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From (4.7)-(4.10) the following closed-form nonlinear system of state 
equations is derived: 

(4.13) 

(4.15) 

<;z(0)=E{X;}.  

The 3N state variables {,. are the sufficient statistics for the first- and 
second-order filter approximations. 

The three approximations to qj(x. I ) :  j = 2, . . . , N are  as follows: 

4,(& 1) = ( P , ( O ) + P l ( O ) X t ) Q l ( x ,  t )  (4.16a) 

W 

171 
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Q,(x, r)+Pl(0)(a,I) 1 e-"Q1(x, 0 .  (4.16~) 
At  

An Asymptotically Efficient  ARMA Estimator Based on 
The output map is shown below for  (4.16a) [a similar derivation can be Sample Covariances 
used for (4.16b) and (4.16c)l. 

The normalizing factor approximation is PETRE STOICA AND ARYE NEHORAI 

v 

A, = 2 l P , ~ O ~ + u , l P l ~ ~ ~ ~ ~ l l ; o + P l ~ ~ ~ ~ - " ~ l o .  
(4.17) Abstract-An asymptotically efficient autoregressive moving-average 

(ARMA) spectral estimator is presented, based on  the sample covariances 

Then 

of observed time series. The estimate of the autoregressive (AR) part 
is shown to be identical to the  optimal  instrumental variable (IV) 
estimator in 171 although derived here using a  different  approach. The 

(4.18) moving-average (MA) spectral parameter estimate is new. 

v. SUMMARY AND CONCLUSIONS 

This note analyzed the nonlinear filtering problem for  a linear system 
with random structure governed by a  FSCT Markov process. A 
charai-terization of the optimal mean-square filter is derived based on an 
explicit solution of the DMZ equation for the unnormalized conditional 
density. Various suboptimal filters can be derived by approximations of 
the integrals involved in the solution of the DMZ equation. One important 
conclusion that can be drawn is that the conditional density is given by a 
convergent power series expansion in terms of the FSCT Markov process 

The subject of  autoregressive moving-average (ARMA) parameter 
estimation has attracted considerable interest in various fields, such as 
engineering. statistics. econometrics, biometrics, and others. Since the 
maximum likelihood (ML) solution to this problem is known to be fairly 
complicated. various alternative solutions have been proposed. These 
solutions aim at preserving the asymptotic properties of the ML estimator, 
namely consistency and efficiency (see. e.g., [ I ] ,  (41, (61, (71, [IO]. [ I  11). 

In this note we propose a novel asymptotically efficient ARMA spectral 
estimator. The proposed estimator is based on a new method of 
approximating a statistically efficient ARMA estimator recently proposed 
by Porat and Friedlander [I], [Z]. While the estimator of [ I ]  is mainly of 
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theoretical interest due to its difficult implementation. our proposed 
method leads to a computationally feasible scheme that preserves the 
asymptotic distribution of the former. 

11. THE MODEL AND THE COST FUKCTION 

Consider an ARMA process satisfying 

The equal degree condition is imposed for convenience of notation. 
Let 

r ,=Ey( t ) y ( t+k)  k=O, 1, 2, . . .  (2a) 

and define the unbiased sample  covariances 

where N denotes the number of data points. Introduce the parameter 
vector 

B=[r, ... r,a, ... a,]'. (3) 

It  is easy to see that 8 determines  the ARMA spectrum completely ( see ,  
e.g.. [4], [ 6 ] ) .  In this note  we shall derive an asymptotically efficient 
estimator for the ARMA spectral parameters (3). 

Let 

p = [io - ro . . . i,,, - r,] ' (4) 

and denote the asymptotic (for N -, m) covariance of p by 

C = as  cov ( p ) .  (5a) 

An expression for C is presented, e.g.. in [ 3 ] ,  161. The ij entry of C is 
given by 

c , j = E [ u ( r - i ) + ~ ( t + i ) ] ~ ( t - j )  i, j=O, 1, ..., m (5b) 

From [I].  [2] it follows that 

is an asymptotically (for N -, m and rn + 03) efficient estimate of 0. 
Furthermore, it is shown in [I], [2] that is the minimum variance 
estimate of 8, in the fairly large class of estimators which are based on the 
first nz sample covariances. Thus. the estimator (6) has neat properties. 
However. it appears too difficult to use: V(0) is a strongly nonlinear 
function of 0; moreover. the matrix C of large dimension [(m + 1) X (m 
+ l)] needs to be evaluated and inverted at each computation of the cost 
function in (6) (observe that depends on 0). In the following we use (6) 
to derive a comparatively simple (linear)  estimator, which preserves the 
asymptotic distribution of (6). 

III. THE PROPOSED METHOD 

To derive our estimator we first rewrite  the cost function V(0) in an 
alternative form. Let 

A =  

I 
\ 

(m + 1) x (m + 1). (7) 

Using the Yule-Walker equations a,rn+k-i = 0 for k 2 1 ,  we get 

A p =  [ ] 
?+ Ra 

where 

f? = [ro . . . r,,] 

a=[a l  ... 

and where f l  denotes the vector /3 made of { Jk}. 
Next we turn to the calculation of 

w & ACA'. (1 1) 

Note first that for two stationary processes x(t) and w(t): we have 

W = E  
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From  (12b), we get 

EA(q- ' )u ( t+n+i )  . A ( q ) u ( t - n - j )  

=EA'(q- ')u(t+n+i) . u ( f - n - j )  

=XEC2(q-')e( t+n+i)  . u ( t - n - j ) = O  i, jrl (14) ' 

and 

E[u( t - i )+u( t+ i ) ]  . A ( q ) u ( f - n - j )  

= E u ( t - i )  . [ A ( q ) u ( f - n - j ) + A ( q - l ) u ( t + n + j ) ]  

= E A ( q - ' ) u ( t - i )  . u(t-n- j )+Eu(t- i )  . A(q-I)u( t+n+j) .  (15) 

As shown in [l]. [2], 8 is a "root N consistent" estimate of 0, i.e., 
18 - 0 I = 0(1 /\IN) for large N. This readily implies that p(8) = 0(1/ 
\;N). Thus, the second term in both (18a) and (18b) when evaluated at 8 
is O ( l / N ) .  With this observation. and recalling the following identity 
(see. e.g.. [SI). 

Thus, W can be partitioned as it follows from (18a) and (18b) that 

where 

[ w,,],,=c,=E[u(t-i)+u(t+i)]u(t-j) i, j = O ,  *.. ,  n (16b) 

[ w 1 2 ] , j = E ~ ( q - ' ) ~ ~ ( t - ; )  . u( t -n- j )+Eu( t - i )  . A(q-l)u(r+n+j)  
where W,, are evaluated at 8. The equations above are still fairly 

(16~)  complicated functions of 8. However. observe that due to (20a) the second 
term in (20b) is  of order l /N. Further. let f i G  be a root N consistent 
estimate of W,j.  Then. since i + 2 6  = O(l/%;N) we get from  (20a)  and j = O ,  . . - ,  n j = l ,  ..., m - n  

In writing (16d) we made use of (12a). 
We are now  in a msition  to present the modified cost function V(0) and 

the corresponding simple large-sampl? approximation of 8 in (6). From 
the above calculations it follows that 0 = [BTCT1 is the minimizer of  From the l a s t  two eauations it follows immediately that a simple (linear) 

. 

where 

large-sample approximation of 8 can be obtained as 

(22a) 

It remains to discuss how  to obtain the root N consistent estimates I@,*, 
i@22 of WI?, Wx.  These estimates have to be constructed from initial 
estimates and 6 of 0 and a; with f l  = sample covariances and 5 
obtained. for example, using the (overdetermined) Yule-Walker (YW) 
method [4]. It is easy to see from (16a)-( 16d) that this can be done if we 
have estimates of { a , }  and of y k  = Eu(t)u(t - k). 

A possible simple procedure for estimating ya is as follows. Let  

G(q-')=C?(q-l),  D ( q - l ) = A ' ( a - ' ) ,  

Given D(q- ' ) ,  IS,) can be computed using standard techniques for 
computing the covariances of an AR process. for instance the "inverse" 
Levinson algorithm,  see. e.g.. [ 5 ] ,  [SI. [9] (note that h is  not needed, as 
E[e(r)/XI2 = I ) .  Next. observe that u( t )  = X2G(q- 'Mf)  and thus 

I .  ,=o p = - Z n  \r=o / 
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be done as follows. Let 

Then 

[7] P. Stoica. T.  Sderstrom, and B. Friedlander. "Optimal instrumental variable 
estimates of the AR parameters  of  an  ARMA process." I€€€ Trans. Auromar. 
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i = o  J = o  

where in  the last equality we utilized the YW equations. Note that (25)  is a 
function of and { r k ) i z 0  only. 

In summary, the implementation of the ARMA spectral parameter 
estimator (22) introduced in this note, can be done in the following steps. 

Step I :  Use (2b) and (22a) with wz = I ,  to obtain the initial (and in 
general, inefficient) estimates a' and B of a and 8. 

Step 2: Insert 5 and $into (25) to obtain estimates {&}  of { bk} ;  also 
use d to estimate { 6,). From { & } and { & }  estimate { y k }  using (23). 
Next, use 5 and { y k }  in (16c) and (16d) to determine estimates f i 1 2  and 
W 2 2  of W 1 2  and W 2 2 .  

Step 3: Compute asymptotically efficient estimates of a and f l  with 
(22). where f i , ?  and rV2: are provided from  the previous step. 

Note that ttz should be set to some large value to achieve maximum 
possible accuracy. Also, note that Steps 2  and 3 of th_e procedure above 
may be iterated, if desired, using the refined estimates a and f l  in Step 2 to 
improve the estimates of W I 2  and W Z 2 .  

IV. COKCLUDING REMARKS 

It  is  of interest to compare the estimates (22a). (22b) with previous 
algorithms. The proposed estimate of the AR subvector of 0 is identical to 
the optimal IV estimate of the AR parameters of an ARMA process 
introduced in [7]-[IO] (cf. the OIV-I method). The estimates of the f l  
parameters have not appeared before in literature. The novel estimator of 
this note provides an asymptotically efficient estimate of  the ARMA 
spectrum. This is in contrast to the IV formalism of [7], [IO] which 
provides only an efficient estimate of the AR part in the spectrum. 

Another ARMA spectral parameter estimator that can also be obtained 
as  a large-sample approximation of (6) was recently proposed in [6]. The 
estimator of 161 seems  to be the closest competitor to the estimator 
proposed in this note. Numerical evaluation of  the performance for the 
latter estimator in the finite data case  as well as comparison to the former 
estimator,  are subjects left for future research. 
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An  Adaptation  Algorithm for Parallel Model  Reference 
Adaptive Bilinear Systems 

Y. K .  Y E 0  AND D. C. WILLIAMS 

Abstract-An adaptation algorithm is presented for parallel model 
reference adaptive bilinear systems. The output  error converges asymp- 
totically to zero and the  parameter estimates are bounded for stable 
reference models. The convergence criterion depends only upon the  input 
sequence and a priori estimates of the maximum parameter values. A 
passivity condition, which is generally difficult to verify, is not required. 

I. INTRODUCTION 

Convergence criteria which do not require an SPR condition have been 
derived previously for parallel model reference adaptive linear systems 
[ I ] .  [2]. Although the criteria are presented in different forms, they are 
shown to be equivalent in [2].  Here we present an adaptation algorithm 
and derive  a convergence criterion for parallel model rcfcrence adaptive 
bilinear systems. The  criterion does not require a passivity condition. We 
follow the simple algebraic approach of Altay [2]. 

11. ADAPTATION  ALGORITHM  AND  CONVERGENCE  CRITERION 

Identification Problem 

The plant to be identified is described by a single-input single-output 
bilinear equation: 

y ( k ) = C  [ u , y ( k - i ) + b ; y ( k - i ) u ( k - i ) ; C , u ( k - i ) ] = p ~ ~ ( k - l )  (1) 
I =  I 

where y is the output and u is the input. The model to  be adjusted is 

p ( k ) = x  [b , ( k ) j ( k - i )+6 , ( k )p (k - i )u (k - i )+ t , ( k )u (k - i ) ]  
:=I 

=PT(k)w(k- 1) (2) 

This aork was supported by the Auburn Uniyersity Engineering Expcriment Station and 
Manuscript received October 2 2 .  1985: rebised March 31. 1986 and  June 10. 1986. 

the Auburn Uniberdy Advanced Manufacturing  Technology  Center. 
The  authors  are with the Department  of  Chemical  Engineering. Auburn Cniversit). 

Auburn. AL 36847. 
lEEE  Log  >umber 8610442. 

0018-9286/86/1100-1071~01.00 O 1986 IEEE 


