minimizes 72(8) = tr[VflA(Y — GA)U (Y — GA)]. At
the minimum 52(@) = 72(#)/(mt — p) is an estimate of the
residual variance.

A. Model Selection Procedures

In this section, the MSPs are briefly discussed. Each of the
following MSPs is discussed more elaborately in [4]. For each
MSP the version is given for white pure error. The version for
colored pure error is obtained by prewhitening the data and
model as outlined in the previous section.

The RV compares the squared residuals to the squared data
for all sensors and samples simultaneously. The RV decreases
as a function of the number of parameters, and will therefore
over-fit easily. The RV is defined as

tr[(Y — GA)(Y — GA)']

RV =100 EAT.
tr[YY]

(@)

A model is said to fit if the RV is below a certain threshold [17],
for example 5%.

The AIC penalizes the log-likelihood function for additional
parameters (i.c. source parameters) that are required to describe
the data [18]. In doing so, the number of sources should be lim-
ited since additional sources will at one point hardly decrease
the log-likelihood function but increase the penalty. The AIC is
defined as

AIC = nmtIn(rn1s?)
+n " s72r[(Y — GA)(Y — GAY]+2p, (3)

where the log-likelihood function has been multiplied by —2.
The model with the smallest AIC value is selected.

The BIC penalizes the log-likelihood function for additional
parameters more severely than the AIC [19]. Consequently the
BIC is more conservative than the AIC and should lead to less
over-fitting. The BIC is defined as

BIC = namt In(rn~'s?)
+n L5 2Hr[(Y — GA)(Y — GA)'] +pln(mt). (4)

The model with the smallest BIC value is selected.

The Wald test gives the opportunity to test a hypothesis on a
specific subset of the parameters [20]. It can be tested whether
the amplitudes of the sources are significantly larger than zero,
in which case these sources should be included in the model.
Alternatively, it can be tested whether the locations of sources
differ from each other significantly, in which case these sources
should also be included in the model.

Let r be a g vector function of the source parameters (i.c.
amplitudes or locations), r, the ¢ vector of fixed hypothesized
value of r, R the g x k Jacobian matrix of r with respect to k
source parameters, and C the k x k covariance matrix of source
parameters (amplitudes or locations, see [9]). Then the Wald test
is defined as [21]

W= é(r —r,)(RCIR/) " Yr —rp). (35)
If the hypotheses are correct then W is approximately dis-
tributed as F'(q, mt — p) and is tested at significance level .
In the WA test, the td vector r = vec(A), R=L,;r, =
0, and C = C(A) is the covariance matrix of the amplitudes
with dimensions td X td. Subsequent semi-univariate tests are
performed at e/ d (for each source separately but for all samples
simultaneously), and univariate tests at «/td (for each source
and sample separately). A source is included if the following
is true: the multivariate test is significant, the semi-univariate
tests are significant for all sources, and the univariate tests are
significant at least at one sample for all sources.
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Fig. 1. The amplitude functions used in the simulation for the two sources.

In the WL test, the 3d(d — 1) /2 vector r = vec(71 — 72,71 —
73,...,Td—1 — Ta4), where 7; denotes the location vector of the
ith source, the 3d(d — 1)/2 X 3d Jacobian matrix R = dr /0T,
with T the locations of all sources, rj, = 0, and C = C(7) is the
covariance matrix of the source locations with dimensions 3d x
3d. Subsequent semi-univariate tests are performed at «/[d(d —
1)/2] (for each source-pair separately). A source is included if
the following is true: the multivariate test is significant, and the
semi-univariate tests are significant for all sources.

III. SIMULATIONS

Similar to the simulations in [4], MEG data are generated
by two sources with increasing distance, and the pure error is
either white or colored. If the pure error is colored a bootstrap
covariance matrix is used to examine the effect of estimation
errors of the covariance matrix on the performance of the MSPs.
The MSPs are evaluated according to the probabilities of three
types of decisions: correct, under-fit, and over-fit.

A. Design

The signal on 61 sensors (see [22]) is generated by two
dipoles inside a unit sphere. Both sources are in the midcoronal
plane (crossing both ears and the vertex) with a varying angle
v = 5° —20°, in degrees, with steps of 5°, between the location
vectors. As an indication of the distance between the sources,
consider a sphere with radius 10 cm. Then 5° corresponds to
0.17 cm and 20° to 3.5 cm. Both sources were at eccentricity
0.80 in the unit sphere. The orientation of both dipoles is toward
the nose and completely tangential. This configuration of the
sources corresponds to reasonably well separable sources [23],
and ensures that that the angle between the source locations
determines the separability of the sources. The amplitude
functions for both dipoles for 50 samples are depicted in Fig. 1.
The absolute temporal correlation between the sources is 0.31.

Normally distributed pure error, white or colored, is added
to the signal at each sensor. The pure error standard deviation
for the mean (over trials) is set at 10% of the maximal signal
(without error) from the 61 sensors and 50 samples when the
angle between the dipoles is 12.5°. A total of 300 simulations
with each 300 trials is generated. Instead of estimating the pa-
rameters of the covariance model in each simulation, a para-
metric bootstrap sample is generated, which is computationally
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Fig. 2. The probabilities of correct and incorrect decisions in the white pure
error case as a function of the distance between the two true sources (in degrees).
Solid line: correct (two sources), dashed line: under fit (one source), dotted line:
over fit (three sources).

much more convenient for simulation purposes. Colored pure
error is obtained from such a parametric bootstrap sample of the
covariance parameters for the Kronecker covariance matrix. The
true covariance parameters are 3 = 0.8, a = 0.7, and the x; are
all equal and are determined according to the 10% criterion for
the signal to noise ratio [16]. By using a sample (84, w’,)’ from
the asymptotic distribution of the covariance parameters, esti-
mation error is created in the temporal correlation matrix Y'(G.)
and the spatial covariance matrix X(w.). The estimator of the
covariance parameters is normally distributed with the true co-
variance parameters as its mean and covariance matrix ) (see
the Appendix ). Then 1)2€Q, with 1/ equal to the predefined stan-
dard deviation, determines the deviation of the parametric boot-
strap sample (., w’,)’ from the true covariance parameters. The
difference between the true and parametric bootstrap temporal
and spatial matrices reflects the estimation error encountered in
standard estimation of the residual covariance matrix. The size
of created estimation error is expressed by the average of the ab-
solute difference between the Frobenius norm of the true and the
parametric bootstrap covariance matrices. The parametric boot-
strap covariance matrix is used in the GLS function to estimate
the source parameters and in the MSPs for colored pure error.
Two standard deviation levels for the asymptotic distribution are
used: ¢ = 1 and 10, and the corresponding size of the created
estimation errors is 0.0017 and 0.0171.

B. Results

To evaluate the MSPs three types of decision are considered:
correct (two sources), under-fit (one source), and over-fit (three
sources). It should be borne in mind that if the decision is incor-
rect then under-fit is preferred to over-fit when the sources are
close. A desirable pattern is then that when the sources are close
the decision of one source has high probability and when they
are more distant, the decision of two sources has high proba-
bility. In Figs. 2—4, the probabilities of the decisions of the MSPs
are shown for white and colored pure error with ¢» = 1 and 10.
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It can be seen that the RV tends to over-fit for both white and
colored pure error: it has a probability of around 0.90 to select
three sources at any angle in each pure error condition.

The AIC and BIC show the desirable pattern when the pure
error is white: a high probability of selecting one source when
the true sources are close and a high probability of selecting
two sources when the true sources are more distant. The AIC
shows the same pattern for colored pure error (both conditions)
as for white pure error, except that it has a lower probability of a
correct decision in colored pure error at 5° — 10°. The estimation
errors influenced the AIC only slightly at 10°: the probability of
a correct decision is lower when ) = 10 than when ) = 1. The
BIC on the other hand, has a high probability to under-fit at all
angles when the pure error is colored for both ¢y = 1 and 10.
The BIC breaks down in colored pure error because the penalty
is based on the assumption of independent samples and sensors.
The penalty of p In(m¢t) is too severe if the samples and sensors
are not completely independent (there are estimation errors in
the prewhitening matrix).

The WA shows a similar pattern as the AIC for white and col-
ored pure error, except that the probability of correct decisions
starts to increase at 15° (colored pure error) or 20° (white pure
error) for the WA instead of 10° for the AIC. The WA seems to
be influenced the most by the size of estimation error (¢/). The
WL shows the best overall performance: correct decision at all
angles and in all pure error conditions.

An advantage of using the WA in spatio-temporal analysis
is the possibility of checking the univariate significance levels
(p-values) to determine at which samples the sources are active.
In Fig. 5, is an example of estimated amplitudes (by GLS) of two
sources (left panel) and the corresponding univariate p-values
from the WA and the (Bonferroni-corrected) significance level
at 0.05/100 = 0.0005 (right panel), of a single simulation with
the sources at v = 20° and with colored pure error (7p = 1).
The WA selected two sources in this particular simulation. If
the amplitude is high compared to its standard deviation then the

sources (in degrees). Solid line: correct (two sources), dashed line: under fit
(one source), dotted line: over fit (three sources).
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Fig. 5. In the left panel are the amplitude time functions of two estimated

sources from data with colored pure error (¢» = 1) and estimated by GLS.
In the right panel are the corresponding p-values for the sources computed
with the WA for each source and each sample, and the Bonferroni-corrected
significance level at 0.05/100 = 0.0005. The line types in the left and right
panel correspond to the same dipole.

p-value drops below the significance line, indicating that its am-
plitude is significantly larger than zero. It can be concluded that
the first source is active between samples 4-24 and the second
source is active between samples 12-45, which corresponds rea-
sonably well to the true amplitude functions (cf. Fig. 1).

IV. DISCUSSION

The objective was to extend the results for MSPs obtained
in [4] to spatio-temporal data in EMSA. Additionally, the influ-
ence of estimating the prewhitening matrix on the MSPs was
investigated by using a parametric bootstrap procedure akin to a
Baysian method. The WL showed the best overall performance.
The AIC and WA showed good performance in the sense that
the probability of selecting one source was high when the true
sources were close, and the probability of selecting two sources
was high when the true sources were more distant. The WA has
the advantage that the univariate tests can be used to determine
at which samples the sources had amplitudes significantly larger
than zero.
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MSPs based on the eigenvalue decomposition (or, equiva-
lently, the singular value decomposition, or the principal com-
ponent analysis) [1], [5]-[7] were not investigated here. This is
because it has been shown that this type of MSP is suboptimal
when the the sources are temporally correlated [8].

It could be argued that the over-fitting of the RV was caused
by using a threshold value which was too low. That is, a higher
threshold value than the 5% used in the present simulations,
might have given good results. Indeed, several sources of ad-
ditional information might be used to determine the threshold.
For example, the baseline could be used in an estimate of the
threshold, or it could be reasoned that the threshold should be
higher since the pure error on the sensors is correlated. However,
there is no clear procedure on how to set the threshold in the RV,
and more importantly, how this threshold should depend on the
data. Moreover, the RV is dependent on data power, i.e., the RV
will more often indicate a bad fit for low amplitude signals than
for high amplitude signals [4]. In the present simulation design,
the increasing distance between the two true sources, produces a
decrease in overall amplitude of the sources. In that case, the RV
might have a higher probability of correct decisions when the
true sources are close, which is then due to the increased overall
amplitude, but it would still over-fit when the true sources are
more distant.

The roles of the AIC and BIC are reversed compared to the re-
sults in [4] with instantaneous data. The likely cause is the differ-
ence in the penalty function of the AIC and BIC in the instanta-
neous and spatio-temporal model on the one hand, and the effect
of estimating the pure error covariance matrix on the other. The
penalty of the BIC in the instantaneous model is 5d In(m) and
in the spatio-temporal model (5d + td)In(mt). The penalties
with two sources are approximately 50.17 and 882.52 for the in-
stantaneous and spatio-temporal model, respectively. Combined
with the fact that the residuals are not completely independent in
colored pure error (since an estimate is used for prewhitening),
the large penalty in spatio-temporal analysis leads to under-fit-
ting. This follows from the fact that the BIC performs well when
the pure error is white and performs poorly when the pure error
is colored. The penalty of the AIC, on the other hand, depends
only on the number of parameters and, therefore, leads to less
under-fitting.

In instantaneous analysis, the WL showed a similar flat pat-
tern across distances between the true sources as in spatio-tem-
poral analysis, except that in the spatio-temporal analysis the
probability of correct decisions was higher. The better perfor-
mance of the WL in spatio-temporal analysis than in instanta-
neous analysis can be explained by the higher precision of the
location parameters due to the additional information from the
samples (see [9]). Accordingly, the null hypothesis that the loca-
tions were the same was more easily rejected when two sources
were tested. The higher precision of the location parameters will
remain intact even if the correlation between the source ampli-
tude functions were higher. This is because of the definition of
the spatio-temporal model, in which only the amplitude param-
eters are estimated at each time sample.

The created estimation errors in the prewhitening matrix di-
minished the performance of the AIC and WA, but only slightly,
and was less extensive than anticipated. It is likely though that

larger values of ¢ than used in the present simulation decreases
the performance of the tests further.

These particularities raise the question of the generalize-
ability of the results of the present simulations. For example,
different source orientations, different source amplitude func-
tions, or using less trials or sensors might yield other results
of the MSPs. Generally, it is expected that the ordering of the
MSPs will remain the same given that several factors might
deteriorate the bias or variance of the source parameters. This is
due to the fact that poorer estimation of the source parameters
effects the MSPs generally in the same way.

APPENDIX

The objective in this appendix is to find the distribution of the
parameters of the parameterized covariance matrix. This distri-
bution can be used to create parametric bootstrap samples of the
covariance parameters (see the text for the details).

The covariance parameters ¢ = (3, w’) in the matrix Y (5) ®
¥ (w) can be estimated by maximum-likelihood (ML) [15]. The
asymptotic distribution of an ML estimate is normal [24]. The
mean and covariance matrix [Cramér-Rao bound (CRB)] of the
asymptotic distribution of the ML estimate ( are required to
create the parametric bootstrap samples. Since the model for the
covariance matrix Y() ® ¥(w) is known, the mean is known
and the CRB is proportional to the inverse of the expectation
of the matrix of second-order partial derivatives (expected Hes-
sian) of the ML function [12]. In the following, the dependence
of the matrices on the parameters is suppressed for convenience
of notation. The ML function with which to estimate the param-
eters is [25]

Q) = 5ulC-ToR) (T s )

where C = (1/(n— 1) X0, (v; — y)(y; — y). and y; =
vec(Y ;) [25]. Let the operator d,, denote the first-order partial
derivative with respect to ¢. The expected Hessian is [25], [26,
Prop. 6]
E{H(()} = (O¢vec(T @ X))’

x[(ToX)e (Yo X)] (dvec(T @X)). (Al)
Let K, be a tm x tm commutation matrix which al-
lows matrices to commute in a Kronecker product, i.e.,
Kim(E2® T)K,,: =T ® X [12, p. 46]. Then, the first term in
(A1) is [12, p. 47]
(Ocvec(T® X)) = (L @ Ky @ Ly,)

X[(O¢vec(T)) ® vec(X) + vec(T) ® (O¢vec(X))].
Let Yo' =T '@ Y tand B = 71 @ ©7L. This gives
together with the previous result and the above mentioned prop-
erty of the commutation matrix (A1)
LoKmoL,) (YT EeT) ) (L oK ®1L,)

=T @8

Then, (A1) can be rewritten as

E{H(()}
=[(8evec(T)) @vec(E) +vec(T) @ (e vee(E))]'x(T ' @S ")
X [(O¢vec(T)) ® vec(X) + vec(T) ® (O¢vec(X))].
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Let H,, be a partition of the expected Hessian E{H(¢)} with the
dimensions of the parameter ¢. Then, the partitioned expected
Hessian is

Hj = (9pvec(T)) Y (9pvec(Y)) ® vec(E) Ex vee()

I:IBw

f

H,

Simplifying this result gives vec(Z)’ e =

= (9pvec(T)) T vee(T) ® vec(B) Bx (9, vec(T
=vec(T) Y i vee(T) @ (O, vec(E)) Bx' (., vec(T

)
).

vee(E71),

)
)

vee(Z)EL vece(E) = tr[EXET'ERT'] = m2, and similarly
for the other matrices with Y. It then follows that:

Hy =m>t[(9T) T 19, 1)T Y
(Fg)1; = tr[(050) T e[S (0., B))]
(Ho)ji = t*tr[(0,,8) 871 (0., 2)27]

where j,k = 1,...,m + 1. Finally, the derivatives (93Y) and
(0., X) are required to compute the CRB. Expressed in elements
of the matrices the derivatives are

—d;; —d;;
(8m O'ij) = 5illij exp <TJ) + 5jllii exp <Tj>

—d;; \ dy;
(0a0ij) = Kikjexp ( ]> =

Q a?
(9pvr) = kB

where [ = 1,...,m, and §;; is the Kronecker delta (equals 1
if and only if 7 = [ and is O otherwise). The CRB of Z is then
Q = H(¢) ! with dimensions (m + 2) x (m + 2). R

With the asymptotic distribution Ny, 2(¢,12Q) of ¢, a
vector {, can be generated with the predefined variance
level 4)2. This vector contains the parameters for the matrix
T(6s) ® B(w.) with created sampling errors.
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