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backward algorithm in some applications reflects the fact that
for the purposes of these applications, the “true” model is of
no particular interest as long as the fitted model performs well.

INITIAL STATISTICS

It follows that the initial values of (p, P, Q) can play two
roles. They choose one of the values which maximize (perhaps
only locally) the likelihood function L. As 7 tends to infinity,
if the sequence of estimators obtained converges, then it must
be to some point in the set M of correct values of (p, P, Q).
Thus, the initial values also choose, a fortiori, one of the many
models consistent with perfect knowledge of the (uncondi-
tional) distribution of the observable string. Of course, this
second choice, the choice of a single “true’ value of (p, P, Q),
is not revealed to us with only a finite amount of data. In
both roles, the initial values represent decisive “prior” infor-
mation for the problem at hand. In the speech application,
the simply fitted model produces poor speech recognition, yet
an averaging of the initial and final estimates (with weights
fitted by another use of the forward-backward algorithm simi-
lar to Jelinek et al. [4]) produces a successful model.

CONSEQUENCES FOR PRACTICAL SPEECH RECOGNITION

The singularity of the likelihood function in the case where
the observables have a probability density function as de-
scribed suggests either some Bayesian technique, as mentioned,
or choosing a model without singularities such as a model hav-
ing multinomial distributions for the conditional distribution
of the observables. The multinomial distributions arise natu-
rally in models for data encoded by vector quantization. For
continuous speech recognition, we prefer the latter alternative,
partly because it is simpler, but mainly because of an addi-
tional practical advantage of the multinomial model. It is non-
parametric, and hence, ultimately can give a better fit to the
complex high-dimensional distribution of speech data than is
possible in practice by parametric density models such as
mixtures of multivariate Gaussian distributions. It would be
interesting to use smooth nonparametric density estimates (see,
e.g., [8]), but this appears difficult in high dimensions.

A practical consequence of the lack of identifiability of the
distribution may be seen in an application to the continuous
speech recognition problem of training the hidden Markov
model to a new talker. If the model were identifiable, then one
might hope to obtain the value of (p, P, Q) for the new talker
from a small speech sample of the new talker and the large set
of (p' P' ') available from having trained a large number of
talkers prev1ously This could be done by usmg some metric
or other to interpolate among the known (r', P’ Q ) pomts
using the new speech data as a guide. However 1f each (p’,
P', Q') is an arbitrary choice from equivalent points in a set
M', then any simple notion of distance is likely to be useless.
It is not clear how much the use of a common (to all talkers)
initial value (p", P", 0") would help in this. Clearly, the use
of such a common initial statistic is inconsistent with attempts
to maximize the likelihood for any one talker by finding the
iargest of several local maxima.
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A Relationship Between the Levinson Algorithm and
the Conjugate Direction Method

ARYE NEHORAI anp MARTIN MORF

Abstract—This note provides a connection between the (block) Levin-
son algorithm and the conjugate direction method (CDM). We first pre-
sent an extension of the scalar CDM to the block matrix case. Then we
show how the (block) Levinson recursions can be derived as a special
case of the (extended) CDM. This gives a new derivation and interpreta-
tion for Levinson’s algorithm.

I. INTRODUCTION

The conjugate direction method (CDM) [1] is a well-known
class of recursive optimization algorithms that are used in the
minimization of quadratic functions without the need for in-
version of the Hessian matrix [2], [3]. Levinson’s algorithm
[4] was originally designed to efficiently compute one-step
forward predictors of a stationary random signal, given the
signal covariance. It can also be interpreted as an efficient
method for inversion of Toeplitz matrices. Whittle [5] and
Wiggins and Robinson [6] have extended the Levinson algo-
rithm to the case of block Toeplitz matrices. Levinson’s algo-
rithm has been extensively used in the areas of statistics,
geophysics, and speech analysis (see, e.g., [7]). The purpose
of this note is to show that the (block) Levinson algorithm can
be derived and viewed as a special case of the CDM with a
proper choice of conjugate directions.

In Section II we present an extension of the scalar CDM to
the block matrix case and then review the block Levinson algo-
rithm. In Section III we use the CDM to derive the Levinson
recursions as a special case. This gives a new derivation and
interpretation for Levinson and related algorithms, as is dis-
cussed in Section IV.

II. THE BLOCK CDM AND REVIEW OF
LEVINSON’S ALGORITHM

The Block CDM

We consider here the block extension of the CDM which
solves the problem
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(1)

where the superscript T denotes transpose, @ is an np X np
symmetric positive definite matrix, and x and ¢ are np X m
block vectors. The corresponding unique solution is

x*=07'e. (2)

The method assumes that we have available n Q-orthogonal
full column rank np X p block vectors {dj}]?';[} ,le.,

a'Qdi=0 if j#1. 3

The following theorem is the block extension of the scalar
case.

Block Conjugate Direction Theorem: Let {d;}f;ol be a set
of full column rank Q-orthogonal block vectors. For any xy €
RmPXm the sequence {x;} generated according to

minimize tr {1 T x-cTx}

Xjey =Xx;+djoy (4)
with

a;=-[a] Qd;1 ™" d g (5)
and

g=0x;-c¢ (6)

converges to the unique solution x* = Q! ¢ after n steps, i.e.,
Xp =x*,

To prove the above theorem, one can directly extend the
corresponding scalar version in [2] or [3].

The Block Levinson Algorithm

In order to see the similarity of the block Levinson algo-
rithm to the CDM, we first write it as a minimization of the
form

(7

where e, ; is the nth-order forward linear prediction error of
the observation signal y, based on its » past values, namely,

minimize tr {Een,tez;’t}

n
_ T
€nt =Vt~ D @njVi-j, t>n (8)
j=1

where y, is a p X 1 stationary random signal vector, and the
coefficients {a, ;} are p X p matrices. This minimization prob-
lem can be equivalently written as

minimize tr {3 a7 Rp_ya - RI,a} )
where ¢ is the nth-order prediction filter of y;, given by
a=[anT,1,"',a,Z:n]T np X p, (10)

the covariance matrix R, -; has (with the stationarity assump-
tion) the following block Toeplitz structure

Ro, Ry '" Rpo
Ry = RT‘\\\\:\\R np X np (11)
L. N S 1
Ropsi Ry R
where
R;=Ey;y{; »pXbp, (12)

and the block correlation vector Rq.j, in (9) is

Rim=[Ry,  Ry)T  npXp. (13)
The definition (12) implies that
R;=RT. (14)
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In order to solve the forward prediction problem (7), Levinson’s
algorithm also solves the backward estimation problem, namely,

minimize tr {Ern,tr,{ +1 (15)
where
aooT
Yn,t = Vt-n ~ Z bp,j Ye-n+js (16)

i=1

i.e., 7,y is the linear estimation error of y;_, based on its n
future values. The corresponding recursive solution of the
block Levinson algorithm is

a; “bil
Ti+y = + Ry il (17a)
o] [z
0 I
Bisvy = +| P | R;AT, (17b)
b ~ai
Reiv1 “Re i~ AIT+1R;,11~AZ'+1 (17¢)
Rr,i+1 '—'Rr,i_AHlR;,liAzTﬂ (17d)
where I, is the p X p identity matrix and
a;=lafy, - ai T ipXp (17¢)
b =17, - o517 ipXp (17f)
Rr,i=E”i,triTt Rei=FEe; efy (17g)
I
Aie1 =10 -] LR, |-q (17h)
0
a0=b0=0 Re,O =Rr’0=R0. (171)

The block vectors {z;} and {p;} have the interpretation of the
least squares solutions to the minimization problems (7) and
(15), respectively, with n = (see, e.g., [8]).

III. DERIVATION OF LEVINSON’S ALGORITHM AS A
SPECIAL CDM

We shall now show that the (block) Levinson recursions can
be derived and interpreted as a particular (block) CDM, with
suitable substitution of conjugate directions and initial condi-
tions in (4)-(6).

Consider the minimization problem (7). Here Q =R, _; and
¢ =R;:;. To obtain the Levinson solution (17a) as a CDM, as-
sume by induction that we have available {bj}}=1 . Now intro-
duce the block vectors

dgj=1-b] 1,0,---,0]7 (18)

From the least squares interpretation of {bj} , we have the rela-
tion

np X p.

0, if j#1
R,; ifj=1

Note that this result is actually equivalent to the fact that the
backward residuals of different orders are uncorrelated.

Equation (19) implies that we can use {d,;} as conjugate
directions to solve (7). With this substitution and with zero
initial conditions, we shall later assume that the corresponding
partial CDM solution x; has, by induction, the form

xa’l.::[a;.r 07‘.';0]T

dg:jRn—lda,l={ (19)

np X p. (20)

Now we show that for the Levinson algorithm, d,rgi =-A;i.
Substituting the general expression (6) for g; and then using
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TABLE 1
SUMMARY OF THE RELATIONSHIPS BETWEEN THE LEVINSON ALGORITHM
AND THE CDM
CDM Levinson
Q Ry Ry
< Rip R_pn:i—
Xxi Xg, i Xp,i
d; dg,i dp,;
diTQdi Ry, i Re i
afe; ~Ajs1 -ah,
the previous expressions, we find that
T T
di g;=d; (@x;- ¢)
Y & T T
’da,i{Rn—l[ai 0,---,0] _Rlsn}
1 Ip
R :RO; > Rn—1 —a;
P i
== [b{ I, 0, 0] ! R,y 0
1 -
R_p :: R_ps Ry :
K
-2
I
=-10 -8 LR |-a
0

=_Ai+l' (21)

Substituting all the above expressions in the general CDM solu-
tion (4)-(6), we obtain

lef,, 0,--, 017 = o0,---,017
+[-b7 1,0,- 01T R\ A (22)

The last recursion (22) is equivalent to the Levinson recursion
(17a), as can be seen by referring to its nonzero upper (i + 1) p
rows. Note that we were allowed to write the LHS of (22) in
the above form since the last (n - i = 1) p rows of its RHS are
identically zero. This verifies our assumption on the structure of
the partial solutions by induction.

In a similar way, we can also derive the dual Levinson recur-
sion (17b) as a specialized CDM where we use the block conju-
gate directions

db,}‘sz":o Ip ‘“leT npXp; (23)
the corresponding partial solution x; is
xp;=10,-++,0 8717 npXp. 24

This completes the derivation of the Levinson algorithm as a
specialized CDM by induction, the results of which are sum-
marized in Table L.

IV. DISCUSSION

In the above sections we have shown how the Levinson algo-
rithm can be derived and interpreted as a special case of the
CDM., In view of this relationship, we note the following prop-
erties of Levinson’s algorithm that indicate how it exploits the
Toeplitz structure of the covariance matrix.

1) Levinson’s algorithm generates the conjugate directions
required for each recursion independently in the following
special manner. In the computation of the new partial solution
Xg,i+1, it uses the previous result of xp ; to construct the re-
quired conjugate direction d, ;. In the computation of xp ;.y,
it uses x, ; for a similar generation of dj ;. This means that
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Levinson’s algorithm is a particular combination of two inter-
coupled CDM solutions.

2) While in the general CDM the partial solutions {x;} and
the matrix @ have maximum dimension at each stage of the
recursion, the dimensions of the corresponding filters {¢;} and
the matrices {Rj} grow at each step of the recursion.

The connections found in this paper, together with the deter-
ministic geometrical interpretation of the CDM (cf. [2] and
[31), can now be used to provide a new geometrical interpreta-
tion for the Levinson and related algorithms. Note that this
description deals with the optimal prediction filters, while the
previously well-known explanations are usually concerned
with the stochastic interpretation of the innovation signals.
However, note that these two descriptions are analogous by
the iscmorphism between the two corresponding spaces.

Other algorithms for which the CDM explanation also holds
include the time update of the fast recursive least squares algo-
rithm in [9], and the pure order recursions of the ladder (or
lattice) filter algorithm in, see, e.g., [10], developed by Morf
et al. The CDM can be shown to be a common basis for these
methods and others;see [11].
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Error Analysis of Good-Winograd Algorithm
Assuming Correlated Truncation Errors

G. PANDA, R. N. PAL, anp B. CHATTERIJEE

Abstract—This paper investigates the error performance of the Good-
Winograd algorithm (GWA) when implemented in fixed-point mode us-
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