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express H using (1)-(4), and some trivial integration, as
H=H + Ny¥
where ¥ has entries
1 B 20i+))
e ;[1 (i +1J’ S
It remains only to find Ny so that
H=H - Ny¥ (7)

is singular positive semidefinite (SPSD). If ¥ was an identity ma-
trix (as in the Pisarenko case) this would become an eigenvalue
problem. As it stands, it is what is known as a matrix pencil prob-
lem. There are dedicated algorithms for such problems [6]. We
prefer to convert it to an eigenvalue problem as follows. Since ¥
is strictly positive definite, it can be factored, using the Cholesky
decomposition [6], as ¥ = AA’, where A is square and nonsingu-
lar. Multiplying both sides of (7) by A™' and A™' yields

AT'HA™' = ATTHA™! — Nyl (8)

It follows from Sylvester’s theorem [6] that the right-hand side of
(8) is SPSD iff H is SPSD. Subtracting the smallest eigenvalue
from the diagonal of any matrix results in an SPSD matrix. Thus,
the desired N, is simply the minimum eigenvalue of A™'HA ™',

We have derived the following analog harmonic retrieval
scheme.

Harmonic Retrieval Algorithm: The following algorithm finds
the frequencies, w;, and the power levels, a; /7 of N/2 analog sin-
usoids in broad-band noise.

-, N/2.  (6)

1) Collect the power estimates p; using the circuitry in Fig.
1.

2) Sample the p; and form the Hankel matrix H as in (3).

3) Set N, = the minimum eigenvalue of A™*HA ™',

4) Set o = the zero eigenvector of H — N, V.

5) Set w; = the real roots of the polynomial w™(L /3 o;w™%).

6) Solve the system of equations in (5) for the g;, with p; re-
placed by H; ;_;.

In a theorem given by Iohvidov, it is shown that any SPSD Han-
kel matrix possesses a unique extension [7]. It follows from this
that there is correspondingly a unique power spectrum S(w) which
matches the given p;. Thus, the parameters in (1) are uniquely de-
fined. This is an important result since it guarantees that our al-
gorithm will correctly reconstruct the true harmonics in the data (at
least in the limiting case of exact power estimates).

If A has multiple zero eigenvectors, then the polynomial in step
5) is not uniquely defined. Despite this nonuniqueness, the Iohvi-
dov theorem ensures us that whatever eigenvector we choose will
lead us to the correct (unique) result. It is shown in {7] that if the
zero eigenvalue has multiplicity &, then there are exactly N/2 + 1
— k nonzero terms in the summations in (5),4 and consequently,
there are exactly N/2 + 1 — k sinusoids in #(¢). Thus, the rank
of H equals the number of sinusoids in the data.

IV. FURTHER QUESTIONS AND ISSUES

Below is a list of questions and issues which our work raises.

An adaptive updating of the spectral model parameters in (1)
would be desirable. How does one implement such a scheme in a
hybrid system?

What are the effects of ‘‘real world’’ limitations such as analog
component imperfections, statistical fluctuations, and signal mod-
eling inaccuracies?

One could replace the cascaded integrators with other more gen-
eral filters, provided the resultant ¥ matrix remains nonsingular.

“In [7] a sum involving positive powers of w is considered. This converts
trivially to our problem by a simple change of variables.
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(Cascaded all-pass filters, as employed in [5], will definitely not
work here!) Does this opportunity to generalize have any merit?
The integrators can likewise be replaced by digiral filters, thereby
offering an alternative to the ordinary Pisarenko scheme for digital
harmonic retrieval. Bruzzone and Kaveh [8] have explored the in-
formation preserving character of correlation estimates, and sub-
sequently introduced the notion of the relative information index
(RII). Do our power estimates have a higher or lower RII than
correlation estimates? Which digital filters yield a high RII?
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On the Asymptotic Distribution of Exponentially
Weighted Prediction Error Estimators

PETRE STOICA aNnD ARYE NEHORAI

Abstract—This correspondence establishes the distribution of the ex-
ponentially weighted prediction error estimators for a class of general
(possibly nonlinear) discrete-time systems. An explicit formula for the
covariance matrix of the estimation errors is provided. The distribu-
tional results presented hold for a large number N of data points and
a weighting (or forgetting) factor X close to one. The covariance ma-
trices corresponding to {N, >> 0; 4, = 1} andto {N, >> 0; %, = 1
— &, where § is a small positive number } are shown to be related in a
simple way. Specifically, it is shown that they are equal iff N, = 2/(1
— X3). This extends a result recently obtained by Porat in the special
case of times-series autoregressive models.

I. MAIN RESULTS
Consider the following general prediction error (PE) model:

o) =g Ly o) +e(n0), =120 (L1)
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where

y(t) = the output at time ¢
u(t) = the input at time ¢
W= {u(e = D), u(t—=2), -0}
Y=y =),y =2), )
6 = the vector of unknown parameters
€e(t, 0) = the prediction errors corresponding to 8, at time ¢.

I

The model (1.1) and the system which generates the data { u(¢),
y (1)} are assumed to satisfy the following conditions.
C1: There exists a (true) parameter vector 8* such that

e(t) =e(1,0%), 1=1,2,

form a sequence of independent and identically distributed random
variables with zero mean and variance denoted by ¢ [in other words,
the system belongs to the model class (1.1)].

C2: The input and output signals «(¢) and y(¢) are stationary
processes whose covariance functions decay exponentially to zero.
Furthermore, there exists a compact subset D of the parameter
space, which contains 6* and is such that e(z, 8) and de(t, 6)/30
are stationary processes with exponentially decaying covariances
for all § € D (this assumption essentially means that the model
equation (1.1) and its derivative with respect to § are exponentially
stable for 8 € D).

C3: The data are scalar-valued Gaussian distributed variables
(this assumption, which is introduced to simplify the calculations,
could be relaxed with some effort).

The exponentially weighted PE estimate of 8* is defined by (see,
e.g., [2]-[5D

(1.2)

N
B, = arg min 22 NV 7'e2(t, )

geD =1

(1.3)

where A lies in the interval (0, 1] and N denotes the number of
data samples. The reasons for introducing the weighting factor AV~
in (1.3) are well known. For example, in general we do not dispose
of data prior to the moment 1 = 0. Thus, the first few prediction
errors (or residuals) e(7, 8) ¢t = 1, 2, , cannot be computed
exactly and we may wish to weight them out in the PE criterion.
A similar reason applies to the on-line (i.e., recursive in N ) com-
putation of § where again unknown initial conditions may affect the
initial computations. Since motivating the form of the weights in
(1.3) is not our main concern here, we refer the reader to [3] and
[4] for more details.

The distributional properties of By for large Nand X = 1 are well
known (see e.g., [3]-[5]). The normalized estimation errors
\/IT/(BI — 6*) corresponding to A = 1 are asymptotically (for N —
o0) Gaussian distributed

law
NG, — 6%) > (0, Py) (1.42)
with the covariance matrix P, given by
=1
P, =o[Ey () y7(1)] (1.4b)
where
de(t, 0
y(r) = 20 (Ldc)
G P

The distributional properties of B, in the case N < 1 have only
recently been studied. In [2] and [3] it has been shown that the
estimate Gx may be inconsistent (i.e., limy_, » 0, # 6%) forA < 1.
In this correspondence we assume that N\ is (very) close to one,
which seems to be the case of interest for most applications. We
show that the asymptotic bias limy . o b, — 6* goes to zero as A —
1, as is expected. Thus, 8, is asymptotically (for N = oo and X\ —
1) an unbiased estimate of §*. The asymptotic covariance matrix
of the estimation errors (@A — 0*) has recently been derived by
Porat [1] in the case of time-series autoregressive models, i.e.,

when the predictor function g in (1.1) has the following special
form:

g(u'il, y{7]‘ 6)
=fy(r— 1)+ -
In this correspondence we extend the result of [1] to models of
the general form (1.1). We show that under conditions C1-C3, the

normalized estimation errors (6, — 6*)/~1 — N are asymptoti-
cally (for N = oo and N = 1) Gaussian distributed

+ 0,y(1t —n), n< oo

= 0%)/J1T — X ;—;: 9N(0, Py) (1.52)
A—1
where
Py = (0/2) [E¥ (1) ¥7(1)] " (1.5b)

Our analysis, despite its generality, is simpler than that of [1].
Furthermore, our approach makes it possible to bypass some (mi-
nor) flaws in the analysis of [1].

Finally, let us note that the basic difference between our analysis
and the standard analysis of the nonweighted PE method ([3]-[5])
lies in the order in which X\ and N tend to one and infinity, respec-
tively. In [3]-[5], A is first set to one and then N is let to tend to
infinity. Here we first let N tend to infinity and next let A tend to
one.

II. PrOOF OF (1.5)

Lemma A in the Appendix implies that for A close to one we
have

lim (1 = \) Z A=l (t, )

N—oo
= Ee¥(1,0) + O(¥1 — A), foralldeD. (2.1)
Since
Ee’(1,0) = E[g(u'"", y'™', 6%)
— gy L 0) + o]
> Ee’(1r) = Ee(1, 0*), (2.2)

it follows that 6 = 6* minimizes the dominant term in (2.1). Thus,
for large N and X\ close to one, 8y is close to §*. A simple Taylor
series expansion of the gradient equation

(1 =)\ E N~  3e(t, 6) ce(n,d) =0 (23)
a0 6=0n
around 6* gives
N
= (1=2) ZNTY(0) e(r)
N
+ [(1 =N XN () v
a%(t, .
L LD otfi-e. e

Note from Lcmma A that the terms neglected in (2.4) tend to
zero faster than (8, — 6*) as N = o and A — 1. It also follows
from Lemma A that under the conditions of this proof, the matrix
multiplying (8, — 6*) in (2.4) can be replaccd by its expected
value without affecting the dominant term in (2.4). More precisely,
from (A.2) we have

] e(t 0)
T

> EY()¢7(0) + 0(N1T = X)),

(1-%) Z N 'M) V() + » e(zﬂ

(2.5)
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It follows from (2.4) and (2.5) that, for large N and X closc to
one,

(B, — 6%)/~T — (]

. {\/1 DY El M) e(r)}. (2.6)

= —[Ey(r)

Standard results on the convergence in law [3], [6] and some
central limit theorem [7] then imply that

Oy — 0%)/N1 — N % N(0, Py) (2.7a)
A1
where
Po= [Ev()y7(0)] PEV(N ()] (2)
and where
P = lim lim (1 ~)\)E‘Z Z
A=l N oo r=1ys=1
NV e W) e(s). (270)

It remains to evaluate the covariance matrix P. Due to the
Gaussian assumption and since Ey (t) e(s) = 0 fort < s, we can
write

N AV

4\[:/‘4

N
= lim lim (1 —X\) Z

A=l N>

a1
|

{[E¢ (1) e(n)] [EW(s) e(5)]

+ [Ev(1) YI(s)] [Ee(t) e(s)]

+ [E¢(1) e(s) ][m (s) e(n]}
= lim lim (1 —\) L NV

A=l N =1

CoEY() () = S [EV(0 $TW). (28)

Inserting the expression above of P into (2.7) we get (1.5), and the
proof is finished.
III. CONCLUSIONS

It follows from the distributional properties (1.4) and (1.5) that
the covariance matrix of the unnormalized estimation errors (6, —
6*) is approximately given by

Ni][wm v (]

forN =N, > 0 and A =\ =1
and by
U(] _)\2) T -1
T e— t
: (]

forN = N, = o (or N, > 0)

[Ey (1) ¥

and A, = 1 — 6, 5=0".

Note that the two covariance matrices above are equal iff N| =
2/(1 — N\,). Thus, the exponentially weighted PE method with A
close to one may need processing of a very large data sample to
achieve the same accuracy as the nonweighted PE method which
processes 2/(1 — \) data samples only. Roughly spcaking, this
means that the exponentially weighted PE method applied to a long
data sample ‘‘effectively’” uses the “‘information’" contained only
in the most recent 2 /(1 — \) data points. Stated in this way, our
conclusion resembles a well-known rule of thumb which asserts
that the prediction errors (7, 6) fort < (N — T), where T =
1 /(1 — \), have a negligible influecnce on the loss function in (1.1)
[T is somctimes called ‘‘the memory time constant™ of the crite-
rion (1.1)]. see, e.g.. [4. p. 274]. Our analysis provides a quanti-
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tative interpretation of the above rule of thumb, which was previ-
ously used on more or less heuristical grounds. This extends the
interpretation provided by Porat [1] for time-series autoregressive
models, to more general models and experimental conditions.

APPENDIX
ON CONVERGENCE OF EXPONENTIALLY WEIGHTED SAMPLE
COVARIANCES

In this appendix we state and prove a basic result for the analysis
in the paper.
Lemma A: Let {v(1)} and {w(r)} be two Gaussian stationary
sequences and define
N
§=(1 =N ZN"e() w(r) (A.1)
(=
where A € (0, 1). The covariance functions v, = Ev (1) v(t — k)
and p, = Ew(t) w(t — k), as well as the cross-variance function
r. = Ev(r) w(t — k), are assumed to decay exponentially to zero
as k = oo. Then, for A close to one, it holds that

Sr>r0+0(\/1—)\) (A.2)
where O(6) denotes a zero-mean random variable whose standard
deviation goes to zero at least as 6 when é tends to zero.
Proof: A simple calculation shows that
N

ES=(1-Nr 22N — r.
=1 o

N—

(A3)

Thus, to prove (A.2), it remains to show that E(s — ro)? goes to
zeroas (I — N\) when N - ooand A — 1.
Using the Gaussian assumption, we can write
NN

ES* = (1 =N Z 2 NV Eo(n) w(n) o(s) w(s)

7N N

t 5

’ [r(z) + Yeospios 1 ogby]

= T| + Tz + T3. (A4)

It is easy to sec that
lim 7, = ri. (A.5)
N-o
Next consider 7;. The assumption that r; and p, decay exponen-
tially to zero when k approaches infinity implies that
|r=s]

[¥-spioy]| < cne
for some constant ¢ and p < 1. It follows that

(Tzl_(l_)\)zz)\l\/l\\zs
=1 y=1
N-1N-1
Z Z )\ls+pu\k—pi

k=0 p=0

= {1 = \)?

and therefore that
-1

Jim S () (V)

lim [Ty] = c(1 = ) 2{

+ Za(>\/u ) () }

z cOM/w)' -1
== 2 Mw =1
e(t =) 2. | (A )(%/u)—

k k
+(>\/u)()\#)l_)\“l
sconst‘(lw)\) i[ 7()\;1)]

k=0
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2 I
= const - (1 —)\)2 i—*?—mJ

2
1 —A
< const - (1_—)\2) < const ' (1 —N). (A.6)
Similarly we can show that
lim |7;| < const - (1 — A). (A.7)
N— o

The assertion of the lemma follows from (A.3)-(A.7).
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Some Improvements on the Synchronized-Overlap-
Add Method of Time Scale Modification for Use in
Real-Time Speech Compression and Noise Filtering

JAMES L. WAYMAN aND DENNIS L. WILSON

Abstract—The synchronized-overlap-add (SOLA) method of time
scale modification as developed by Roucos and Wilgus [1] has proven
to be a useful technique for speech compression both alone and when
cascaded with other methods. We present here a modification of the
method which, while costing approximately 3 percent in compression
ratio, increases the computational speed of the method by 30 percent
and results in much higher quality transmission. We also show how the
method can be used as a correlation filter for removing white noise
from speech.

I. INTRODUCTION

The synchronous-overlap-add (SOLA) method of time scale
modification (TSM) is a recent development in speech compression
[1], [2] and shows great promise because of its simplicity, allowing
potentially real-time implementation, its high-quality upon reex-
pansion, preserving the original pitch and formant structure, and
its independence of other (LPC, FFT, VQ) methods, allowing it to
be cascaded with these methods for achieving very high compres-
sion ratios. The method proves not only to be robust in the presence
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of white noise, but because it is a correlation method, to actually
improve the signal-to-noise ratio of a corrupted input signal.

The SOLA method begins with overlapping frames of time do-
main data. The frame length is N, the amount of new data per frame
is S,, and then the amount of overlap is N — §,. Compression can
be achieved by ‘‘accordioning’’ these frames (shifting to increase
the amount of overlap) and averaging such that the amount of new
data per frame is S; (where §; < §,). For expansion, this shifting
is done to decrease the amount of overlap (S; > S,). The ratio of
S,/ S, is the modification factor a. For compression, o« < 1, while
for expansion, o > 1.

If the accordioning is of the same amount for all frames, the
resulting speech is of poor quality. The contribution of the SOLA
method is to vary the degree of accordioning such that the amount
of new data per frame averages S, but is allowed to vary by an
amount k,, at any particular overlapping where m is the frame num-
ber. The k,,, which could have as easily been called A S, may take
on any value between +N/2. It is chosen such that the cross cor-
relation between the new frame and the averaged values of the pre-
vious frames is maximized. That is, k,, is the value of k that max-
imizes

L-1

Z y(mS, + k +j)x(mS, +j)

Jj=0

Rm(k) = T -1 1/2
{ ;0 yi(mS, + k + j) »E} xX(mS, +j)}

-N/2 =k < NJ/2 (1)

as given in [2] where L is the length of overlap between the new
signal samples x(mS, + j) and the composite vector y formed by
averaging previous overlapped vectors.

The vector y is updated by each new vector x once k,, is found
by the formula

y(mS, + ky +j) = (1= f()) y(mS; + kn + )
+ f(Jj) x(mS, +j)
for0<j=<L,—1 (2)
and
y(mS, + ky +j) = x(mS, + )
forL, <j<N-1 (3)

where f( j ) is a weighting function to be discussed and L, is the
length of the overlap of the two vectors x and y for the particular
k,, involved. The algorithm is initialized by setting the first y(j)
=x(j),j=1--- N.This implies that k;, will always be —S;
(for nontrivial signals) because the maximum cross correlation will
occur when each y(mS; + k +j) = x(mS, + j)forj=1"--"
N, and this happens the very first time through the algorithm when
k= -8,

The compression ratio is asymptotically S;/S,, the amount of
new data in each output frame divided by the amount of new data
in each overlapped input frame.

II. IMPROVED METHOD OF REEXPANSION

The problem of reexpanding the compressed signal then emerges.
In [1] and [2], reexpansion was accomplished by executing the
SOLA algorithm in the expansion mode on the compressed data,
with the value of « during expansion equal to the inverse of the
value used during compression. We have noticed in our experi-
mentation that it is expansion that causes the ‘‘reverberant’’ quality
of the reexpanded speech noted in [2]. To minimize this form of
signal degradation, we have developed another expansion method
that not only improves the quality of the reexpanded signal, but is
faster to compute than SOLA expansion. In our method, the value
of the variable compression factor k,, is sent along with each §;
samples of the compressed signal. Sending this value, of course,
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