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ABSTRACT

Fast estimation algorithms inspired by the classical method of Levinson have heen
developed in the areas of Lime series analysis, system identification, and signal
processing, This paper provides a unified derivation for the Levinson-Durbin- Whittle-
Wiggins-Robinson, fast recursive least squares (BLS), ladder {or lattice), and fas)
Cholesky algorithms as special cases of the conjugate direction method (CDM) This
gives a novel dertvation and interpretation for all these methods,

1. INTRODUCTION

In recent years there has been increasing interest in fast algorithms for
time series analysis, system identification, and signal processing. The deriva-
tions of many of these algorithms were inspired by the Levinson algorithm
[1]. originally designed to efficiently compute onestep predictors of a sta-
tionary random signal from the signal covariance, This algorithrn was redis-
covered by Durhin [2], in fitting autoregressive (AR) parameters to the
covariance sequence. Whittle [3], Wiggins, and Robinson [4] have extended
the Levinson algorithm to the multichannel signal case.

The conjugate direction method (CDM) [3] is a well-known class of
recursive optimization algorithms that solves minimization of gquadratic fune-
tions without the need for inversion of the Hessian matrix [8, 7]. Tt has the
interpretation of successive minimization on expanding subspaces. The CDM
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is also used, by a Taylor series approximation, to minimize nonguadratic
functions.

In this paper we derive several fast estimation algorithms as special cases
of the CDM. The results extend our previous publications [8] and [9] on this
subject. The following paper outline describes the algorithms considered in
the next sections.

Outline of the Paper

Section 2 — The COM,  In the next section we review the CDM. We first
consider the block extension of this method, and then discuss its geometric
interpretation. This interpretation is useful for all the algorithms below.

Section 3 — The LWR Algorithm. The multichannel Levinson algorithm
of Whittle, Wiggins, and Hobinson, here called the LWR algorithm, will he
derived as a combination of two intercoupled CDM solutions. This gives a
new derivation and interpretation for the LWR algorithm.

Section 4 — Fast RLS. The fast RLS algorithm was developed by Mort
and Ljung et al, [10-12] for efficient compultation of the time update step in
available recursive estimation algorithms where the signal statistics are un-
known, The main fast RLS time update step will be derived as a particular
combination of two last steps in CDM recursions. The results give a novel
geometrical description for the fast RLS, as will be illustrated pictorially.

Section 5 — The Ladder Algorithm, Ladder (or lattice) algorithms are
used to estimate model parameters of signals recursively in time and order,
from the signal data. These methods have recently attracted wide attention
due to their computationally efficiency and good numerical behavior [13-21].
We shall obtain the order update of the ladder filter algorithm of Morf et al.
[15] as a special CDM recursion, similarly to the LWR algorithm.

Section 6 — Fast Cholesky Algorithms. Fast Cholesky algorithms were
derived by Morf [12) and Rissanen [22] to efficiently factorize block Toeplitz
matrices into their triangular or Cholesky matrix factors. Morf also derived the
algorithms for the efficient factorization of the more general “low shift rank”
matrices [12]. These algorithms are useful in estimating moving average (MA)
models of signals, The derivation of the fast Cholesky by the CDM will have
some special features different than in the other algorithms.

Our derivation of the LWR algorithm and the fast estimation algorithms
as special CDMs uses a different vector space and is simpler than previous
derivations. It illustrates the natural relationship among all these algorithms
using the CDM as a common basis. The parts of the paper on the LWH and
the fast RLS algorithms are based on [8] and [9]; see also [23].
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2. THE BLOCK CDM ALGORITHM

The block extension of the CDM solves linear equations of the general
form

Qx=c¢ (L)

where () is an np * np symmetric positive definite matrix, and x and ¢ are
np % m block vectors. This problem is equivalent to

T'-{inimiz:}tr{ LafQx - clx } ; (2)

x

where tr denotes trace and {-)' is transpose. The method assumes the
availability of n Q-orthogonal full column rank np % p block vectors (called

conjugate directions) {df}’j‘__[}, ie.,

d7Qd, =0 it j#l. (3)

The following theorem is the block extension of the scalar case (see also the
remark below on its relation to the block conjugate gradients).

Brock Conjucate Dimmection THEoREM.  Lef {:J‘I.}';_{,l be a sel of full
column rank Q-orthogonal block vectors, For any x, € R™7", the sequence
{x,} generated according to

=% +dy,. i=0, (4]

with
y,=~(d7Qd,) 'dlg,, (5a)

ingd
g, =Qx,—¢ (5b)

converges to the unique solution x* = Q ™ 'c after n steps, ie, x, =x*
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Cleometric proof. A geometric proofl of the block CDM can be obtained
as follows, Notice that (1) and (2) are equivalent to the problem

Minimize T.r{ (x —ax* }FQ( r—x*) } (6)

X

which is a weighted least squares problem. Define B, as the subspace of
R gpanned by {d,. d,.....d, ). and the matrix

B,=[d,.dy,....d, ,]. (7)

Suppose the solution r, of (6) is constrained to be in the linear variety of
x5+ B. Then x, —x, is given by the Q-orthogonal projection of 2% — x,
anto the subspace B, ie.,

x,=1,+B,(B'QB,) BIQ(x*—x,)

). (8)
If the block columns of B, satisfy the Q-wthogonality condition (3), the
relation (8) can be written

x=xo+ L d,(d7Qd;) dTQ(x* - x,). (9)
j=1

Note that in this case
diQx,=dQx, (10)
so that with ¢ = Qx* we have
djQ{x*—xy)=—d, (11)

When written recursively the relationships (9)—(11) are the same as in the
block CDM algorithm. Thus =, of (4), (5) minimizes the objective over
xy + B, and the gradient g, is orthogonal to B,. After n steps, g, = 0 which
implies x, = x*.

Mote that we have not yet presented the methods for selecting or
generating the sequences of conjugate directions. One of the most common
methods of generating these directions is that of the conjugate gradients (CG)
developed by Hestenes and Stiefel |5], which evaluates the conjugate direc-



FAST ESTIMATION ALGORITHMS 123

tions recursively at each step of the iteration as a linear combination of the
current gradient and the previous direction. For more details on the CG the
reader is referred to [3], [6], [24-28], and the references therein, We note that
the above block CDM theorem is closely related to the block CDM part of the
block CG discussed for example in [26].

An alternative method for generating the conjugate directions, given in [3,
Section 12] for the scalar case, was shown there to be cguivalent to the
Caussian elimination. In the analogous block case derived in the Appendix,
the resulting conjugate directions then correspond to the block eolumns of the
unit diagonal upper block Cholesky factor U of the inverse Hessian matrix
Q ' ie, Q '=UD;'U" where D, is block diagonal. Note that this
implies that U is the inverse block Cholesky factor of Q, and that UTQU =D,
The details of the block CDM with this special choice of conjugate directions
are given in the Appendix, where we call it the step-down Cholesky CDM
(SD-CDM). A dual algerithm also discussed in the Appendix is the stepup
Cholesky CDM (SU-CDM), which uses the lower block Cholesky factor L of
) ' In this paper we shall derive the fast estimation algorithms using similar
type of conjugate directions. The interesting feature of the fast estimation
algorithms is that they generate these directions in a different fashion than in
the Gaussian elimination, by utilizing the special structure of the correspond-
ing Hessian matrices.

3. THE LWR ALGORITHM

In this section we derive the LWR algorithm as a particular combination
of bwo CDM solutions for two proper sets of linear equations, The first set is

R, ,a=-R,.,, (12)

1

where the unknown g is an np X p block vector and R | is symmetric
positive definite matrix that has the following block Toeplitz structure:

RIE--1= - - {npxnp],

LR R_, R (13)































































