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4.1 Introduction

Sensor array signal processing deals with the problem of extracting information from
a collection of measurements obtained from sensors distributed in space. The number
of signals present is assumed to be finite, and each signal is parametrized by a finite
number of parameters. Based on measurements of the array output, the objective is to
estimate the signals and their parameters. This research area has attracted considerable
interest for several years. A vast number of algorithms has appeared in the literature for
estimating unknown signal parameters from the measured output of a sensor array.

The interest in sensor array processing stems from the many applications where emit-
ter waveforms are measured at several points in space and /or time. In radar applications,
as discussed in Chapters 2 and 3, the objective is to determine certain parameters asso-
ciated with each return signal; these may include bearing, elevation, doppler shift, etc.
By using an array of antenna receivers, the accuracy with which the signal parameters
can be determined is greatly improved as compared to single-receiver systems.

As the signal environment becomes more dense, both in space and frequency, sensor
arrays will play a more significant role in the field of radio and microwave commu-
nications. Communication satellites placed in geostationary orbits are faced with an
increasing amount of channel interference because of limited space and a limited fre-
quency band. By utilizing the spatial selectivity that may be obtained with an array
of sensors, satellites operating in the same frequency band can be placed close together
without unacceptable interference. Mobile communication systems are faced with the
same problem. An increasing demand for mobile telephones and a limited bandwidth
has increased the number of base stations serving an area. If a base station is equipped
with a collection of receiving antennas, the spatial dimension can be used to distinguish
emitters. By appropriately processing the output of the antenna array, undesirable noise
and interference can be suppressed in favor of the signal-of-interest.

Underwater arrays with acoustical sensors (hydrophones) are frequently used in
surveillance. Several hydrophones are either towed behind a vessel or dropped in the
ocean to passively measure acoustical energy from other vessels. The objective is to de-

tect and estimate incoming signals in order to locate and identify vessels. In geophysical



exploration the ground is often excited by a detonation and waves reflected from bound-
aries between layers in the earth are sensed by an array of geophones. By identifying the
wavefronts arriving at the array, information about the structure of the earth is inferred.

A common feature in the applications mentioned above is that several superimposed
wavefields are sampled both in space and in time. The same basic data model is there-
fore useful in all of these problems. Each application does, however, have aspects that
either complicate or simplify the estimation and detection procedures. In an underwater
environment, the propagation medium is often quite inhomogeneous and the wavefront
is dispersed and degraded. On the other hand, electromagnetic propagation in the atmo-
sphere is often well modeled as homogeneous propagation. An important complication
in, for example, radar systems arises from multipath propagation, i.e., scenarios in which
scaled and delayed versions of the same wavefront impinge on the array from different
directions.

It should also be noted that there are strong connections between array signal pro-
cessing and the harmonic retrieval problem, statistical factor analysis, and identification

of linear systems as well.

4.1.1 Background

Classical beamforming techniques were the first attempts to utilize an array of sensors
to increase antenna aperture and directivity. By forming a weighted sum of the sensor
outputs, signals from certain directions are coherently added while incoherently adding
the noise and signals from other directions. The antenna is steered to different directions
by altering the sensor weights. Adaptive antennas were later developed, in which the
sensor weights are updated on-line attempting to maximize desired signal energy while
suppressing interference and noise. Beamforming and adaptive antenna techniques have
been extensively studied in many books and papers, see for example [1]-[8]. Details of
implementation are found in Chapter 5 of this book, whereas Chapter 6 is devoted to
beamforming in two dimensions (e.g., azimuth and elevation). Chapter 7 presents an
application to an imaging system. In the presence of multiple closely spaced sources,

beamforming techniques cannot provide consistent parameter estimates. The accuracy of



the estimates is not constrained by the amount of data, but rather by the array geometry
and sensor responses, which limit the resolution capabilities of these methods.

The availability of accurate and inexpensive analog to digital converters allows the de-
sign of arrays where each sensor output is digitized individually. This greatly expands the
signal processing possibilities for the array data. Identification methods adopted from
time series analysis were applied to the sensor array processing problem and demon-
strated a performance advantage relative to beamforming techniques, [9]-[11].

The introduction of the MUSIC (MUltiple Slgnal Classification) algorithm [12]-[14]
(see also [15]), a generalization of Pisarenko’s harmonic retrieval method [16], provided
a new geometric interpretation for the sensor array processing problem. This was an
attempt to more fully exploit the correct underlying model of the parametrized sensor
array problem. The MUSIC data model is formulated using concepts of complex vector
spaces, and powerful matrix algebra tools are applied to the problem. Currently, the vec-
tor space formulation of the sensor array problem is used extensively. This has resulted
in a large number of algorithms, often referred to as eigenvector or subspace techniques,
see e.g. [17]-]20].

The MUSIC algorithm is based on a known parametrization of the array response,
which leads to a parametrized model of the sensor array output. When cast in an
appropriate statistical framework, the Maximum Likelihood (ML) parameter estimate
can be derived for the sensor array problem. ML estimation is a systematic approach to
many parameter estimation problems, and ML techniques for the sensor array problem
have been studied by a number of researchers, see for example [21]-[27]. Within the
vector space formulation, different probabilistic models have been used for the emitter
signals. Performance bounds (Cramér-Rao bounds) on the estimation error covariance
can be derived based on the different model assumptions, see [21] and [28]-[32].

Unfortunately, the ML estimation method generally requires a multidimensional non-
linear optimization at a considerable computational cost. Reduced computational com-
plexity is usually achieved by use of a suboptimal estimator, in which case the quality
of the estimate is an issue. Determining what is an accurate estimator is in general a
very difficult task. However, an analysis is possible, for example, when assuming a large

amount of data. Although asymptotic in character, these results are often useful for



algorithm comparison as well as for predicting estimation accuracy in realistic scenarios.
Therefore, there has recently been a great interest in analytic performance studies of
array processing algorithms. The MUSIC algorithm, because of its generality and pop-
ularity, has received the most attention, see e.g. [25, 30, 31] and [33]-[37]. Analysis of

other subspace based algorithms is found in, for example [27, 32] and [38]-[45].

4.1.2 Chapter Outline

This chapter attempts to establish a connection between the classical ML estimation
techniques and the more recent eigenstructure or subspace based methods. The estima-
tors are related in terms of their asymptotic behavior and also compared to performance
bounds. Computational schemes for calculating the estimates are also presented.

An optimal subspace based technique termed WSFE (weighted subspace fitting) is
discussed in some more detail. The detection problem is also addressed and a hypothesis
testing scheme, based on the WSF criterion, is presented. The estimation and detection
methods discussed herein are applicable to arbitrary array configurations and emitter
signals. The case of highly correlated or even coherent sources (specular multipath),
which is particularly relevant in radar applications, is given special attention.

The chapter is organized as follows: Section 4.2 presents a data model and the
underlying assumptions. In Section 4.3, two probabilistic models are formulated as well
as the corresponding ML estimators. Multidimensional subspace based methods, their
asymptotic properties, and the relation to the ML estimators is the topic of Section 4.4.
In Section 4.5, a Newton type algorithm is applied to the various cost functions and
its computational complexity is discussed. Section 4.6 presents schemes for detecting
the number of signals. The performance of the estimation and detection procedures is

examined through numerical examples and simulations in Section 4.7.



4.2 Sensor Array Processing

This section presents the mathematical model of the array output and introduces the

basic assumptions. Consider the scenario of Figure 4.1. An array of m sensors arranged

Figure 4.1: A passive sensor array receiving emitter signals from point sources.

in an arbitrary geometry, receives the waveforms generated by d point sources. The
output of each sensor is modeled as the response of a linear time-invariant system. Let
hii(t) be the impulse response of the k' sensor to a signal 5;(¢) impinging on the array.
The impulse response depends on the physical antenna structure, the receiver electronics,
other antennas in the array through mutual coupling, as well as the signal parameters.
The time delay of the i"* signal at the k%" array element, relative to some fixed reference

point, is denoted 7;. The output of the &% array element can then be written as a

superposition
d
i’k(t) = thi(t)*gi(t—ﬂm') —I-ﬁk(t) 5 (41)
=1

where (%) denotes convolution and ng(?) is an additive noise term independent of 5;(¢).

The sensor outputs are collected in the m-vector
T1(t) S d b 5 (t — 7’12') n1(t)

En(t) Sy b # 5i (= 7o) (1)



4.2.1 Narrowband Data Model

Consider an emitter signal s(¢) and express this signal in terms of a center frequency w

5(t) = a(t) cos(wt + ¢(t)) . (4.3)

If the amplitude, a(t), and phase, ¢(¢), of the signal vary slowly relative to the propa-

gation time across the array 7, i.e., if

at =)= a(t) ot —7) =~ ¢(1), (4.4)
the signal is said to be narrowband. The narrowband assumption implies that
st—1)=a(t —7)cos(w(t —7)+ ot — 7)) = at) cos(wt —wT + o(1)) . (4.5)

In other words, the narrowband assumption on $(¢) allows the time delay of the signal to
be modeled as a simple phase shift of the carrier frequency. Now, the stationary response

of the k' sensor to 5(¢), may be expressed as

() = hip(t)*s(t — 1) = hi(t) * a(t) cos(wt — wr + o(1))

~ |Hi(w)| a(t) cos(wt — wry, + ¢(t) 4+ arg Hi(w)) , (4.6)

where Hp(w) is the Fourier transform of the impulse response hy(f). The narrowband
assumption is implicitly used also here. It is assumed that the support of s(¢) in the
frequency domain, is small enough to model the receiver response, Hy, as constant over
this range.

It is notationally convenient to adopt a complex signal representation for z4(¢). The
time delay of the narrowband signal is then expressed as a multiplication by a complex

number. The complex envelope of the noise-free signal has the form

ve(t) = ap(t) +jai(t)
= Hk(w)e_jmkoz(t)ej(b(t)

= Hp(w)e™¥™rs(t) (4.7)
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where signal s(t) is the complex envelope of 5(¢) and

wi(t) = [Hi(w)la(t)cos(o(t) + arg Hy(w) — ) (1.8)

(1) = [Hi(w)|a(t)sin(o(t) + arg Hy(w) — wTk) (4.9)

are the low-pass in-phase and quadrature components of (), respectively. In practice,
these are generated by a quadrature detector in which the signal is multiplied by sin(wt)

and cos(wt) and low-passed filtered

zi(t) = [2z4(t) cos(wt)];p (4.10)

zi(t) = —[2z4(t)sin(wt)]p - (4.11)

When the narrowband assumption does not hold, temporal filtering of the signals is

required for the model (4.7) to be valid.

4.2.2 Parametric Data Model

We will now discuss the parametrized model that forms the basis for the later develop-
ments. A collection of unknown parameters is associated with each emitter signal. These
parameters may include bearing, elevation, range, polarization, carrier frequency, etc..
The p parameters associated with the i signal are collected in the parameter vector
#;. The k' sensor’s response and the time delay of propagation for the ' signal are
denoted by, Hi(6;) and 74(8;) respectively. The following parametrized data model is
obtained (from (4.2) and (4.7))

(1) L] @89 n(1)
x(t) = : =2 : si(t) + :
) || anl6) (1)
= [a(61)...a(0)][s:(1) ... sa(D)]" +n(7)
— A(Bo)s(t) + n(t) | (4.12)



where the response of the k' sensor to the ' signal is ax(6;) = Hk(ei)e_jmk(ei). The
vector x(t) belongs to an m-dimensional complex vector space, x(t) € C™*!. The pd-
vector of the “true signal parameters” is denoted 8y = [011,...,01p, ..., 041, .., 0]"

To illustrate the parametrization of the array response, consider a uniform linear array
(ULA) with identical sensors and uniform spacing A. Assume that the sources are in
the far field of the array and that the medium is non-dispersive, so that the wavefronts
can be approximated as planar. Then, the parameter of interest is the direction of
arrival (DOA) of the wavefronts, 8, measured relative to the normal of the array. The
propagation delay 7 between two adjacent sensors is related to the DOA by the following

equation

cT
inf = — 4.1
Sin N ( 3)

where ¢ is the wave propagation velocity. Hence, the array response vector is given by

a(0) = a(0) | . c , (4.14)

e_j(m_l) wAzin 6

where a(6) is the response of the first element. Vectors with this special structure are
commonly referred to as Vandermonde vectors.

The array response vector, a(8;), is an element of a complex m-dimensional vector
space and will, in general, describe a p-dimensional manifold parametrized by 6;. In
the following, we will at times specialize to the case when each emitter signal has one
unknown parameter, e.g., the direction of arrival. In this case, the array response vector
traces a one-dimensional manifold in the space as the angle, 8, varies over the parameter
range of interest, see Figure 4.2. The array manifold, A, is defined as the collection of

all array response vectors over the parameter range of interest.

A=1{a(6;) | 6;cO). (4.15)



i

Array Manifold

Figure 4.2: Array manifold.

Let the process x(t) be observed at N time instants, {{1,...,tx}. Each vector ob-
servation is called a snapshot of the array output and the data matriz is the collection

of the array snapshots
XN = [X(tl)...X(tN)] = A(QO)SN—I-NN 5 (416)

where the matrices Sy and Ny are defined analogously to Xy.

4.2.3 Assumptions and Problem Formulation

The received signal waveforms are assumed to be narrowband, see (4.4). When deriving
the ML estimator, the following assumptions regarding the statistical properties of the
data are further imposed. The signal, s(#;), and noise, n(¢;), terms are independent,

zero-mean, complex, Gaussian random processes with second-order moments

E{S(ti)SH(t]‘)} =8 52']‘ E{n(ti)nH(tj)} = 0'2 I 52']‘ (417)
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E{s(t)s"(t)) =0 E{n(t)n(t)} = 0. (1.18)

where (-) denotes complex conjugate transpose, S is the unknown signal covariance
matrix, ¢;; represents the Kronecker delta and I is the identity matrix. In many applica-
tions, the assumption of Gaussian emitter signals is not realistic. A common alternative
model assumes that the emitter signals are unknown deterministic wave forms, see Sec-
tion 3.6. In the next section, the deterministic (or conditional) model is discussed and
strong justification is provided for why the Gaussian model, which we refer to as the
stochastic model, is appropriate for the signal parameter estimation problem at hand.
The detection and estimation schemes derived from the Gaussian model is found to yield
superior performance, regardless of the actual emitter signals.

As seen from (4.17), the noise is assumed to be temporally white and also independent
from sensor to sensor, i.e., spatially white. The noise power is assumed to be identical

in all sensors, and its value, o?

, 1s unknown. If the spatial whiteness condition is not
met, the covariance matrix of the noise must be known, e.g. from measurements with
no signals present. In such a case, a whitening transformation is performed on the data,
rendering the transformed noise to be spatially white as described in Section 3.5.

Under the assumptions above the covariance matrix of the measured array output,

referred to as the array covariance, takes the following familiar form
R = E{x(t;)x"(t;)} = A(0,)SA"(8,) + o1 . (4.19)

A critical assumption for parameter based array processing techniques is that the func-
tional form of the parametrization of A is known. If the array is carefully designed,
deriving an analytic expression for the array response may be tractable. However, in
most practical applications only array calibration data are available, and the issue of
generating an appropriate array manifold is crucial. It is further required that the man-
ifold vectors are continuously differentiable w.r.t. the parameters, and that for any
collection of m distinct ; € @, the matrix [a(64),...,a(8,,)] has full rank. An array
satisfying the latter assumption is said to be unambiguous. Due to the Vandermonde
structure of a(f) in the ULA case, it is simple to show that the ULA is unambiguous if
the parameter set is @ = (—n/2,7/2).

11



With these preliminaries the sensor array problem can now be formulated as follows:

Gliven the observations Xy and a model for the array response a(8;), estimate
the number of incoming signals d, the signal parameters 8g, the signal covariance

matriz S (or alternatively the waveforms Sy ) and the noise variance o*.

The emphasis here is on the estimation of d and 8. Estimation of the other unknowns
is only briefly discussed. Detailed treatments on the estimation of S is given in [24] and

[46], whereas estimation of Sy is the subject of [47].

4.2.4 Parameter Identifiability

Under the assumption of independent Gaussian distributed observations, all information
in the measured data is contained in the second-order moments. The question of pa-
rameter identifiability is thus reduced to investigating under what conditions the array
covariance uniquely determines the signal parameters. Let 1 represent the unknown
parameters of the covariance R. It is assumed that no a priori information on the signal
covariance is available. Noting that S is a Hermitian matrix, 7 contains the following
d* + pd + 1 real parameters

T
= ~ = ~ 2
n = [(911,...,de,sn,...,de,321,521,...,5d7d_1,3d7d_1,0 5 (420)

where s;; = Re{s;;} and §; = Im{s;;}. Let Ry and Ry be two covariance matrices
associated with the parameter vectors n, and n,, and let Ay, Ay and Sy, Sy be the

corresponding response matrices and emitter covariances. We will distinguish between

system identifiability (SI)
R1 = R2 < (Al == A2 and Sl == SQ) 5 (421)
and unambiguous parametrization (UP)

(Al = A2 and Sl = SQ) < m =17 . (422)

12



The problem is parameter identifiable (PI), i.e.,
Rl = R2 @ nl — n2 (423)

if and only if it is both SI and UP. Let A; and A, be two m X d matrices of full rank,

whereas S; and S, are arbitrary d x d matrices. Consider the relation
ASIAT 4 62T = AS,AY + 52T (4.24)

If the number of signals is less than the dimension of x(¢;), i.e. d < m, then (4.24)
implies 07 = o3 since the smallest eigenvalue of the two covariances must be equal. It
also follows that the matrices S; and Sy have the same rank, denoted d’. In the case of
coherent signals (specular multipath or “smart jamming” ), the emitter covariance matrix
is singular, i.e., d’ is strictly less than d. Let

S, =LLF, =12 (4.25)

[y b

denote the Cholesky factorization of S;, where L;, ¢ = 1,2 are d x d’ matrices of full

rank. Clearly, (4.24) is equivalent to
A1L1 — A2L2L3 y (426)

for some d' x d' unitary matrix Ls. In [48], it is shown that a sufficient condition for
(4.26) to imply A; = A, (subject to the order of the columns) and, hence, S; = S, is
that

d<(m+d)2. (4.27)

By assuming an unambiguous array, (4.22) is trivially satisfied and we conclude that
the problem is PI. Notice that the requirement that [a(84),...,a(8,,)] has full rank for
distinct signal parameters is problem-dependent and, therefore, has to be established for
the specific array under study.

It has been recently shown in [49] that the condition (4.27) is not only sufficient but

also essentially necessary for PI. Note that if (4.27) is replaced by the weaker condition

13



d < 2d'm/(2d' + p), then Pl is guaranteed except for a set of parameter values having
zero measure, see [48]. Thus, the latter condition guarantees what is commonly called
generic parameter identifiability. However, the concept of generic identifiability is of
limited practical value, since for a non-zero measure set of scenarios with parameters
close to the non-identifiable set, the accuracy of any parameter estimator will be very

poor, [49]. Hence, we will assume in the following that (4.27) is satisfied.

14



4.3 Exact Maximum Likelihood Estimation

The Maximum Likelihood (ML) method is a standard technique in statistical estimation
theory. To apply the ML method, the likelihood function (see e.g. [50, 51]) of the observed
data has to be specified. The ML estimates are calculated as the values of the unknown
parameters that maximize the likelihood function. This can be interpreted as selecting
the set of parameters that make the observed data most probable.

When applying the ML technique to the sensor array problem, two main methods
have been considered, depending on the model assumption on the signal waveforms.
When the emitter signals are modeled as Gaussian random processes, a stochastic ML
(SML) method is obtained, see also Sections 2.4.4 and 3.6. If on the other hand the
emitter signals are modeled as unknown deterministic quantities, the resulting estima-
tor is referred to as the deterministic (or conditional) ML (DML) estimator, see also

Sections 2.3.3 and 3.6.

4.3.1 The Stochastic Maximum Likelihood Method

In many applications it is appropriate to model the signals as stationary stochastic pro-
cesses, possessing a certain probability distribution. The by far most commonly advo-
cated distribution is the Gaussian one. Not only is this for the mathematical convenience
of the resulting approach, but the Gaussian assumption is also often motivated by the
Central Limit Theorem.

Under the assumptions of Section 4.2.3, the observation process, x(¢;), constitutes a

stationary, zero-mean Gaussian random process having second-order moments

E{x(t)x"(t)} = Ré;=(A(0)SA"(6)+021) ¢ (4.28)

E{x(t)x"(t;)} = 0. (4.29)
In most applications, no a-priori information on the signal covariance matrix is available.

Since S is a Hermitian matrix, it can be uniquely parametrized by d* real parameters,

namely the real diagonal elements and the real and imaginary parts of the lower (or
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upper) off-diagonal entries, cf. (4.20). Other possible assumptions are that S is com-
pletely known or unknown but diagonal (uncorrelated signals). Herein, 8, S and o are
all considered to be completely unknown, resulting in a total of d* + pd + 1 unknown
parameters.

The likelihood function of a single observation, x(t;), is

1 _<AR-1
pl(X) = 7_‘_m|]_:{|e XIRTx s (430)

where |R| denotes the determinant of R. This is the complex m-variate Gaussian dis-
tribution, see e.g. [52]. Since the snapshots are independent and identically distributed,
the likelihood of the complete data set x(¢1),...,x(tx) is given by

N
1
p(xt). o x(10)10.8.0%) =TT e

=1

—x (1) Rx(t) (4.31)

Maximizing p(8,0?%,S) is equivalent to minimizing the negative log-likelihood function,

N
1 H 1
— log p(e, 0'27 S) e — log [ e—X (tz)R X(t,‘)
( ) =1 7TWL|]‘:{|
N
=mNlogr + NlogR|+ > x"(1)R™'x(t;) . (4.32)
=1

Ignoring the constant term and normalizing by N, the SML estimate is obtained by

solving the following optimization problem,

[0,S,6% = arg min 1(6,S,0?) (4.33)
0,5,02
where the criterion function is defined as
1 N
1(0,S,0%) = log |R| + ~ SxP(t)Rx(t;) (4.34)

=1

By well-known properties of the trace operator® Tr{-}, the normalized negative log-

likelihood function can be expressed as

1(0,S,0%) = log|R| + Tr{R™'R}, (4.35)
1For a scalar @, Tr{a} = a, and for matrices A and B of appropriate dimensions, Tr{AB} = Tr{BA}
and Tr{A} + Tr{B} = Tr{A + B}.

16



where R is the sample covariance

R=— ZX(ti)XH(ti) . (436)

With some algebraic effort the ML criterion function can be concentrated with re-
spect to S and o? [24, 46, 53], thus, reducing the dimension of the required numerical
optimization to pd. The SML estimates of the signal covariance matrix and the noise

power are obtained by inserting the SML estimates of € in the following expressions

S(6) = AN6)(R—5%0) A (6) (4.37)
1

5%(8) = m_dTr{PX(G)f{}, (4.38)

where AT is the pseudo-inverse of A and P is the orthogonal projector onto the null

space of AT ie.

AT = (A7A)TTAY (4.39)
Py, = AAf (4.40)
Py = I-Pyu. (4.41)

The concentrated form of the SML criterion is now obtained by substituting (4.37)-
(4.38) into (4.35). The signal parameter estimates are obtained by solving the following

optimization problem

6 = arg min Vsrrz(0) (4.42)

Vonr(8) = log|A(0)S(0)A™ () +5%(6) 1] . (4.43)

Remark 4.1 It is possible to include the obvious a-priori information that S is positive
semidefinite. Since (4.37) may be indefinite, this yields potentially a different ML esti-
mator, see [46]. In general, if the rank of S is known to be d’, a different parametrization

should be employed, for instance, S = LL", where L is a d x d “lower triangular”

17



matrix. If d’ = d, these possible modifications will have no effect for “large enough N7,
since (4.37) is a consistent estimate of S. Even if d’ < d, it can be shown that the asymp-
totic (for large V) statistical properties of the SML estimate cannot be improved by the
square-root parametrization. Since the latter leads to a significantly more complicated
optimization problem, the unrestricted parametrization of S appears to be preferable.
We will therefore always refer to the minimizer of (4.43) as being the SML estimate of

the signal parameters. O

Although the dimension of the parameter space is reduced substantially, the form
of the resulting criterion function (4.43) is complicated and the minimizing 6 can, in
general, not be found analytically. In Section 4.5, a numerical procedure is described for

carrying out the required optimization.

4.3.2 The Deterministic ML Method

In some applications, for example radar and radio communication, the signal waveforms
are often far from being Gaussian random variables. The deterministic model is then
a natural one, since it makes no assumptions at all on the signals. Instead s(t;), ¢ =
1,..., N are regarded as unknown parameters that have to be estimated. In fact, in some
applications, such as microwave communications, estimation of s(¢;) is of more interest
than estimation of 8. The ML estimator for this model is termed the DML method.
Similar to the stochastic signal model, the observation process, x(t;), is Gaussian
distributed given the unknown quantities. The first- and second-order moments are

different though:

E{x(t;)} = A(8)s(1;) (4.44)
E{(x(t:) — B{x(t:))(x(1;) - B{x(t) D"} = o145, (4.45)
E{(x(t:) — B{x(t)})(x(t;) - B{x(t)}"} = 0. (4.46)

The unknown parameters are in this case, 8, s(;), ¢ =1,..., N, and o7,
The joint probability distribution of the observations is formed by conditioning on

the parameters of the deterministic model: the signal parameters, the noise variance,
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and the waveforms. As the snapshots are independent, the conditional density is given

by

N
p(X(t1) o X(tN)|0, 0_27 SN) _ H 1 o2 (x(ti)—A(e)S(ti))H(x(ti)—A(Q)s(ti)) 7 (447)
=1

|7r021|e

and the negative log likelihood function has the following form

~log(p(6,0%,Sx)) = Nmlog(ro?) + o Tr{(Xy — A(8)Sy)" (Xy — A(8)Sy)}

= Nmlog(ro?) + o7 Xy — A(0)Sn]% | (4.48)

where || - ||z is the Frobenius norm® of a matrix, and Xy and Sy are defined in (4.16).
The deterministic maximum likelihood estimates are the minimizing arguments of (4.48).

For fixed 8 and Sy, the minimum with respect to o2 is readily derived as
2 1 L N
o= —Tr{Px(0)R} . (4.49)
m

Substituting (4.49) into (4.48) shows that 6 and Sy are obtained by solving the non-

linear least-squares problem
[0.SN] = arg min Xy — A(8)Sy]|% . (4.50)
7SN

Since the above criterion function is quadratic in the signal waveform parameters, it
is easy to minimize with respect to Sy, see [22, 23, 54]. This results in the following

estimates

Sy = Af(0)Xy (4.51)
6 = argmeinVDML(G) (4.52)
Vourn(0) = Tr{P%(6)R} . (4.53)

>The Frobenius norm of a matrix is given by the square root of the sum of the squared moduli of

the elements.
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Comparing (4.43) and (4.53), we see that the DML criterion depends on 8 in a simpler
way than does the SML criterion. It is, however, important to note that also (4.52)-
(4.53) is a non-linear multidimensional minimization problem, and the criterion function

often possesses a large number of local minima.

4.3.3 Bounds on the Estimation Accuracy

In any practical application involving the estimation of signal parameters, it is of utmost
importance to assess the performance of various estimation procedures. However, any
accuracy measure may be of limited interest unless one has an idea of what the best
possible performance is. An important measure of how well a particular method performs
is the covariance matrix of the estimation errors. Several lower bounds on the estimation
error covariance are available in the literature, see e.g., . [55]-[57]. Of these, the Cramér-
Rao Lower Bound (CRLB) is by far the most commonly used. The main reason for this
is its simplicity, but also the fact that it is often (asymptotically) tight, i.e., there exists
an estimator that (asymptotically) achieves the CRLB. Such an estimator is said to be
(asymptotically) efficient. Unless otherwise explicitly stated, the word “asymptotically”
is used throughout this chapter to mean that the amount of data (V) is large.

Theorem 4.1 Let 7 be an unbiased estimate of the real parameter vector n,, i.e.,
E{n} = ny, based on the observations Xy. The Cramér-Rao lower bound on the es-

timation error covariance is then given by

9?log p(XNIn)H_1 , (4.54)

N

a

The matrix within square brackets in (4.54) (i.e., the inverse of the CRLB) is referred
to as the Fisher Information Matriz (FIM).
The Cramér-Rao Lower Bound

The CRLB based on the Gaussian signal model is discussed, for example in [21, 28], and

is easily derived from the normalized negative log likelihood function in (4.35). Let m
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represent the vector of unknown parameters in the stochastic model

T
T - ~ = ~ 2
n = [0 3 S11y -+« 5 5dds 52195215+ -+ 5 Sd,d—195d,d—1,0 5 (455)

where 5;; = Re{s;;} and 3;; = Im{s;;}. Introduce the short hand notation

OR
R, = — 4.56
. (4.56)
and recall the following differentiation rules [58]
9 1og[R| = Tr{R-'R.} (4.57)
— 10 = r 4 .
on; ¢
aa Tr{R'R} = —Tr{R'R,R'R}. (4.58)
n
(4.59)

The first derivative of (4.35) with respect to the i’ component of the parameter vector
is given by

d(n) -, ~1P
o, T{RTR,(I-RR)}. (4.60)

K3

The following then gives the ij'" element of the inverse of the CRLB

2
(FIM}; = NE { il H
an]anZ n=1,

= NE{Tt[(R™");R:+R'R;) (I-R'R) - R'R,(R™");R] }
= NE{Tr[-R'R;(R™");R]|}
= NTe{R'RR'R;} . (4.61)

The appearance of N on the right hand side above is due to the normalization of (4.35).
In many applications, only the signal parameters are of interest. However, the above
formula involves derivatives with respect to all d* 4+ pd + 1 components of 1, and in

general none of the elements of (4.61) vanish. A compact expression for the CRLB on
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the covariance matrix of the signal parameters only is presented in [29, 32, 59]. The

Cramér-Rao inequality for € is given by
E{(6 —6,)(0 — 6,)"} > Bsro , (4.62)
where
-1 2N Hpl Hp-1 -
{Bsto}ij = = Re [Ti{ATPLASAYRIASY ij=1,....pd. (4.63)
o

For the special case when there is one parameter associated with each signal (p = 1),

the CRLB for the signal parameters can be put in a simple matrix form

0.2

Bsro = 7+ [Re {(D"P4D) (SA"R™AS)T}] (4.64)

where © denotes the Hadamard (or Schur) product, i.e., element-wise multiplication,

and

e g

=01

[ oa(v)
o- |2

] . (4.65)

The Deterministic Cramér-Rao Lower Bound

The CRLB for deterministic signals is derived in [30, 31], and is restated here in its
asymptotic form, and for the case p = 1. The emitter signals are arbitrary second-order
ergodic sequences, and with some abuse of notation, the limiting signal sample covariance

matrix is denoted
S = lim =3 ()" (1) (4.66)
N—oo N i=1
If the signal waveforms happen to be realizations of stationary stochastic processes, the
limiting signal sample covariance will indeed coincide with the signal covariance matrix
under mild assumptions (e.g., bounded fourth-order moments).

Let 6 be an asymptotically unbiased estimate of the true parameter vector 8. For

large N, the Cramér-Rao inequality for the signal parameters can then be expressed as

E{(6 — 00)(0 — 6,)"} > Bppr . (4.67)
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where
(Bphr b = ZU—ZZRe [ {APLAS} . (4.68)

It should be noted that the above inequality assumes implicitly that asymptotically
unbiased estimates of a/l unknown parameters in the deterministic model, i.e., 8, Sy and
0% are available. No assumptions on the signal waveforms are, however, made so the
inequality applies also if they happen to be realizations of Gaussian processes. One may

therefore guess that Bgro is tighter than Bpgr. We shall prove this statement later in

this section.

4.3.4 Asymptotic Properties of the ML Estimates

The ML estimator has a number of attractive properties that hold for general, sufficiently
regular, likelihood functions. The most interesting one for our purposes states that if
the ML estimates are consistent®, then they are also asymptotically efficient. In this

respect, the ML method has the best asymptotic properties possible.

Stochastic Maximum Likelihood

The SML likelihood function is regular and the general theory of ML estimation can be
applied to yield the following result.

Theorem 4.2 Under the Gaussian signal assumption, the SML parameter estimates are
consistent and the normalized estimation error, vV N(1) — n,), has a limiting zero-mean,

normal distribution with covariance matriz equal to N times the CRLB on 1).

Proof See for example Chapter 6.4 in [56] for a proof. O

From the above we conclude that for the SML method, the asymptotic distribution of
\/N(é —8y) is N(0,Cspsr), where

Csmr = N Bsro , (4.69)

and where Bgro is given by (4.63).

5An estimate is consistent if it converges to the true value as the amount of data tends to infinity.
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Deterministic Maximum Likelihood

The deterministic model for the sensor array problem has an important drawback. Since
the signal waveforms themselves are regarded as unknown parameters, it follows that
the dimension of the parameter vector grows without bound with increasing N. For this
reason, consistent estimation of all model parameters is impossible. More precisely, the
DML estimate of @ is consistent, whereas the estimate of Sy is inconsistent. To verify
the consistency of é, observe that under mild conditions, the criterion function (4.53)

converges w.p.1 and uniformly in 8 to the limit function
Vomr(0) = Te{P%(0)R} = Tr {P%(0) (A(8,)SA™ (80) + o°1) } (4.70)

as N tends to infinity. Hence, 6 converges to the minimizing argument of Vparr(6). Tt
is readily verified that Vpa(0) > o?Tr{P%(0)} = o*(m — d) = V(8,) (recall that the
trace of a projection matrix equals the dimension of the subspace onto which it projects).
Let S = LLY be the Cholesky-factorization of the signal covariance matrix, where L is
d x d'. Clearly Vpur(8) = o*(m — d) holds if and only if P4 (0)A(0,)L = 0, in which

A(6)L; = A(8,)L (4.71)

for some d x d’ matrix Ly of full rank. By the UP assumption and (4.27), the relation
(4.71) is possible if and only if 8 = 6,. Thus, we conclude that the minimizer of (4.53)
converges w.p.1 to the true value .

The signal waveform estimates are, however, inconsistent since
Sy = AT()Xy — Sy +Al()Ny as N — oo . (4.72)

Owing to the inconsistency of SN, the general properties of ML estimators are not valid
here. Thus, as observed in [30], the asymptotic covariance matrix of the signal parameter
estimate does not coincide with the deterministic CRLB. Note that the deterministic
Cramér-Rao inequality (4.67) is indeed applicable, as the DML estimate of Sy can be

shown to be asymptotically unbiased (with some effort) in spite of its inconsistency.
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The asymptotic distribution of the DML signal parameter estimates is derived in

[39, 44] and is given next for the case of one parameter per emitter signal.

Theorem 4.3 Let 8 be obtained from (4.53). Then, \/ﬁ(é —8y) converges in distribu-
tion to N(0,Cpar), where

1
ﬁ CDML = BDET —|— 2N BDETRG{(DHPIJ&D) @ (AHA)_T} BDET 5 (473)

where Bpgr is the asymptotic deterministic CRLB as defined in (4.68).

From (4.73), it is clearly seen that the covariance of the DML estimate is strictly greater
than the deterministic CRLB. However, these two matrices approach the same limit as
the number of sensors, m, increases, see [32]. The requirement of the DML method to es-
timate the signal waveforms has thus a deteriorating effect on the DOA estimates, unless
m is large. In many applications the signal waveform estimates may be of importance
themselves. Though the DML technique provides such estimates, it should be remarked

that they are not guaranteed to be the most accurate ones, unless m is large enough.

4.3.5 Order Relations

As discussed above, the two models for the sensor array problem, corresponding to deter-
ministic and stochastic modeling of the emitter signals respectively, lead to different ML
criteria and CRLB’s. The following result, due to [32, 60] relates the covariance matrices

of the stochastic and deterministic ML estimates and the corresponding CRLB’s.

Theorem 4.4 Let Cgspp, and Cppp, denote the asymptotic covariances of \/N(é —
00), for the stochastic and deterministic ML estimates, respectively. Furthermore, let
Bsro and Bpgr be the stochastic CRLB and the deterministic CRLB. The following
(in)equalities then hold

1 1
— C > _—C =B > B ) 4.74
N opML Z 5 CsML sTo = Bprr ( )

Proof Theorem 4.2 shows the middle equality above. The left inequality follows by
applying the DML method under the Gaussian signal assumption. The Cramér-Rao
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inequality then implies that N™'Cparr, > Bsro. To prove the right inequality in (4.74),

apply the matrix inversion lemma (e.g., [61] Lemma A.1) to obtain

SAYRT'AS = S-S (I-A"(ASA" +5°)7'AS)

= S-S(I+A"AS) . (4.75)

Since the matrix S(I+ A#o=2AS)~! is Hermitian (by the equality above) and positive
semi-definite, it follows that SATR™'AS < S. Hence, application of [39], Lemma A.2,

yields
Re{(D"P4D)® (SA"R'AS)"} < Re{(D"P4D) S"} (4.76)

By inverting both sides of (4.76), the desired inequality follows. If the matrices D¥P£D
and S are both positive definite, the inequality (4.76) is strict showing that the stochastic

bound is in this case strictly tighter than the deterministic bound. O

Remark 4.2 It is of course natural that the SML estimator is more accurate than the
DML method under the Gaussian signal assumption. However, this relation remains
true for arbitrary second-order ergodic emitter signals, which is more surprising. This
is a consequence of the asymptotic robustness property of both ML estimators: the
asymptotic distribution of the signal parameter estimates is completely specified by
limy oo (1/N) SN, s(t:)s™ (). As shown in [32, 60], the actual signal waveform sequence
(or its distribution) is immaterial. The fact that the SML method always outperforms the
DML method, provides strong justification for the stochastic model being appropriate
for the sensor array problem. Indeed, the asymptotic robustness and efficiency of the
SML method implies that N Bsro = Csasp, is a lower bound on the covariance matrix

of the normalized estimation error for any asymptotically robust method. a
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4.4 Large Sample ML Approximations

The previous section dealt with optimal (in the ML sense) approaches to the sensor array
problem. Since these techniques are often deemed exceedingly complex, suboptimal
methods are of interest. In the present section, several subspace techniques are presented
based on geometrical properties of the data model.

The focus here is on subspace based techniques where the vector of unknown signal
parameters is estimated by performing a multidimensional search on a pd-dimensional
criterion. This is in contrast to techniques such as the MUSIC algorithm [12, 13], where
the location of d peaks in a p-dimensional so-called spatial spectrum determines the signal
parameter estimates. Multidimensional versions of the MUSIC approach are discussed in
[28, 31, 62, 63]. A multidimensional subspace based technique termed MODE (method of
direction estimation) is presented and extensively analyzed in [32, 41, 42]. In [27, 44, 64],
a related subspace fitting formulation of the sensor array problem is analyzed and the
WSF (weighted subspace fitting) method is proposed.

This section ties together many of the concepts and methods presented in the papers
above and discusses the relation of these to the ML techniques of the previous section. A
statistical analysis shows that appropriate selections of certain weighting matrices give
the subspace methods similar (optimal) estimation accuracy as the ML techniques, at a

reduced computational cost.

4.4.1 The Subspace Based Approach

All subspace based methods rely on geometrical properties of the spectral decomposition
of the array covariance matrix, R. The early approaches such as MUSIC suffer from a
large finite sample bias and are unable to cope with coherent signals’. This problem is
inherent due to the one-dimensional search (p-dimensional search when more than one
parameter is associated with each signal) of the parameter space. Means of reducing
the susceptibility of these techniques to coherent signals have been proposed for special
array structures, see e.g. [65]. In the general case, methods based on a pd-dimensional

search need to be employed.

"Two signals are said to be coherent if they are identical up to amplitude scaling and phase shift.
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It the signal waveforms are non-coherent, the signal covariance matrix, S, has full
rank. However, in radar applications where specular multipath is common, S may be
ill-conditioned or even rank deficient. Let the signal covariance matrix have rank d’. The

covariance of the array output is
R = A(6,)SA"(6) + 0T . (4.77)

It is clear that any vector in the null space of the matrix ASA* is an eigenvector of R
with corresponding eigenvalue 0. Since A has full rank, ASA¥ is positive semi-definite
and has rank d’. Hence, o? is the smallest eigenvalue of R with multiplicity m — d’. Let
A, ..., Ay denote the eigenvalues of R in non-increasing order, and let eq, ..., e,, be the
corresponding orthonormal eigenvectors. The spectral decomposition of R then takes
the form

R = f: \eel =EAEY 1+ o’E E | (4.78)

i=1

where
AS = diag[)\l, ceey )\d’] 5 ES = [el, ceey ed/] 5 En = [ed/_H, ceey em] . (479)

The diagonal matrix A, contains the so-called signal eigenvalues, and these are assumed
to be distinct. From the above discussion, it is clear that E_ is orthogonal to ASAH
which implies that the d’-dimensional range space of E_ is contained in the d-dimensional

range space of A(6y)
R{E.} CR{A(0)} . (4.80)

If the signal covariance S has full rank, these subspaces coincide since they have the same
dimension, d' = d. The range space of E_ is referred to as the signal subspace and its
orthogonal complement, the range space of E | is called the noise subspace. The signal
and noise subspaces can be consistently estimated from the eigendecomposition of the

sample covariance

. 1 X . N
R=+ Sox(t)x"(t;) = EAET + E A ET. (4.81)
=1



Signal Subspace Formulation

The relation in (4.80) implies that there exists a d x d’ matrix T of full rank, such that
E, =A(6,)T. (4.82)

In general, there is no value of 8 such that ES = A(6)T when the signal subspace is
estimated from the noise-corrupted data. With this observation, a natural estimation

criterion is to find the best weighted least squares fit of the two subspaces, viz.
0.7 = arg i [ — A(O) Ty, (1.83)
,T

where ||A |}y = Tr{AWA"} and W is a d’ x d’ positive definite weighting matrix (to be
specified). The optimization (4.83) is a least-squares problem, which is linear in T and
non-linear in 6. Substituting the pseudo-inverse solution, Trs = ATE, (see, e.g. [61],

Complement C7.3) in (4.83), we obtain

6 = arg min Vssr(8) (4.84)
where
Vesr(8) = |[E, — A(0)AT(0)E, |y
= [{I—Pa(6)}E,|Ry
= Tr{P5(0)E,WEP}(6)}
= Tr{P%(9)E,WE"} (4.85)

The above equations define the class of subspace fitting (SSF) methods. Different mem-
bers in this class correspond to specific choices of weighting matrix in (4.85). It should
be noted that the choice W = T yields Cadzow’s method, [63]. A statistical analysis

suggests other weightings, leading to superior performance as demonstrated later.
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Noise Subspace Formulation

If the emitter signal covariance, S, has full rank, i.e., d’ = d, it is clear that the columns

of A(6y) are orthogonal to the noise subspace, i.e.
E7A(6,)=0. (4.86)

When an estimate of the noise subspace is available, a weighted least-squares measure of
orthogonality can be formulated. A natural estimate of 8 is then obtained by minimizing

that measure

6 = arg min Visr(0) (4.87)
where
Vusr(8) = |EYA(9)%
= Tr{E/A(6)UA"(0)E,}
— Tr{UA"(0)E E7A(6)} (4.88)

where U > 0 is a d x d weighting matrix. Different choices of weighting, U, result
in signal parameter estimates with different asymptotic properties. Indeed, if U is a
diagonal matrix, the problem decouples and the MUSIC estimator is obtained. Again,

a statistical analysis suggests other weightings giving better estimation accuracy.

4.4.2 Relation Between the Subspace Formulations

The subspace techniques above can be shown to be closely related. Before discussing their
relationship, it is necessary to define what is meant herein by asymptotic equivalence of

estimators.

Definition 4.1 Two estimales, 6, and 92, of the same true parameter vector are asymp-

totically equivalent if
VN, —8,) =0 (4.89)
in probability as N — oo.
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Notice, in particular, that if 6, and 0, are asymptotically equivalent, the asymptotic
distributions of the normalized estimation errors \/ﬁ(él — 6y) and \/N(éz — 8y) are
identical. A first-order Taylor expansion shows that under mild conditions, two consistent
parameter estimates obtained from the minimization of two different functions .J(8) and

V(0) are asymptotically equivalent if

J'(0y) = V'(0y) +0,(1/VN) (4.90)
J"(80) = V"(8,)+o0,(1), (4.91)

where the symbol o,(-) represent the “in probability” version of the corresponding de-
terministic notation®.
The following theorem establishes the relationship between the signal and noise sub-

space formulations, (4.85) and (4.88).

Theorem 4.5 The estimate obtained by minimizing (4.88) with weighting matriz given

by
U=A"0,)E,WE7AM(9,), (4.92)
is asymptotically equivalent to the minimizing argument of (4.85).

Proof To establish (4.90), consider first the derivative of (4.85). Using the formula
(A.3) for the derivative of the projection matrix and defining A; = JA/06;, we have

OVssp OPA -~ .
— _T EWE
802 I’{ 802 s s }
— —9Re [Tr {PXAZ»AT E,WE/ H . (4.93)

Next, examine the derivative of the cost function (4.88),

a‘gz)?F = 2Re |[T1{UA"E, EA;}] . (4.94)

8 A sequence, zy, of random variables is o, (ay) if the probability limit of aj_\,1 XN 1S zero.
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Inserting the expression for the weighting matrix (4.92), the argument of the trace above

is

AEWEZAATE BPA, = —A'EWE'PL{E EFA, (4.95)
= —A'EWEYPLE E”A, 4 0,(1/VN) (4.96)
= —A'B,WE"P{A, +0,(1/VN). (4.97)

In (4.95), the relations ATHAH =P, =1— Py and EFPE_ = 0 are used. Noting that
EEPX = 0,(1/V'N) and E_ EH = E E# 4 0,(1) leads to (4.96). Finally, the fact that
PLE, E = P§ is used to obtain (4.97). Substituting (4.97) into (4.94) and comparing
with (4.93) shows that (4.90) is satisfied.

Consider the second derivative of (4.88)

0*Vysr
06,00,

= 2Re [Ir{UAE, E A;}| + 2Re [Tr{UAE, E/A;}| . (4.98)

Inserting (4.92) and evaluating the probability limit as N — oo, we obtain after some

manipulations

*Vysr
06,06,

— 2Re [Tr{A,PEATATE WEAM}| (4.99)

Using (A.5), it is straightforward to verify that the limiting second derivative of (4.85)
coincides with (4.99), see also [44]. O

Note that the weighting matrix in (4.92) depends on the true signal parameters 8.
However, the following lemma shows that the weighting matrix (for both subspace for-
mulations) can be replaced by any consistent estimate thereof without affecting the
asymptotic properties. Thus, a two-step procedure can be applied, where 84 is replaced

by a consistent estimate as described in [41].

Lemma 4.1 [f the weighting matric W in (4.85) is replaced by a consistent estimate,
an asymptotically equivalent signal parameter estimate is obtained. If d' = d, the same

is true for U in (4.88).
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Proof Let W = W +o,(1) and write Vssp(W) to stress its dependence on the weighting

matrix. Examine the derivative in (4.93)

OVssr
00;

= Vssri (W) = —2Re [Tr{ATE,WEIP{A}] . (4.100)

Since EEPX = Op(l/\/ﬁ), it readily follows that Vssr; (W) = Vssr, (W) + op(l/\/ﬁ)
which shows (4.90). Next, assume that d' = d and let U=U + 0,(1). From (4.94) we
then have Vysr,; (U) = Vysr, (U.)—I—op(l/\/ﬁ), since AHEHEHH = Op(l/\/ﬁ). Condition
(4.91) is trivially satisfied for both criteria. O

This result will be useful when considering different choices of weighting matrices which

are data dependent.

4.4.3 Relation to ML Estimation

In the previous section, the subspace based methods are derived from a purely geo-
metrical point of view. The statistical properties of these techniques reveal unexpected
relations to the previously described ML methods. The following result gives the asymp-
totic distribution of the signal parameter estimates obtained using the signal subspace

technique and a general (positive definite) weighting matrix.

Theorem 4.6 Let 6 be obtained from (4.84)-(4.85). Then 0 converges lo the true
value, g, w.p.1 as N tends to infinity. Furthermore, the normalized estimation error,

\/N(é — 80), has a limiting zero-mean Gaussian distribution
VN(8 — 8,) € AsN(0,C) . (4.101)
The covariance of the asymptotic distribution has the form

C=H'QH. (4.102)
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Here, H denotes the limiting Hessian matriz and Q is the asymptotic covariance matric

of the normalized gradient

= lim Vor(60) (4.103)
Q = lim N E{Vig(80)ViEp(60)) (4.104)

The 15" elements of these matrices are given by

H;, = 2Re [Tr {AijAiATESWEfATHH (4.105)
Qi = 20°Re [Tr{AfPXAiATESWASK_QWEfATH}] : (4.106)
where
A=A, -0’1, (4.107)
O

Theorem 4.5 relates the asymptotic properties of the signal and noise subspace formula-
tions. Hence, the above result gives the asymptotic distribution for the latter estimator
as well, provided U is chosen conformally with (4.92). If d = d’, this imposes no restric-
tion and an arbitrary U > 0 can be chosen. However, in case d’ < d the relation (4.92) is
not invertible and Theorem 4.6 gives the distribution only for U’s having this particular
form.

Some algebraic manipulations of the expression for the asymptotic estimation error

covariance give the following result.
Corollary 4.1

a) The weightings W, = KQAS_I and U,y = AT(GO)ESWOPtEfATH(GO) result in
estimators which are large sample realizations of the SML method, i.e., the asymp-

totic distributions of the normalized estimation errors coincide.

b) If d' = d, the weightings W = A and U = AT(GO)ES./XEEATH(GO) result in large
sample realizations of the DML method.
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Proof To prove a), note that H(W,,;) = 0 2Q(W,,;). Comparing (4.105) and (4.63),

it suffices to verify that

A'E,W_,,EFA™ — SAPR™'AS . (4.108)

Equations (4.77)—(4.78) imply

E,AE” = ASA" + 7’E EY | (4.109)
from which it follows that
A'EAEZA™ — ATASATATH =g | (4.110)

Using (4.110) and the eigendecomposition of R™!, we have

SAYRT'AS = A'EAEYAYAY (EA'EY +07°E, EY) AATE AEY A

= A'E AAT'AEYAM (4.111)

since AATE, = PAE, = E,.
To establish b), observe from (4.105), (4.110), and (4.68) that for W = A, His given
by

., N
H' = —Bowr . (4.112)

If d =d, (4.110) gives
ATEAEFA™ =S+ 52 (A7 A (4.113)

and (4.106) reads

Qi = 20°Re |Tr{AVPEA(S + 0% (ATA)™)}]
= %(BBET)MHU‘*Re [T {ATPLA(ATA)] (4.114)
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Now, combining (4.102), (4.112) and (4.114) leads to the following covariance when the

weighting is chosen as W = A and p = 1
C = N Bppr +2 N*BpprRe {(D"PED) & (AYA)"} Bppr = Cpa,. - (4.115)
The last equality follows by comparing with (4.73). O

The result above states that with appropriate choice of weighting matrices, the subspace
based techniques are as accurate as the ML methods. In fact, the corresponding subspace
and ML estimates of the signal parameters are asymptotically equivalent, which is slightly
stronger.

It is interesting to observe that the DML weighting for the noise subspace technique
gives U — ATEAEYAY = S, Thus, we rediscover the fact that MUSIC is a large
sample realization of the DML method if S is diagonal (uncorrelated sources). Recall
that (4.88) reduces to MUSIC whenever U is diagonal. The asymptotic equivalence of
MUSIC and the DML method for uncorrelated signals was first proved in [30]. It should
also be remarked that part b) above is also shown in [31].

It is straightforward to show that the weighting matrix that gives the lowest asymp-
totic estimation error variance is W, = ./izAs_l. This is not surprising, since the
corresponding estimation error covariance coincides with the stochastic CRLB. The op-
timally weighted signal subspace technique (4.85) is referred to as the weighted subspace
fitting (WSF) method. Systematic derivations of the method can be found in [29], where
the SML method is approximated by neglecting terms that do not affect the asymp-
totic properties, and in [42, 64], where the asymptotic likelihood function of PXES is

considered.

Remark 4.3 The optimally weighted noise subspace technique is obtained by using U =
AT(QO)ESWOmEfATH(GO). However, note that the replacement of 8y by a consistent
estimate in this expression does affect the asymptotic distribution of 6 if d < d, cf. the
requirement d = d in Lemma 4.1. In fact, one can show that for d < d, the signal

parameter estimates obtained using the optimally weighted noise subspace technique
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are not asymptotically equivalent with the SML estimates. Modifications to the cost
function can be made to obtain equivalence with the SML method, but this results in
an increase in the computational cost when minimizing the criterion function. In the

following we will therefore only consider the WSFE cost function. O
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4.5 Calculating the Estimates

All methods considered herein require a multidimensional non-linear optimization for
computing the signal parameter estimates. Analytical solutions are, in general, not avail-
able and one has to resort to numerical search techniques. Several optimization methods
have appeared in the array processing literature, including expected maximization (EM)
algorithms [66, 67], the alternating projection (AP) method [68], iterative quadratic ML
(IQML) [69], “global” search techniques [70]-[72], as well as different Newton-type tech-
niques [43, 63, 64], [73]-][75]. In this section, Newton-type algorithms for the SML, DML
and WSF techniques are described. For the special case of a uniform linear array, a

non-iterative scheme for the subspace-based method is presented.

4.5.1 Newton-Type Search Algorithms

Assume that V(8) is a continuously differentiable function, whose minimizer, é, is to be
found. One of the most efficient optimization methods for such problems is the damped

Newton method [76, 77]. The estimate is iteratively calculated as
6" = 0" — H 'V, (4.116)

where 6 is the estimate at iteration k, uy is the step length, H represents the Hessian
matrix of the criterion function, and V' is the gradient. The Hessian and gradient are
evaluated at 0%. Tt is well-known that the Newton method gives locally a quadratic
convergence to 6.

The step length, py, should be appropriately chosen in order to guarantee convergence
to a local minimum. An often used scheme for Newton methods is to choose some p < 1
and to take py = (u)' for the smallest integer 7 > 0 that causes “sufficient decrease”
in the criterion function. The reader is referred to [76] and [77] for more sophisticated
algorithms for selecting the step length. A useful modification of the damped Newton
method, particularly suited for ill-conditioned problems, is to use (H 4+ A, I)~! in lieu of
prH™!, where ). is increased from 0 until a decrease in the criterion function is observed.
This, in combination with the Gauss-Newton modification of the Hessian [76, 77] for non-

linear least squares problems, is referred to as the Levenberg-Marguardt technique.
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The iterations (4.116) continue until some prescribed stopping criterion is satisfied.

Examples of such criteria are:

e [H'V'| is less than a specified tolerance and H > 0,
e 1o improvement can be found along the search direction (u; smaller than a toler-
ance),

e the number of iterations reaches a maximum limit.

The quality of the convergence point depends on the shape of the criterion function in
question. If V(8) possesses several minima, the iterations must be initialized “sufficiently
close” to the global minimum in order to prevent convergence to a local extremum.

Possible initialization schemes will be discussed in Section 4.5.4.

4.5.2 Gradients and Approximate Hessians

The idea behind Newton’s method is to approximate the criterion function locally around
the stationary point by a quadratic function. The role of the Hessian can be seen
as a modification of the gradient direction, to take into account the curvature of the
approximation. The Newton method has some drawbacks when applied to the problems
of interest herein. Firstly, while the negative gradient is, by definition, a descent direction
for the criterion function, the Newton-direction (—H™'V’) can be guaranteed to be
a descent direction only if H is positive definite. This may not be the case further
away from the minimum, where V(8) cannot, in general, be well-approximated by a
quadratic function. Hence, there may be no value of pj that causes a decrease in the
criterion. Secondly, the evaluation of the exact Hessian matrices for the SML, DML,
and WSF criteria is computationally cumbersome. A standard technique for overcoming
these difficulties is to use a less complex approximation of the Hessian matrix, which
is also guaranteed to be positive semidefinite. The techniques to be described use the
asymptotic (for large N) form of the Hessian matrices, obtained from the previously
described asymptotic analysis. In the statistical literature, this is often referred to as
the scoring method. It is closely related to the Gauss-Newton technique for non-linear
least squares problems. It is interesting to observe that for the SML and WSF methods,

the inverse of the limiting Hessian coincides (to within a scale factor) with the asymptotic
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covariance matrix of the estimation errors. Consequently, an estimate of the accuracy is
readily available when the optimum is reached.

In the following, expressions for the gradients and the approximate Hessians are
presented for the methods in question. To keep the notation simple, we shall specialize
to the case of one parameter per source, i.e., p = 1. The extension to a general p is

straightforward.

Stochastic Maximum Likelihood

The SML cost function is obtained from (4.43). Evaluation of this expression requires
O(m?) complex floating point operations (flops). Making use of the determinant rule
I+ AB| = I+ BA| (see e.g. [61], Appendix A) to rewrite (4.43), the computational

cost can be reduced to O(m?d) flops as follows.

Vanr(8) = log|AS(6)A" +6(0)T]

= log5*"(8)|57%(0)S(0)A" A +1]
= logs*"="(0)|ATRA| (4.117)
where, in the last equality, we have used (4.37)—(4.38).
Next, introduce the matrix
G =A|[(A"RA)™ —572(0)(A"A)] . (4.118)
The SML gradient can then be expressed as [32],
Virp(0) = 2Re (Diag [G'RPED]) . (4.119)

where the matrix D is defined in (4.65) and the notation Diag[Y], where Y is a square
matrix, means a column vector formed from the diagonal elements of Y. The approxi-

mate Hessian is obtained from the CRLB. From (4.64) we have
2
Hsy(0) = SRe {(D"PED) © (SAYRT'AS)} . (4.120)
o
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Replacing the unknown quantities S and o® by their SML estimates (4.37)—(4.38) and
R by AS(G)AH + 6%(0) Iin (4.120), leads after some manipulations to

S(0)A" (AS(0)A" +5(0) 1) AS(8) = 5'(0)G"RG . (4.121)
Inserting (4.121) into (4.120) yields the asymptotic Hessian matrix
Hgyp, = 26%(0)Re {(D"PED) & (G"RG)T} . (4.122)

Deterministic Maximum Likelihood

The DML cost function is given by (4.53)
Vourn(0) = Tr{P% ()R} . (4.123)
Differentiation with respect to € gives the gradient expression [30, 44],
Vhan(8) = —2Re {Diag[AT RPED]} . (4.124)
The asymptotic DML Hessian is derived in [30, 44]
Hpy, = 2Re{(D"P£D) @ 8"} . (4.125)

A difficulty when using the above is that the DML method does not explicitly provide
an estimate of the signal covariance matrix. One could construct such an estimate from

the estimated signal waveforms (4.51) as

A 1 ~ = A
S = ﬁstﬁ = ATRAY (4.126)

Using this in (4.125) results in the modified Gauss-Newton method, as suggested in [64].
However, (4.126) does not provide a consistent estimate of S. Thus, we propose here to

use the corresponding SML estimate (4.37) in (4.125) to give
Hpup = 2Re {(DHPXD) o [AR - &Q(G)I)ATH]T} . (4.127)
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Subspace Fitting Criterion

The WSF cost function is given by (4.85).

Virsr(0) = Tr{PRE,W, B} | (4.128)
where the data dependent weighting matrix
(4.129)

is used. Here, &2 refers to a consistent estimate of the noise variance, for example the
average of the m — d’ smallest eigenvalues of R. Observe the similarity of (4.128) and
the DML criterion (4.123). The first derivative is immediate from (4.124)

Vivsp(8) = —2Re {Diag [A' E,W,,E/PED|} . (4.130)
The asymptotic expression for the WSF Hessian is obtained from (4.105) as
Hy s = 2Re{(D"P4D) & (A'E, W, EF AT} (4.131)

It is interesting to observe that the scoring method for the WSF technique coincides with
the modified Gauss-Newton method used in [64].

4.5.3 Uniform Linear Arrays

For the special case where the array elements are identical and equidistantly spaced
along a line, and p = 1, the subspace-based method, (4.85), can be implemented in a
non-iterative fashion, [41, 42].

This simplification is based on a reparametrization of the loss function in terms of

the coefficients of the following polynomial

d
b(z) = boz" + bz . by =bo [[(z —e¥2 sinfi/ey (4.132)
k=1
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Thus, the signal parameters can easily be extracted from the roots of the polynomial
once the latter is available. The array propagation matrix has a Vandermonde structure

in the ULA case, see (4.14). Defining ¢ = —wAsin /¢, we have

[ 1 ]
elb1 AL
AB)= | o | (4.133)
e](m—1)¢1 L e](m—1)¢d

Introduce the m x (m — d) matrix B

by by_y ... bg 0
B = : (4.134)
0 bd bd—l bO
and observe that
B7A=0. (4.135)

Since B has rank (m — d), it follows that B spans the null space of A i.e.,
P; =P = B(B/B)"'B” . (4.136)
Hence, (4.85) can be rewritten in terms of the polynomial coefficients as
V(0) =Tt {B(B"B)'B"E,WE!} . (4.137)

Since BHES is of order O,(1/v/'N) locally around the “true” B, it can easily be shown
that the term (BYB)~! in (4.137) can be replaced by any consistent estimate without
affecting the asymptotic properties of the minimizing B. This observation leads to the

minimization of the function

Tr {B(B"B)"'B"E,WE"} = T: {(B"B)"'B"E,WE"B} (4.138)
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which is quadratic in B. A consistent initial estimate of B is obtained, for example by
using BZB = I above. Some care must be exercised concerning the constraint on the
polynomial coefficients: all roots of b(z) should lie on the unit circle. This constraint is
extensively discussed in [41, 42], and an algorithm for minimizing (4.138) involving only

the solution of a linear system of equations is proposed.

4.5.4 Practical Aspects

In this section, the computational requirements for obtaining the various estimates are
briefly discussed. A detailed implementation of the scoring method for the WSF algo-

rithm is given.

Initial Data Treatment

The computational complexity of an algorithm depends clearly on the application and the
availability of parallel processors. For sequential batch processing, and for N > m, it is
clear that the computational cost is dominated by forming the sample covariance (4.36),
which takes Nm? flops. However, most applications involve the tracking of a time-varying
scenario. The sample covariance is then recursively updated® at a high rate (preferably
using parallel processing), and estimates of R are delivered to the estimation routine at a
relatively low rate. This is because the scenario varies usually rather slowly as compared
to the sampling rate. To be able to track time-variations, the sample covariance estimate
R could be reset to zero after each delivery, or alternatively a forgetting factor (e.g.,
[61], Chapter 9) could be used when forming R. The speed at which signal parameter
estimates must be calculated is clearly related to how quickly the scenario is changing.
The subspace-based methods require the eigenvalues and the d' principal eigenvec-
tors of R. The signal subspace dimension, d’, is typically determined by testing the
multiplicity of the smallest eigenvalue of R [28, 79, 80]. See also Chapters 2 and 3. A
standard routine for calculating the required eigendecomposition costs approximately

6m?> flops [81]. However, much attention has recently been paid to utilize the structure

Tt is numerically more reliable to update the Cholesky factor of the sample covariance to avoid

squaring the data, see e.g., [78].

44



of R to reduce this cost. In [82], a “batch-type” procedure for computing an approxi-
mation of the eigendecomposition is proposed. The referenced technique requires O(m?)
operations and includes a scheme for estimating d’. Fast algorithms for updating the
signal subspace after a rank-one modification of R (i.e., after collecting one additional

snapshot) are discussed in, e.g., [83]-[86].

Estimator Implementation

Given the sample covariance or its eigendecomposition, an iteration of the scoring method
involves the evaluation of the current values of the criterion function V', gradient V’,
approximate Hessian H, and search direction, s = —H™1V",

All techniques require the calculation of AT and P%. This is best done by QR-

decomposition of A using, for example, Householder transformations [81]

R,
A = QR =[Q;, Q] 0 =

Al = R{'QY, P3=QQF.

Performing a QR-decomposition using Householder transformations requires d*(m—d/3)
operations. The matrix Q is stored as a product of Householder transformations, which
allows forming Q¥ x, where x is an m-vector, with O(md) flops, see [81].

We shall describe a detailed implementation of the WSF-scoring method. For the
stochastic and deterministic ML techniques, only an approximate operation count is
presented. The eigendecomposition of R is assumed available, as well as A and D, as

evaluated at the current iterate.
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WSF-scoring implementation

o Weighted signal subspace matrix

where 6% = (372 44y X))/ (m —d).

o (QR-decomposition using Householder transformations

R,
0

A= [le QQ]

e Intermediate variables

¢-Q/D, ¥-M'Q, T=R{'Q/M

o Criterion function, gradient, and Hessian

Vo= Te{®w”)}
V' = —2Re{Diag(TT®)}
H = 2Re(("®)o (IT)")

e Search direction: Solve Hs = — V"

The above scheme takes about 3md? + 2mdd’ + O(d3) flops. Similar implementations of
the SML- and DML-scoring techniques require each approximately (3d + 1)m? 4+ 4md?* +
O(d?) flops per iteration. When m > d, as is common in radar applications, the WSF

iterations can thus be implemented using significantly less operations than the SML and

DMI, methods.
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Initialization

For the Newton type techniques discussed above, initialization is of course a crucial issue.
A natural way to obtain initial estimates is to use a (consistent) suboptimal estimator.
When the array has a special invariance structure, the Total Least Squares (TLS) version
of the ESPRIT algorithm, [87] is an attractive choice. This algorithm is applicable to any
array that consists of two identical subarrays. For more general array geometries, the
MUSIC algorithm [12, 13] could be used. An important drawback of most suboptimal
techniques is the severe degradation of the estimation accuracy in the presence of highly
correlated signals. For regular array structures, spatial smoothing techniques can be
applied to cope with coherent signals [65]. However, for a general array structure other
methods for initialization have to be considered.

A promising possibility is the initialization scheme from the alternating projection
(AP) algorithm [68], see also Section 3.6.2. This technique is an application of the relaxed
optimization principle (“search for one parameter while keeping the others fixed”) to the
optimization problem in question. The algorithm was originally proposed for the DML
method, but it is obviously applicable also to the WSF method, simply by replacing the
sample covariance matrix by ESWOMEE. The AP algorithm is applicable to a general
array structure and it converges to a local minimum. The convergence can, however,
be very slow when the Hessian matrix is ill-conditioned. One possibility is to perform
only one step (the initial step) of the AP algorithm and to feed the result to the scoring
iterations. This initialization procedure is expected to work also for highly correlated
or fully coherent signal waveforms, at least if the INR (Information-to-Noise Ratio) is
“high enough”. When the number of sources is large (d > 3), it may be advisable to
perform more than the initial step of the AP algorithm before starting the local Newton

search.
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4.6 Detection of Coherent/Non-Coherent Signals

Any parametric method requires knowledge of the number of signals d. Determining the
number of signals is often referred to as detection. The eigenstructure-based techniques
require, in addition, information on the dimension of the signal subspace, d’. If the signal
covariance has full rank, i.e., there are no coherent signals present, d and d’ are identical.
Detection schemes, based on a test of the multiplicity of the smallest eigenvalue of R
have been proposed in several papers, see e.g., [28, 79, 80] and are discussed in Chapters 2
and 3. In the general case, these techniques can be used only for determining d’. In this
section we describe two techniques for determining the number of signals, d, for arbitrary
emitter covariances.

Optimal approaches to sensor array processing involve solving the detection and es-
timation problems simultaneously. A standard technique in the statistical estimation
literature is the generalized likelihood ratio test (GLRT), see e.g. [55]. Another im-
portant approach to the detection problem is the minimum description length (MDL)
principle, [88]. This technique has been used for estimating the signal subspace dimen-
sion [79], and also for detecting the number of sources [89)].

Application of the GRLT technique to the Gaussian signal model is described in
Section 4.6.1, whereas Section 4.6.2 describes a subspace-based approach to the detection
problem. Simulations, comparing the proposed techniques to the MDL based approach,

are included in Section 4.7.

4.6.1 GLRT Based Detection

A natural scheme for detecting the number of signals is to formulate a likelihood ratio test
based on the maximum likelihood estimator described in Section 4.3. Such a test is often
referred to as a generalized likelihood ratio test (GLRT). The sensor array data model
has strong similarities with the factor analysis model used in the statistical literature,
[50, 51]. We will follow a standard “goodness of fit” test, where the hypothesis that d
signals are adequate to describe the observed data is tested against the alternative that
R has an arbitrary structure. More specifically, the hypotheses are that the x(¢;):s are
ii.d., N(0,R), with
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Ho: R = ASAY + 621, where A is m x d ,
H; : R is arbitrary.

Under Hy, the ML estimate of R is simply given by f{, the sample covariance matrix,

[51]. Under Ho, a structured estimate of R is obtained from
R(6) = A(6)S(0)A(6) +6%(0) 1, (4.139)

where S(é), &Q(é) are obtained from (4.37)-(4.38) and 6 from (4.42)—(4.43). The log-

likelihood ratio for this test can be expressed as

Lk = log |R(8)

—log |R] . (4.140)

Standard GLRT theory gives the following result.

Theorem 4.7 Under Hy, the asymptotic distribution of the normalized log-likelihood

ratio
2N x LR (4.141)
is X% with m?* — d* — pd — 1 degrees of freedom.

Proof Observing that R is Hermitian, it is uniquely parametrized by m? parameters
under Hy. The normalized log-likelihood ratio is asymptotically y? distributed with
degrees of freedom equal to the number of constraints imposed by the parametrization
of R under Hy rather than Hy, see [55]. The dimension of the full parameter vector
(4.55) is d* + pd + 1, and hence there are m* — d* — pd — 1 such constraints. a

The asymptotic distribution of the normalized log-likelihood ratio can be utilized to

devise a sequential test procedure as follows.
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GLRT Detection Scheme
1. Set d =0
2. Null hypothesis, Hg : d = d.

3. Choose a threshold, v, for the hypothesis test, based on the tail area of the Chi-

square distribution with m? — d* — pd — 1 degrees of freedom.
4. Compute VSML(é) under Hg.

5. I 2N (VSML(é) — log ‘RD > v, reject Hg. Let d=d4 1 and return to 2

6. Accept Hy and stop.

4.6.2 Subspace Based Detection
Estimation of the Subspace Dimension

Essentially all existing approaches to the determination of d" are based on the observation
that the smallest eigenvalue of the array output covariance has multiplicity m — d'. A
statistical test is then devised to test the multiplicity of the smallest eigenvalue. In
[28] a likelihood ratio test is formulated for this purpose. In [79], information theoretic
approaches based on the AIC (An Information theoretic Criterion) and MDL criteria are
presented. Strong consistency of the MDL method and of a generalized version of the
scheme was proved in [80]. Estimation of d’ is discussed in some detail in Chapters 2

and 3.

Detection

As noted in several papers, e.g. [28, 62, 63], the presence of coherent sources (d > d')
can be detected by observing the distance between the signal subspace and the array
manifold. If this distance is too large, we have an indication that there are more signals
present than was assumed. Below, a systematic procedure for estimating the number of
signals based on this observation is developed.

The cost function (4.85) approaches zero at the global minimum as the number of
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data becomes large, provided that the correct dimensions, d and d" are chosen. If d is
chosen too small the cost increases. A statistical test is necessary to decide when the
cost function is close enough to zero for concluding that the choice of d is correct. The

test can be formulated as chosing between
Hg : There are d signals
H; : There are more than d signals

Clearly, Hy should be accepted when the value of the WSF criterion function is small.
The following result provides the necessary basis for appropriately setting the threshold.

Theorem 4.8 Under Hy, the normalized WSF' cost function

2N 2N
5 Vivsr(0) =

Te{P%(0)E,W,,E"} | (4.142)

6-2

evaluated at 8¢ is asymptotically Chi-squared distributed with 2d'(m — d) degrees of free-
dom. When the criterion is evaluated at é, the asymptotic distribution is still Chi-square,
but with 2d'(m — d) — pd degrees of freedom. Here 62 refers to any consistent estimate

of the noise variance.

Proof See Appendix B. O

An algorithm for detection, based on Theorem 4.8, is outlined below. The signal subspace

dimension or an estimate thereof is assumed available.
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WSF Detection Scheme
1. Set d = d'.
2. Null hypothesis, Hg : d = d.

3. Choose a threshold, v, for the hypothesis test, based on the tail area of the Chi-

square distribution with 2d'(m — d) — pd degrees of freedom.
4. Compute VWSF(é) under Hg.

5. If z}—JQVVWSF(é) >~ , reject Hy. Let d = cz—l— 1, and return to 2

jop)

. Accept Hp and stop.

By appropriately chosing the threshold, v, the user can determine the (asymptotic)
error-rate of the test. According to Theorem 4.8, the probability of rejecting Hy when it
is true, is equal to the tail area of the corresponding y?-distribution. Consequently, the
above technique does not yield a consistent estimate of d. To guarantee correct detection
for sufficiently large sample sizes, the threshold must be allowed to depend on N. In [64]
it is shown that if ¥ = ~(N) is chosen to satisfy

N
N
fim Y (4.144)

N—oo loglog N

the estimate of the number of signals is strongly consistent. In practice, consistent
detection may be of little interest, since only a fixed number of snapshots are available.

Note that the WSFE criterion does not require a consistent estimate of the signal
subspace dimension d’ to ensure a consistent detection and estimation procedure. This
is seen by letting d = m — 1 (step 1 above is then replaced by d = 1) and estimating &2
by the smallest eigenvalue of the sample covariance matrix. The smallest eigenvalue is
a consistent estimate of the noise variance, and asymptotically Wopt = (AS — AQI)Q./AXS_1
provides a rank d matrix with the correct weights. However, for obtaining efficient

estimates it is crucial that the signal subspace dimension is not underestimated, see also

[49].
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For small sample sizes the situation is rather different. When the signal waveforms
are highly correlated but not coherent, the signal covariance is nearly rank deficient. The
small sample behavior of the detection/estimation scheme can then often be improved
by underestimating d’. For sufficiently high signal correlation, this will in fact be done
by any of the well known tests of the multiplicity of the smallest eigenvalue, see e.g.

(79, 80].
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4.7 Numerical Examples and Simulations

The analysis presented in this chapter has assumed that a “sufficient” amount of data
is available to the user. It is of utmost importance to investigate in what region of
information-to-noise ratio the asymptotic results can predict the actual performance.
This aspect is addressed in this section, using computer simulations and numerical eval-
uations of the asymptotic variance expressions for the various estimators.

We shall concentrate on a scenario where d = 2 planar wavefronts impinge on a linear
array of m = 6 equidistantly spaced sensors. The separation between adjacent elements
is equal to half a wavelength. The array response vectors thus take the form (4.14), with
wA/e = w. The signals consist of a strong direct-path at the angle §; = 0° relative to
array broadside, and a weaker multipath, whose DOA is varied from 8, = 2° to 8, = 10°.
It should be noted that the 3dB beamwidth of the array in question is about 8°. The
Signal-to-Noise Ratio (SNR) is 6 dB for the direct path and 3 dB for the multipath, and
the signal waveforms have a 99% correlation with correlation phase 0° at the first sensor.

The normalized signal covariance matrix is thus

, | 40 28
S/o? = . (4.145)
2.8 2.0

In the simulations, N = 100 independent snapshots are generated according to the model
(4.12) and the displayed results are based on 500 independent trials (unless otherwise
explicitly stated).

Example 4.1 Estimation Accuracy

In the first example, the estimation accuracy is considered for the scenario described
above. Figures 4.3 depict the theoretical and empirical RMS (Root-Mean-Square) errors
for él and éz versus the location of the second source. The theoretical RMS error asserts
the quality of the local minimum that is closest to the true DOA values. Hence, the
scoring techniques are initialized at the true values in this example. A more realistic
initialization procedure is considered in Example 4.3. Notice that the empirical RMS

errors are virtually identical for the SML and WSF methods and that these techniques
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Figure 4.3: RMS error of 0, (a) and 0, (b) versus 65 for the SML, ML,
and WSF methods. The lines represent theoretical values and

e symbols 'x’, ’0’. an are simulation results.
the symbols 'x’, o’, and "’ lat It

clearly outperform the DML method in this scenario. The difference is particularly
prominent in the threshold region. This is due to the high signal correlation — the
methods have nearly identical performance for uncorrelated signals, [44]. Notice also the
good agreement between the theoretical and empirical curves. It has been observed from
several simulations that the asymptotic formulas predict the actual variance accurately
whenever the theoretical standard deviation of nearby sources is less than half the angle

separation. a

Example 4.2 Global Properties

Next, the global shape of the different cost functions is examined. The scoring algorithms
described in Section 4.5 are initialized on a coarse grid of #;- and #s-values to examine
which starting points lead to the global minimum. It has empirically been observed that
for a ULA, this “domain of attraction” depends essentially only upon the number of
sensors in the array. Hence, we fix §; = 0°, 6, = 4° and vary m in this case. To obtain

reproducible results, the asymptotic (N — oo) criteria are used, noting that the results
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will be similar for all values of N above a certain threshold. Figure 4.4 shows the results
for m = 4 and m = 6, whereas the cases of m = 8 and m = 10 are presented in Figure 4.5.
The region of attraction is identified as the “completely filled” area surrounding the
global minimum. From the figures we see that the SML and WSEF methods have similar
regions of attraction in the scenarios in question and the region for the DML method is
smaller in all cases. It is also interesting to observe that for the WSF algorithm, there
are a large number of starting points further away from the minimum that also lead to
global convergence. However, the number of such points is reduced as m is increased. It
is quite clear from this example that proper initialization of the search methods becomes
more crucial with increasing array aperture. In [90], this effect is studied in some detail
for the related problem of estimating the frequencies of superimposed sinusoids. The
asymptotic (for large m) radius of the domain of attraction for the DML algorithm is
found to be inversely proportional to m. This is in good agreement with the empirical
results presented in this example. This observation suggests that for large m, the initial
estimates should have a variance of order o(1/m?) (for a ULA) to guarantee global
convergence of the search algorithm. Simulation results presented in [64] (see also below)

indicate that this is indeed the case for the AP initialization scheme. O

Example 4.3 Initialization and Number of Iterations

In this example, the scoring techniques for minimizing the different cost functions are
studied in some more detail. The alternating projection initialization scheme suggested
in [68] is used for initializing the scoring methods described in Section 4.5. The original
version is used for the SMIL. and DML methods, whereas the same scheme with R replaced
by Eswoptﬁ]f is used for the WSF technique. The overall performance is assessed by
displaying the probability of reaching the global minimum (Figure 4.6a) and the average
number of iterations necessary to fulfill the stopping condition (Figure 4.6b) versus 6.
The iterations terminated successfully when |[H™'V'| < 0.01° in the vast majority of the
trials (more than 96% for 6y > 3°). In a small number of trials in the threshold region,
the maximum number of iterations (set to 30) was reached or the search terminated at

a point were no improvement could be found along the scoring direction (ur < 0.0001).
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From Figure 4.6a, it is clear that the AP initialization scheme performs excellent for the
WSF method — the global minimum was reached in all trials. However, a large number
of iterations is necessary in the difficult cases where the angle separation is less than
3°. The AP initialization performs satisfactory also for the DML method and somewhat
worse, but still acceptable for the SML technique. Recall that the RMS error for 0, is
more than half the angle separation when 6, < 4.5°. Notice also that for 8, > 4°, the
WSF-scoring technique converges in a smaller number of iterations than the DML and
SML scoring methods. Still, the DML-scoring technique performs significantly better
than the modified Gauss-Newton technique suggested in [64]. O

Example 4.4 Detection Performance

In the final example, we compare the performance of the various detection procedures
outlined in Section 4.6. The scenario is the same as in the previous examples. The
estimates are calculated as in Example 4.3. Figure 4.7 displays the probability of correct
detection versus the location of the second source for the different detection schemes.
The detection results from the MDLC method of [89] are included for comparison. This
scheme is based on the DML cost function and relies on the DML estimates. The WSF
detection scheme requires information of the signal subspace dimension. The MDL test
of [79] is used for this purpose, which results in the value d’ = 1 in all trials. As seen
from Figure 4.7, the WSF detection scheme has a slightly lower threshold than the GLRT
based technique, whereas the MDLC criterion performs clearly worse. Note that as 6,
increases, the detection probabilities for the WSF and GLR tests approach the value
preset by the threshold. Another important observation is that the threshold value of
the angle separation for the WSF and GLRT detection schemes (about 4° for WSF and
4.5° for GLRT) is lower than the value at which reliable estimates is obtained (e.g., when
the standard deviation of both angle estimates is lower than half the angle separation), cf.
Figure 4.3b. On the other hand, the value at which the global minimum can be reached
using the AP initialization scheme is still lower for the WSF algorithm (less than 2°),
whereas it is similar to the detection threshold for the SML method and the GLR test,

cf. Figure 4.6a. One may suspect that the initialization procedure indeed is the limiting
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factor for the GLR test. This is, however, not the case, since for 8, < 3.5° essentially all
errors are due to underestimation of d, so the detection performance cannot be improved
upon by using a more efficient initialization procedure. In summary, this observation
suggests that the estimation accuracy is indeed the limiting factor for both the WSF and
the SML methods if the proposed schemes for calculating the estimates and determining
the number of sources are used. However, the estimation accuracy is the best possible
in terms of estimation error variance. Of course, no general conclusions can be drawn
from the rather limited scenario presented in this study, but similar observations have

been made also in other cases, see e.g., [64]. O
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4.8 Conclusions

This chapter presents exact and large sample realizations of ML estimation techniques
for signal parameter estimation from array data. Two different signal models (determin-
istic vs. stochastic) are considered and the ML estimator is formulated for each model.
The asymptotic properties of these methods are examined and related to the correspond-
ing Cramér-Rao lower bounds. The stochastic ML (SML) method is found to provide
more accurate estimates than the deterministic ML, (DML) technique, independent of
the actual emitter signal waveforms. Under the Gaussian signal assumption, the SML
method is asymptotically efficient, i.e., the estimation error attains the CRLB.

Two classes of multidimensional subspace or eigenstructure techniques are presented,
the noise and signal subspace formulations. The relation between the these is established
by comparing their asymptotic distributions. The subspace methods that are asymp-
totically identical to the ML techniques are identified. In the case of coherent signals
(specular multipath), only the signal subspace version can yield optimal (SML) per-
formance. This optimal signal subspace method is termed WSF (Weighted Subspace
Fitting).

All methods considered herein require a multidimensional search to find the param-
eter estimates. Newton-type descent algorithms for calculating the ML and signal sub-
space estimates are presented, and their implementation and initialization is discussed.
The Newton-type algorithm for the signal subspace formulation requires O(md?) flops
per iteration, whereas both ML implementations cost O(m?d). Consequently, the sub-
space technique offers a computational advantage when the number of emitters (d) is
less than the number of sensors (m).

A generalized likelihood ratio test (GLRT) for determining the number of emitters
is derived, as well as a detection scheme based on the WSF criterion. The methods are
similar in structure, and require a threshold which sets the (asymptotic) probability of
detection.

Numerical examples and simulations are presented, comparing the various detection
and estimation algorithms. Examples studying empirical vs. theoretical estimation

accuracy, global convergence properties, average number of iterations, and detection
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performance are included. The performance of the WSF and SML-GLRT techniques is
found to be limited only by the estimation accuracy. In other words, global convergence
and correct detection is obtained with high probability whenever accurate parameter
estimation is possible. In these cases, the estimation error variance is found to be in good

agreement with the theoretical variance, based on the asymptotic covariance matrix.
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Appendix A Differentiation of the projection
matrix

In this appendix, the expressions for the first and second derivatives of the projection
matrix P (0) = A(ATA)"P A = AAT with respect to the elements in  are derived.
These results can also be found in [54]. For ease of notation we write P instead of P 4 (8).

Consider the first derivative

P
P; = 29. = A AT+ AATL (A.1)

After some algebraic manipulations the following is obtained for the pseudo-inverse
Al = (ATA)TTAHPL — ATAAT (A.2)
Combining (A.1) and (A.2) gives
P; = PTAAT 4+ (L )F, (A.3)

where the notation (...)¥ means that the same expression appears again with complex

conjugate and transpose. From (A.3) it is easily verified that Tr(P;) = 0 as expected
since the trace of a projection matrix depends only on the dimension of the subspace
onto which it projects.

The second derivative is given by
P, =P*AAT L PEAGAT H PEAAT ()7, (A.4)
Using (A.2) and that P+ = —P; gives

P = —P A ATA AT - ATTATPLAAT 4 PLA AT

+PLA(ATA) AP PLAATAGAT 1 ()7,
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Appendix B Asymptotic Distribution of the WSF
Criterion

A proof of Theorem 4.8 is provided in this appendix. The distribution of V(8y) is based
on the asymptotic distribution of the signal eigenvectors of the sample covariance. From

the asymptotic theory of principal components [91, 92], we have the following result.

Lemma 4.2 The d’ largest eigenvectors off{ are asymptotically (for large N ) normally

distributed with means and covariances given by

E{é;} = ep+ONT) (B.1)

k {(ék —ep)(€ — ez)H} = b )\—]\]; '_Z;ék ()\Zj\il)\k)z el +o(N7") (B.2)
E{(er —ex)(&—e)'} = (1—6n) ﬁ el +o(N7') . (B.3)
O

It is convenient to introduce a set of transformed variables

=26, , k=1,....d (B.4)

where Z is an m x (m — d) full rank, square root factor of P£(8o), i.e.,

P%(00) = ZZ". (B.5)

Note that Z7Z =1, since Py is an idempotent matrix. Clearly, Gy, k = 1,...,d" have a

limiting normal distribution. From (B.1)-(B.3), the first and second moments are given

by

E{iz} = 0 (B.6)
2
A AH [RP VR
E{ukul} = 5k1m1 (B?)
E{g,a/} = 0. (B.8)
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From (4.85), we can rewrite the normalized WSF cost function as

2N 2N o
> Viwse(80) = S TH{ZZ7E,W,, B}
IN &
= 52 Zwkuguk
k=1
2N
= “afa
g
2N
= “(@u+a’y), (B.9)
g

where w;, = (5% — &2)2/5\1“ u = [\/ﬁ)_lﬁip---\/ﬁ)—d/ﬁg,]T, u = Re(0), and u = Im(q).
Since 1 is of order O,(N~'/2) for large N, we can replace the consistent estimates of
0% and A, above with the true quantities without changing the asymptotic properties.
The assertion on the asymptotic distribution of Viysr(8o) then follows from the fact
that (B.9) is a sum of 2d'(m — d) squared random variables that are asymptotically
independent and N(0,1).

To determine the distribution of the cost function evaluated at the parameter esti-

mate, consider the Taylor series expansions

V() = V(0)+V"(0:)0 + V"(66)8 + o(|6) (B.10)

V(@) = 0=V"(80)+V"(8)0 +o(]0]) (B.11)

(where the subscript has been dropped from Viysp(8) for notational convenience). Here,
6 denotes the estimation error, 8 = 6 — 0,. The regularity assumptions on the array
response vectors guarantee that V”(6g) converges (w.p.1) as N — oo. The limiting
Hessian, denoted H, is assumed to be non-singular. Equations (B.10)—(B.11) can be

written

>

V(0) = V(80)+ V" (6,)0 + HO + o(]0]%), (B.12)

V'(0) = 0=V"(8)+HE +0(|6]) . (B.13)

The “in-probability” rate of convergence of the estimation error is O,(N~'/2). Thus,

inserting (B.13) into (B.12) yields
A 1
V(8) ~ V(6o) = V' (80)H 'V'(80) + 51" (80)H'V'(0)
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= V(8,) — %V’T(GO)H_IV’(%) : (B.14)

where the approximation is of order 0,(N~'). Consider the second term of (B.14). The
" component of the gradient is given in (4.93). Since PX(GO)ES is of order O(N~'/2),

we can write

d/
a‘Z’V(eo) = —2Re {Z wkefATHAfIPjék} + 0, (N7Y?)
? k=1

k=1

d/
= —2Re {Z wkefjATHAfIZﬁk}

= Re{T;u} 4 0,(N7Y?), (B.15)

where
T; = [-2/wiel AMAIZ, . —2/wpell AV AIZ] . (B.16)

Thus, V'(8y) can be written as
V'(8y) = Re {Tua} + o,(N"Y%) = Ta — Tu + 0,(N~V/?) | (B.17)

T - N
where T = [Tip e ng] , T =Re(T), and T = Im(T). Using (B.9) and (B.17), we can
rewrite Equation (B.14) as

o

Yo, (N7Y).  (B.18)

o

V(9) = [aT ﬁT] (I;

The matrices T and H are related using ¢?H = Q (cf. the proof of Corollary 4.1a)
together with (B.17)

o'H = lim N E{V'(6,)V'(0,)"}
= lim N E(Tu - Ta)(Tu — Ta)’

= lim N (TE{au”}TT — TE{ua”}TT
~TE{ua”}TT + TE{au’}TT)

0.2
2

(TT! + TTT), (B.19)
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where we have used that E{uu’} = o( N7!) and E{uu’} = E{uu’} = 02/2N +o(N71).
Substitute (B.19) in (B.18) to obtain

\ T7 - . _ . u
vig) = [ a' (I - (TT" + TT7) ' [T - T]) S+ op(NTY
= 0" &' 1-Xx) u +o,(N7Y). (B.20)

We recognize the matrix X above as a pd-dimensional orthogonal projection in [R24(m=d),

ThusI-Xis a (Qd’(m—d) —pd) -dimensional projection matrix. Hence, (ZN/&Q)VWSF(é)
can be written as a sum of the square of 2d'(m — d) — pd random variables that are

asymptotically independent and N(0,1). The result follows.
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