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From (4.7)-(4.10) the following closed-form nonlinear system of state
equations is derived:
?.o=C3§’.-o+C’;§..+C§s“,z 4.13)

GolO)=1; i=1, ---, N

L e ; 8060 )
sE”'C'f'Z+C*’;”J'CZ<3 Gol) ?‘rfo(z)) @19

O =Ef{x}; i=1, -

; L 5 i) .
w=Cli+C | 3 ———t -2 Ct
.(_ CoS 2+ 1 < Co(f) g_,_O(I)> + 2 <3

W N

GNP 10)

Col2) 0
(4.15)

s“;z(0)=E{x§}-

The 3N state variables {;, are the sufficient statistics for the first- and
secand-order filter approximations.
The three approximations to g;(x, 1)1 j = 2, -+, N are as follows:

gi(x, 1) = (p;(0)+p (O)N) G (x, 1) (4.16a)
or
gi(x, D=p;(0g;{x, D+p(OONe MG/ (x, ) (4.16b)

or
VAT A
glx, 1) = (pj(0)+7> gi(x, t)+p1(0)(a,-|)?e Mg (x, 1). (4.16¢)

The output map is shown below for (4.16a) [a similar derivation can be
used for (4.16b) and (4.16¢)].
The normalizing factor approximation is

N
A = ) 150+ ap pONGo+ P (0)e M. (.17
j=2
Then
i) = pi(@e N bo(A) ! 4.18)
() =1p;Oo+a,pi(OAeN Ay j=2, -+, N (4.19)

V. SUMMARY AND CONCLUSIONS

This note analyzed the nonlinear filiering problem for a linear system
with random structure governed by a FSCT Markov process. A
characterization of the optimal mean-square filter is derived based on an
explicit solution of the DMZ equation for the unnormalized conditional
density. Various suboptimal filters can be derived by approximations of
the integrals involved in the solution of the DMZ equation. One important
conclusion that can be drawn is that the conditional density is given by a
convergent power series expansion in terms of the FSCT Markov process
transition rate parameters. Asymptotic expressions as suggested in the
work of Blankenship et al. [5] can be analyzed rigorously within the
framework developed. From an applications perspective, the work
contained in the current note is important because it identifies the solution
of the proposed nonlinear filtering problem in the context of solutions of
known finite-dimensional filtering problems.
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An Asymptotically Efficient ARMA Estimator Based on
Sample Covariances

PETRE STOICA anD ARYE NEHORAI

Abstract—An asymptotically efficient autoregressive moving-average
(ARMA) spectral estimator is presented, based on the sample covariances
of observed time series. The estimate of the autoregressive (AR) part
is shown to be identical to the optimal instrumental variable (IV)
estimator in [7] although derived here using a different approach. The
moving-average {(MA) spectral parameter estimate is new.

I. INTRODUCTION

The subject of autoregressive moving-average (ARMA) parameter
estimation has attracted considerable interest in various fields, such as
engineering, statistics, econometrics, biometrics, and others. Since the
maximum likelihood (ML) solution to this problem is known to be fairly
complicated, various alternative solutions have been proposed. These
solutions aim at preserving the asymptotic properties of the ML estimator,
namely consistency and efficiency (see, e.g., 1], {4], [61. [7]. [10]. {11]).

In this note we propose a novel asymptotically efficient ARMA spectral
estimator. The proposed estimator is based on a new method of
approximating a statistically efficient ARMA estimator recently proposed
by Porat and Friedlander {1], [2]. While the estimator of [1] is mainly of
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theoretical interest due to its difficult implementation, our proposed
method leads to a computationally feasible scheme that preserves the
asymptotic distribution of the former.

II. THE MODEL AND THE COST FUNCTION
Consider an ARMA process satisfying
A(g ")) =Clg et (la)

where e(¢) is white noise of zero mean and variance N2, A(g~!) and
C(g~") are polynomials of degree 7 in the unit delay operator g~

A N=l+ag '+ - +a,qg™" (1b)
ClgY=l+ag '+ - +c,g™" (I
The equal degree condition is imposed for convenience of notation.
Let
re=Ey(t)y@t+k)  k=0,1,2, - (2a)
and define the unbiased sample covariances
1 Nk
v 2] yOYa+k),  Fa=F (2b)

where N denotes the number of data points. Introduce the parameter
vector

B=[ro -+ raay -+ a,]7. 3)
It is easy to see that § determines the ARMA spectrum completely (see,
e.g.. [4], [6]). In this note we shall derive an asymptotically efficient
estimator for the ARMA spectral parameters (3).

Let

p=[r'0—r0---f,,,—r,,,]7 “4)

and denote the asymptotic (for N — o0) covariance of p by

Y =as cov (p). (5a)

An expression for ¥ is presented, e.g.. in [3], [6]. The i/ entry of T is
given by

Yi=El -y +ue(+Dv(e—j) i, j=0, 1, -, m (5b)
Cig™)
U(t):)\AE(q“) e(?). (5¢)
From [1], [2] it follows that
f=arg min V(9); V{)=pTT"p 6)

is an asymptotically (for N — o0 and m — o) efficient estimate of .
Furthermore, it is shown in [1], [2] that # is the minimum variance
estimate of 8, in the fairly large class of estimators which are based on the
first 72 sample covariances. Thus, the estimator (6) has neat properties.
However, it appears too difficult to use: ¥(6) is a strongly nonlinear
function of f; moreover, the matrix ¥ of large dimension [(rz + 1) X (m
+ 1)] needs to be evaluated and inverted at each computation of the cost
function in (6) (observe that £ depends on ). In the following we use (6)
to derive a comparatively simple (linear) estimator, which preserves the
asymptotic distribution of (6).
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III. THE PROPOSED METHOD

To derive our estimator we first rewrite the cost function F(#) in an
alternative form. Let

[~ | 7
~
N
0 ~ 1
0
0 @ @ 1
N ™~
A= SON L NI (m+x(m+1). (7
0 NN N
NN
0 a - a 1
We have
V(@)= (Ap)T(AZAT) (Ap). ®
Let
Fy F Faoy
A= . ©)
Fin Fren P
Using the Yule-Walker equations X7_, a;r,,,—; = 0 for k = 1, we get
_| 6-8
where
B=lro ==+ r]” (10b)
a=la -+ a,]” (10c)
and where § denotes the vector 8 made of {#}.
Next we turn to the calculation of
W & AzAT, an
Note first that for two stationary processes x(#) and w(f), we have
EA(@)x(t) - A(Qw()=EA(g~")x() - A(g~")w(r) (12a)
Ex(r) - A(@w(t)=EA(g~")x(®) - w(@). (12b)
Now
v() +u(2)
v(i—n)+u(t+n)
W=E -« i
Al@Q(t—n—D+ A YWwr+n+1)
A(gl(@t—m)+A(g"w(t +m) _j
L) e vE—n) f Al@ut—n—1) - A(gu(t—m)]. (13)
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From (12b), we get

EA(@ YWw(+n+i) - Algh(t~n—j)
=EAYg-"Ww(+n+i) - v(t—n-j)

=AEC¥g De(t+n+i)  v(t-n-j)=0 i, j=1 (14)
and
Elv(—D+uv(t+0)] - A(@u(t—n—j)
=Ev(t—i) - [A{g(i—n-j)+Alg " Wwit+n+j)]
=EA(@@ "YWwl(t—i) - vt—n—j)+Ev(t—i) - AQ@ " Ww(t+n+j). (15
Thus, W can be partitioned as
174 W,
W= 1t 12 (162)
W, Wy
where
[Whly=Z,=E(@—D+v+Dvt-j) i, j=0, -, n (16b)

[Wily=EA(g="W(t=1i) - v(t—n—j)+Eu(t—1) - Alg" et +n+))

(16¢)
i=0, , n Jj=1, ,m—n
[Waly=EA(g~"YWw(r—i) - Alg~" Wl —j) i, j=1, -+, m-n.
(16d)

In writing (16d) we made use of (12a).

We are now in a position to present the modified cost function V() and
the corresponding simple large-sample approximation of 8 in (6). From
the above calculations it follows that § = [£747]7 is the minimizer of

Ve)=1B-BT" G+Ra)"I1W~! I:B_B] .

F+Ra an
Differentiation of (17) gives
Ve N
o - AW [F+ﬁa:|
aw-!
T
u'(0) o u(0)
+
aW-!
.
u’(6) ar u(6) (18a)
av(6) _ . ~ 8-8
da =20 R W [r‘ R_a:I
aWw-!
u’(6) 3 u(6)
a;
N .
oo AW
a’ (@) o, ©(6) (18b)
where
w®=16-B)" (F+Ra)T]". (18c)
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As shown in [1], [2], 8 is a “‘root N consistent’’ estimate of 8, i.e.,
|8 — 8| = O(1/«/N) for large N, This readily implies that u(§) = 0(1/
V/N). Thus, the second term in both (18a) and (18b) when evaluated at &
is 0(1/N). With this observation, and recalling the following identity

(see, e.g., [8]).

W= [?] w0 1]

_[ _ i
+ [W:—EIWITZ] (u/u_WuWn]WlT:)"[_[ WuWﬂ'] a9)

it follows from (18a) and (18b) that

B-B-WuW ., (G+R&)+0(1/N)=0 (20a)
RTW ' G+ R&)+RTW ' W (W, — W W, W)~
W W37+ Ra)- B+ 81+ 0(1/N)=0 (20b)

where W are evaluated at 8. The equations above are still fairly
complicated functions of 8. However, observe that due to (20a) the second
term in (20b) is of order 1/N. Further, let W be a root N consistent
estimate of W,;. Then, since 7 + Ri = 01/VN ) we get from (20a) and
(20b)

B=6- W, W, (F+Ra)+0(1/N) 2la)

(RTW,'Rya= —(RTW ,'7)+ O(1/N). 21b)

From the last two equations it follows immediately that a simple (linear)
large-sample approximation of § can be obtained as

b= -RTWLR RTW,'P (22a)

B=B— W W, 7+ Ré).

(22b)

It remains to discuss how to obtain the root N consistent estimates Wiy,
W,y of W), Wi, These estimates have to be constructed from initial
estimates @ and @ of 8 and a; with § = sample covariances and &
obtained, for example, using the (overdetermined) Yule-Walker (YW)
method [4]. It is easy to see from (16a)-(16d) that this can be done if we
have estimates of {a;} and of v, = Ev(dv(t — k).

A possible simple procedure for estimating <y, is as follows. Let

Glg H)=C¥g™"), D(g"")=A%a™"),

1
x(t)= m_—l) e(f) and &, = Ex(t)x{t- k).

Given D(g'), {6x} can be computed using standard techniques for
computing the covariances of an AR process, for instance the “*inverse”’

Levinson algorithm, see, e.g., [5], [8]. [9] (note that A is not needed, as
E[e()/N]? = 1). Next. observe that v(f) = A2G(g~"x() and thus

y=NE Y gigx(t—ix(t—j—k)

i j=0

(23)

2 2n 2
=xt E £i8i6j k—i=N* E (2 glgi‘p> S -p

i j=0 p=-2 i=0

where gg = land g = Ofork > 2nork < 0. The sum A* 227 g,8,.,
equals the covariance at lag p of AC%(g~)e(?) or the coefficient of z” in
[A2C(2)C(z~hH)*. Estimation of A2C(z)C(z~") from {g;}" and {r;}% can
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be done as follows. Let

NC@RICE =Y, bzt 24
k=-n
Then
by =E[Clg™"e(t) - Clg™")etr— k)]
=E[A(g "y} - Alg~"y(i—k)]
= E Qg j-i
i, j=0
n n-k
=Y Y aan., i bo=by k=0, -, n 25)
i=0 j=0

where in the last equality we utilized the YW equations. Note that (25) is a
function of {a;}7_, and {r;}#_, only.

In summary, the implementation of the ARMA spectral parameter
estimator (22) introduced in this note, can be done in the following steps.

Step 1: Use (2b) and (22a) with W, = I. to obtain the initial (and in
general, inefficient) estimates 4 and 3 of @ and 8.

Step 2: Insert d and J into (25) to obtain estimates {5, } of {&}; also
use @ to estimate {8 }. From {5, } and {§,} estimate {v} using (23).
Next, use @ and {¥} in (16¢) and (16d) to determine estimates W, and
Wgz of I’Vlz and ”Vzg.

Step 3: Compute asymptotically efficient estimates of @ and 8 with
(22), where W), and W5, are provided from the previous step.

Note that 7 should be set to some large value to achieve maximum
possible accuracy. Also. note that Steps 2 and 3 of the procedure above
may be iterated, if desired, using the refined estimates @ and 8 in Step 2 to
improve the estimates of Wy, and Wo,.

IV. CONCLUDING REMARKS

It is of interest to compare the estimates (22a), (22b) with previous
algorithms. The proposed estimate of the AR subvector of @ is identical to
the optimal IV estimate of the AR parameters of an ARMA process
introduced in [7}-[10] (cf. the OIV-1 method). The estimates of the 8
parameters have not appeared before in literature. The novel estimator of
this note provides an asymptotically efficient estimate of the ARMA
spectrum. This is in contrast to the IV formalism of [7], [10] which
provides only an efficient estimate of the AR part in the spectrum.

Another ARMA spectral parameter estimator that can also be obtained
as a large-sample approximation of (6) was recently proposed in [6]. The
estimator of [6] seems to be the closest competitor to the estimator
proposed in this note. Numerical evaluation of the performance for the
latter estimator in the finite data case as well as comparison to the former
estimator, are subjects left for future research.
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An Adaptation Algorithm for Parallel Model Reference
Adaptive Bilinear Systems

Y. K. YEO anp D. C. WILLIAMS

Abstract—An adaptation algorithm is presented for parallel model
reference adaptive bilinear systems. The output error converges asymp-
totically to zero and the parameter estimates are bounded for stable
reference models. The convergence criterion depends only upon the input
sequence and a priori estimates of the maximum parameter values. A
passivity condition, which is generally difficult to verify, is not required.

I. INTRODUCTION

Convergence criteria which do not require an SPR condition have been
derived previously for parallel model reference adaptive linear systems
[1], [2]. Although the criteria are presented in different forms, they are
shown to be equivalent in [2]. Here we present an adaptation algorithm
and derive a convergence criterion for paralle]l model refcrence adaptive
bilinear systems. The criterion does not require a passivity condition. We
follow the simple algebraic approach of Altay [2].

II. ADAPTATION ALGORITHM AND CONVERGENCE CRITERION
Identification Problem

The plant to be identified is described by a single-input single-output
bilinear equation: i

yik)y=, lay(k— i)+ by (k- Dutk—i) + cutk— D] =pTxk~1) (1)

i=1
where y is the output and # is the input. The model to be adjusted is

Fhy= D5 [6,00) 5k = i)+ B,(k) 9 U = iyulk = i) + &k yuth = )]

=pT(kywk-1) )
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