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Adaptive Parameter Estimation for a Constrained
Low-Pass System

ARYE NEHORAI AnD PETRE STOICA

Abstract—A new algorithm is presented for adaptive parameter
estimation for a constrained low-pass Butterworth system model. Poten-
tial applications include filter desig; on Nyquist

rate for systems.
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1. INTRODUCTION

Output error (OE) models used in system identification schemes are
known for their physical appeal and robustness with respect to the spectral
properties of the measurement noise (see, e.g., (11-[4]). Most existing
OE schemes use unconstrained rational transfer function models.

In this note we consider a system identification algorithm for on-line
estimation of the parameters of a special constrained OE model. This
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model is constrained to be a digital low-pass Butterworth filter obtained
by a bilinear transformation of a continuous low-pass Butterworth filter
(see, e.g., [5, pp. 227-228], {6, pp. 211-218)).

The proposed algorithm will estimate the system cut-off frequency and
gain on-line. When it is known that the true system has a low-pass
Butterworth structure or some transfer function similar to it and its true
order is used, the algorithm will lead to a substantial saving in
computations and more accurate results (by the parsimony principle [2])
than unconstrained algorithms. Potential applications include adaptive
decision on Nyquist rate for systems and filter design.

II. THE MODEL AND THE GRADIENT OF ITS OUTPUT WITH RESPECT
TO THE MODEL PARAMETERS

A. The Model
The OE system model is characterized by
y(0)=G@ u®) +e() O]

where y(f) and u(f) are the measurable system output and input,
respectively, e(f) denotes the model residuals, and g~! the unit delay
operator. In our special case G(g~"') is assumed to be

B%q™")
G(g! 2a;
@H=¢—— A (2a)
where g is an unknown gain, and
Bg)=(+q™ )" (2b)
A H=TTa-ng™ @c)
i=1
w, .
L+="e/ei
et a=(1422L @d)
1-2 giai " 2
2

where w, denotes the normalized cut-off frequency of G(g~'). The
superscript “*" in B%(g~") emphasizes that this polynomial is known
Observe from (2d) that \; = N¥_, | since o + Qp_is1 = 27 ("
denotes complex conjugate.) Hence, the coefficients of A(g~ 1y are real.
Also |\;| < 1 since cos o; < 0. Thus, the model G(q~") is guaranteed to
be stable, which is an important feature since it implies that, unlike
unconstrained models, stability monitoring will not be needed in the
following OE algorithm.
The unknown parameter vector to be estimated is

8=1g w]”. (&)
The estimate § of § is defined within the OE methodology by

9=arg0min Ely(®)-5O1 @

where E denotes the expectation operator, and $(?) is the model output

B%gq")

A@N u(?). )

J)=¢
In the course of estimation, we must constrain w, to be positive (which is
equivalent to the stability of our model, see above). However, this is a
simple constraint that can be handled easily.
Next, let us assume that the true data generating mechanism is

YO =G*(g Yu()+e() ©®

where e(¢) is a disturbance that is uncorrelated with u(s) for all ¢ and s,
and where the transfer function G*(g~!) is not necessarily of the form (2).
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It follows from (4)-(6) that the OE model satisfies
where ¢, (w) denotes the spectral density of the input signal. Thus, the OE
method provides the Butterworth model, which is the best approximation
of the system’s frequency characteristic in the sense of minimizing the
weighted norm in (7). Note that the weighting function in (7) is ¢,(w).
Hence, by selecting the input, one can control the distribution of
approximation errors in the frequency domain. If a direct access to u(?) is
not available, one may prefilter the input and output data by a filter, say
H(g™"), which has the same effect as replacing ¢,(w) with
| H(e**)|*p,(w). We may choose H(g~') for emphasizing (or deempha-
sizing) various frequency bands in the approximation (see also [3] and [4]
for the prefiltering approach).

It is important to observe that interpretation (7) of the OE models does
not require that the true system be of the Butterworth type [see (2)]. Also,
the disturbance e(f) may be a colored process. If e(#) is white, then () of
(5) becomes the best (in mean-square sense) one-step prediction of y(f),
and the OE estimate 8 of (4) in turn becomes a prediction error estimate.

In this note we consider the integer-valued parameter » of our model as
given. Note that the larger the value of n, the larger the slope of the low-
pass transfer function will be near w.. When the order » is unknown
(corresponding to unknown slope of the low-pass filter) it is possible to
apply information criteria to estimate the order (e.g., [7]; also see [1]-
[3]). Another approach is to replace the model (2) with a weighted sum of
two models of different orders. Specifically, use

2

B 4 () deo=min ™

G*(eiu) -g m

G N=aGi(g H+1-a)Ga(g™") ®

where 0 < o < 1, Gi(g~") and Gy(g~") are constrained models, as in
(2), but of different orders. The orders of G,(¢g~') and Gix(g~ ")
correspond to the expected lower and upper bounds on the true order,
based on some a@ priori information. The variable « then has to be
estimated as a part of §. However, we will not follow this idea since our
main concern in this note is estimation of the parameters w. and g.

In Section III we present a recursive Gauss-Newton algorithm for
performing the minimization in (4). Next we discuss the computation of
J(#) and of the derivative d§(f)/98 required for this algorithm

B. Calculation of $(t) and 39(t)/90

The model output is given by

B%g™")
A(g™h)

u(®)= -3, af(t—i)+g 3 bout-i) (9

i=1 i=0

J=g

where a; and b? are the coefficients of the polynomials A(g~') and
B%g~"), respectively. The gradient of (f) with respect to the parameter
vector 6 is found as follows. Let

ap() ap) |7
V()= YW PO . (10)
0w, ag
The first component of y/(f) can be found using the chain rule
AP() ~ AP() da; <~ < OP(1) Ba; AN,
a2 il LoALL L s S
VO = e T & aa, a, 2”:' 20, e, OV
Here
gy B%g™H o I A 4 .
oa gA——-——z(qA.)u(t i)= A——(q,l)y(t iy 2 -Jet-0). (12

An expression for the derivative of polynomial coefficients with respect to
the polynomial zeros was derived in [8, eq. (21)] (see also [9]). Assuming
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the polynomial under consideration has distinct zeros, the result is

da, QL
9a; _ _2 a1,

13
N pard 3

For completeness we present in the Appendix a proof of (13) which is
simpler than that of [8] and provides an interesting interpretation for the
Jacobian matrix da/d\. From (13) we get

v; (14a)
3o, AN Ow. &
A )
= — -1 X 14b
X; g . (14b)

Since { \¢} occur in complex conjugate pairs (A, = N*_, , |, see above),
we can write

n/2
-2 3 Re {x;—! %}

k=1

X;= (15)
n-1r2
n odd

i1 M i1
{)‘2 l%} _)‘(Ml)/z
k=1 ¢

neven

Nt 12
dw,

—ZERe

where Re {x} denotes the real part of x. In our special case, from (2d)

(l+—“—’2—r e/'"k>i_I
N

Nl —— =gl 16
k da e we . i+l (162)
l—?r elek
When 7 is odd we have
<1_%>._1
)\i—l a>\(n+l)/2= _ (16b)

@+D/2 5. (l +wc> e
2

Thus, ¥,(f) can be computed by first evaluating the sequence {x;} in (15),
(16), then computing V; by (14a), and finally from (11), (12)

(=Y, Frlt- V.

an
i=1
The second component of (7) is found as follows. From (5)
ap) _B%g™") < .
a7l = 0 -
valt) & =5 ==y 4 ) Eo Boup(t—i) a8

where up(f) = [1/A(g~H]u(?).
III. THE RECURSIVE ALGORITHM FOR ESTIMATING THE CUT-OFF
FREQUENCY AND GAIN

Based on the above results we now present the recursive Gauss-
Newton OE algorithm for estimating the cut-off frequency w, and the gain
g. For more details on OE methods see, e.g., [1], [2], and [10].

A. Summary of the OF Algorithm

Initialization: Set (1), Ao, 8(0), P(0), ¥(1); u(t), up(2), 5r(2), 5(0),
for ¢t < 1. Recommended values: A\(1) = 0.95, \, = 0.99, y(1) = 0,
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P(0): application dependent, e.g., ~0.01:7, §(0) = small positive

values. u(f) = up(f) = ye(t) = j(t) = Ofort < 1.
Main Loop: Do fort = 1,2, -+

)= = ae—DFu-i)+81—1) Y, bou(t—i)

Pyt i=0
)=y -9
K@ =P@- DY @/INO+YT(O)P - 1y(0)]
P@O)=[P(t-1=KOVTOPE-DI/ND)
B(@y=18¢— )+ KNe)p=[8.(1) £ONF.
Compute the Butterworth filter coefficients {4;(¢)} as a function of n and

&.(?) using (2b)-(2d).

Fy= =Y, GO)Fe-D+£0) Y, bout—i)

i=1 i=0

FrO=3O = @O It -

i=1

up(ty=u() =, a(Oyur(t—i)
i=1
/2]

S.(t) .|t
I:l-t-c—"—;l el“k:l
x(f)=~2 ), Re { e/

= 8} it+1
k=1 l_m,;t) ik i+

(«for n odd only)

Vit+ )= GOx (o)

1=0

Yt +1)= _2..: Vi(t+ 1) Fr(t+1-1i)

i=1

va(t+1)= 2": boup(t+1-1)

i=0
A+ D) =NAO+T=N,).

Comments: The otation [§], means that a projection feature is used to
prevent the algorithm from getting outside the model set D. In our case,
we constrain &,(#) to be positive, which is equivalent to the stability of our
model; see Section II. Thus, if &.(f) < 0 we choose, e.g., to set &.(?)
equals a small positive value. The notation ‘‘{x|’ denotes the largest
integer smaller than x.

Note that the algorithm above is guaranteed to converge to a local
minimum of the OE loss function. Of some concern, as in any other
minimization algorithm, is the possibility of the existence of local minima in
the OE loss function. This issue is not addressed here as it is beyond the
scope of this note.

B. A Simulated Example

The following example was simulated on a DEC VAX with a single
precision arithmetic to illustrate the convergence of the algorithm. The
input u(f) and the noise e(#) were independent zero-mean white sequences
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Fig. 1. Parameter estimates for Example III.2. (a) Cut-off frequency estimate (true

value £ = 0.2. (b) Gain estimate (true value g = 2.12-10-2).

of unit variance. The system order was n = 6, the normalized cut-off
frequency was f; 2 w./27 = 0.2 and the signal-to-noise ratio SNR = 6
dB. The gain was g = 2.12 X 102, The algorithm was applied with the
true order and design variables as recommended above. The initial values
of the cut-off frequency and gain were £.(0) = 0.05 and §(0) = 0.01. The
convergence of the cut-off frequency and gain estimates is illustrated in
Fig. 1(a) and (b), respectively, as a function of time.

C. Potential Applications

A potential application is filter design. Let S be a continuous-time filter
with a low-pass frequency characteristic for which we seek a discrete-time
approximation. To solve this problem we have two possibilities: 1) Use
the bilinear z transform (if S is known); 2) Measure input/output data
from S [using a wide-band input #(f)] and apply the proposed method to
fit a low-pass Butterworth to these data. As explained in Section II, this is
equivalent to fitting the frequency characteristic of a Butterworth filter to
that of S.

For systems that can be approximated well by the low-pass Butterworth
filter, the above algorithm can be applied for on-line decision on their
Nyquist rate.

IV. CONCLUDING REMARKS

We have presented in this note a new algorithm for on-line estimation
of the cut-off frequency and gain in a special constrained output error
model. This model is of low-pass Butterworth type. When the system
satisfies this structure or is similar to it and its true order is used, it is
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beneficial to apply the proposed algorithm to obtain more accurate results
(by the parsimony principle [2]) and more efficient computations than is
possible with the usual unconstrained models. In the white noise case, the
algorithm becomes a recursive prediction error method, and as such its
covariance attains the Cramér-Rao lower bound asymptotically when the
true order is used (see, €.g., [3]). In the more general nonwhite noise
case, the algorithm’s covariance can be evaluated using methods
described, e.g., in [2, ch. 7]. This algorithm can be used for filter design
and adaptive Nyquist rate estimation. The basic method used here can
be applied for deriving system identification algorithms for other
constrained transfer functions, such as band-pass and band-stop. Exten-
sion to adaptive parameter estimation of constrained ARMA signals with
unknown inputs in the presence of noise is presented in [12].

APPENDIX

THE DERIVATIVE OF POLYNOMIAL COEFFICIENTS WITH RESPECT TO
POLYNOMIAL ZEROS

In this Appendix we provide a simple proof of the formula (13). Let C
denote the following companion matrix:

—-a, 1\ 0
C= : .

—a,_ o

-a, 0---0

associated with the polynomial 2"4(z™") = 2" + @12" ' + -+ + a,. It
is well known that the zeros { A, } of 274(z~') are equal to the eigenvalues
of C (see, e.g., [11]). Let
we={t14 Uk ]TEO
denote a (nonzero) eigenvector corresponding to A¢. Thus,
Cup= Nty (A.])

or, in a more detailed form
Uy p=a U+ )\ku“‘
(A.2)
Up o =Tno1 Uy o+ Niclln_ 1k
O=a,ty x+Nelny-

It readily follows by contradiction from (A.2) that &, # 0 implies u; x #
0. Thus, we can set #; 4 = 1. In the following we assume that the
eigenvector u, has been normalized such that u; , = 1.

Using forward substitution, we find from (A.2) that

u,=Hy, (A.3)
where H is the Hankel matrix
A
g
H= e (A4)
1”2 -
and
P LRIV | L (A.5)
Next, it can easily be verified that
vIC=AwT (A.6)

which means that vy is a left eigenvector of C. Left and right eigenvectors
associated with different eigenvalues must be orthogonal
for i#k

VT =0 %)
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which can be seen as follows. From (A.1) and (A.6), we get

NvTue—NewTue=vICup— v Cu =0

which implies (A.7) since \; # \,. Writing out (A.7) fori = 1, ---, n,
i # k, we obtain
An-t PN Uy
n-1 AA-2
x*;} +.4 =0. (A.8)
)\2¢1 )\k+l
a [ Un

Since {M\} are distinct by assumption, the vander Monde matrix
appearing in (A.5) is nonsingular. Therefore, u; is uniquely determined
by {A1, ***5 Me—1s M1, © 75 An} and, in particular, does not depend on
M. Using this property we get by differentiating (A.2) with respect to Ay

0a/dNe= — tiy. (A9)

From (A.3) and (A.9) the Jacobian matrix da/d\ is equal to

da

b_)\=_[ul

u, 1= —HV (A.10)

where H was defined in (A.4) and V is the vander Monde matrix V = [v;
+ - y,]. Expression (15) is now proven immediately from the /, k entry of
the matrices in (A.10). [ |
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