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1. Introduction

Development of in vivo techniques for the quantifying regional myocardial mechanical properties is important to both
academic and clinical research. From an academic standpoint, the development of such techniques enables the testing of
fundamental constitutive models of the intact, in vivo heart. This may provide insights into regional ventricular function
in patients with heart disease. The effects of pathological cardiac conditions on the mechanical properties of the heart
are only vaguely known. Complicating the matter is the fact that most pathological conditions leading to heart disease
affect the heart locally (regionally). Regional properties of the cardiac muscle can be measured only by in vitro uniaxial
or biaxial tests performed on isolated muscles or strips of ventricular myocardium. The clinician however, is currently
able to assess in vivo ventricular function of the heart only on a global level (e.g. stroke volume) or on a limited regional
level (e.g., echocardiography).

A great deal of effort has been placed on the development of forward mathematical models in which the deformation
is deduced starting from the active stress generated during contraction and assuming known mechanical properties of
the heart. Complementary to this approach is the determination of the aforementioned regional mechanical properties
of myocardial tissue from observed deformation. This approach is usually referred to as the inverse problem. Estimated
inverse models may provide opportunities to explore the regional ventricular functions and their relation to the heart’s
function on a global level more fully.

In clinical research, in vivo inverse techniques may be useful to develop measures of ventricular function for detecting
cardiac disease. Since heart disease is the leading cause of death in United States, it has been the subject of great
interest in clinical cardiovascular physiology and pathophysiology research. As a result, numerous invasive and non-
invasive diagnostic techniques that measure “abnormal” ventricular functions to detect cardiac disease are in use today.
Whereas varying degrees of success have been achieved in detecting advanced disease, relatively poor results have been
obtained for patients with early disease. Since alterations in the mechanical properties may pre-date the onset [1], [2] of
cardiac dysfunction, an inverse solution can be potentially useful for detecting a cardiac disease in an early stage with
sufficient sensitivity.

Historically, in vivo determination of the heart’s mechanical properties has been determined by pressure-volume
studies employing relatively simple mathematical models [3], [4]. This approach, while useful for estimating the
ventricle’s global characteristics, is unsuitable for understanding regional variations in the heart’s material properties
or the anisotropy of cardiac muscle. To fully characterize the complexities of the myocardial mechanical properties, an
approach based on the theory of elasticity [5] is required. Recent advances in magnetic resonance imaging (MRI) and
finite-element (FE) methods were used to estimate the mechanical properties, in vivo in the passive part of the heart
cycle (diastole) [6].

We present a method for determining both active and passive mechanical properties of the myocardium using
two-dimensional (2D) short-axis tagged MR images and intra-ventricular pressure measurements. Tissue-tagging MR
imaging technique (see e.g. [7]) permits characterization of the deformative behavior of intra-myocardial tissue. Radio-
frequency (RF) pulses are used to set up a grid of tag lines whose motions (systolic contraction and diastolic expansion)
are tracked throughout the cardiac cycle. We model the heart motion using small-strain dynamic analysis, based on
continuum mechanics theory, and assume that the myocardium is heterogeneous, anisotropic and non-linear hyper-elastic
material. To account for regional variations (heterogeneity), we model the stiffness related mechanical parameters of the
heart using a set of a priori known basis functions and unknown coeflicients. By applying time-dependent FE analysis
to the resulting equation, we introduce a 2D dynamic model that relates displacements of the tag points at various
locations (in the cross-sectional plane) during the heart cycle to the mechanical parameters and ventricular pressure. To
compute the displacement field we use an automated algorithm to detect the tag points, i.e. intersections of individual
pairs of tag lines. We combine a finite-element formulation with dynamic modeling to determine the predicted pressure
and then estimate the mechanical parameters by minimizing the distance measure between the predicted pressure and
pressure measurements using non-linear optimization of the distance measure.

The structure of this paper is as follows: in Section 2, we describe the physical model; we assume that the material’s
stiffness tensor, defining the stress-strain relations, is anisotropic and non-homogeneous. We model the heart-wall motion
using the virtual displacement principle resulting in a non-linear equation for the incremental displacements. In Section
3, we derive a finite-element approximation of the physical model and transform it to a form amenable to analysis by
statistical signal processing techniques. In Section 4, we describe our measurement model (based on tagged MR images
and pressure measurements) and techniques for estimating the unknown coefficients in the model using a non-linear
optimization of the error between the model-predicted and measured pressures. In order to encapsulate the non-
homogeneity of the stress-strain tensor and contractile stress, we introduce our basis functions model for the mechanical
properties (active and passive) of the heart. In Section 5, we illustrate the applicability of our method through numerical
examples. In Section 6, we discuss our results and future research.
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2. Mechanical Model of the Heart

In this section, we describe the heart’s geometry, myocardium structure, and corresponding mathematical (forward)
models that will be used later in the paper for solving the inverse problem. From the perspective of engineering
mechanics, the cardiac muscle should be considered as an inhomogeneous, anisotropic, and incompressible material.
However, recent reports indicate that the incompressibility of the heart is questionable [8] at least because the phasic
nature (active and passive phase) of arterial and venous coronary flow indicates that intra-coronary blood volume
varies in time. Moreover, in the present study, we analyze only the motion of 2D cross-sectional models in which
the incompressibility assumption (constant cross-sectional area) is unrealistic. Therefore, we shall assume that the
cross-sectional cardiac tissue is compressible.

2.1. Physical Model

The mechanical behavior of a hyper-elastic body such as the myocardium is fully described by the deformation, the
corresponding internal elastic forces and external forces.

In analyzing the deformation of the heart’s cross-section we assume that the heart’s motion is non-rigid so that
particles of the body cannot move without deformation. Since the deformation of the cross-section is rather complex,
we use the most general approach in defining the deformation measure. We first assert that the deformation can
be measured only relatively, with respect to some reference state in which the cross-sectional plane is undeformed.
Following the approach of [15] we use the end-of-diastole state as the reference state. In principle, at a reference
state the heartwall should be undeformed so that the mechanical properties estimates for different subjects and/or
coressponding to different times can be compared. However in practice different heartwalls at the end-of-diastole may
be at different level of “residual” deformation. We will discuss later how the proposed techniques can be modified to
account for the residual deformation.

Consider a material point P in the cross-sectional plane and let r(¢) be the location of P at time ¢. Then the
displacement vector associated with that point is r(t) — ro where rq is the location of P at the reference state. The
displacement field of the heart’s cross-section at time ¢ is given by w(r,¢) which corresponds to the displacement of a
material point located at r at time ¢. The discretized displacement field can be measured from tagged MR images.

To describe the deformation of the heart, we use the Eulerian definition of strain measure [5]

Ouy(r,t
€yy(T,t) = %
1 [ Ouy(r,t Ouy(r,t
€qy(r,t) = 3 ( %(m ) + 6(y )> (1)

where €;,(r,t) and €,,(r,t) are the elongations in the = and y directions, €y (r,t) is the shear strain, and u,(r,?)

and uy(r,t) are the displacements in the z and y directions respectively i.e. u(r,t) = [ug(r,t),uy(r, t)]T. Since the
deformation at any point is completely described by the elongations and shear strain, we will use the strain vector

6(1‘, t) = [eww (1‘, t)’ €yy (I', t)a €xy (I‘, t)]T (2)
as a deformation measure.

The deformation of the cross-sectional plane is caused by external forces, electro-mechanical (due to the propagation
of an electric pulse) and boundary tractions (due to the intra-ventricular pressures). In response to the action of the
external forces, internal forces are produced between the parts of the cross-sectional plane. The magnitudes of such forces
are usually defined by their intensity, i.e. the amount of force per unit area (or length in 2D problems). In analyzing
internal forces, this intensity is called stress. Similar to the strain measure, the corresponding stress is described by a
stress vector

O'(I‘, t) = [Um? (I‘, t), ny (I‘, t)’ Uzy (I', t)]T (3)

where 04, (r,t) and oy, (r,t) are normal stresses and o, (r,t) is the shear stress.

We split the ventricular stress vector o (r,t) into two parts: passive stress oP(r,t), resulting from the deformation
of the myocardial tissue, and active contractile stress o?(r,t), resulting from the isometric contraction of the muscle
fiber caused by a propagating electric pulse.

For a hyper-elastic body, such as the myocardium, the passive stress-strain relationship (the passive stress developed
within a heart undergoing deformation) is determined by the strain energy function w(r, €) which represents the strain
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energy per unit volume or the work of external forces needed to achieve the deformation €. The passive stress-strain
relationship is then given by [5]
Ow(r, e(r,t))
P t) = ? L 4
o (r,t) = S @)

It has been shown [10] that the pseudo-strain energy function of the heart is approximated well by an exponential
strain energy function. We use the pseudo-strain energy model [10]

w(r,e(r,t)) =a {e[ET(r’t)D(r)e(r’t)] - 1} (5)

where a is the normal stiffness in units of J/m?, and D(r) is a matrix of non-homogeneous stiffness related mechanical
properties in units of N/m?2. To account for possible non-homogeneity of the myocardium we have introduced the spatial
dependence of D(r). D(r) is a 3 x 3 symmetric matrix. Substituting (5) into (4) yields

oP(r,t) = 2ael€” EDDOEED] D (rye(r, )

= E(r,t)e(r, 1), (6)
where E(r,t) is the stiffness matrix given by
E‘(I‘7 t) = 2ae[6T(r’t)D(r)e(r’t)]D(r)_ (7)

For the active stress, we adopt the model from [16]. Accordingly
1 .
o3 (t) = 5P [1 - cosp* (1) i
= of (t)is, (8)
where o2(t) is the active stress vector in the fiber coordinates system, ir is the unit vector in the fiber direction, of*®*
is the maximum isometric tension value, and

ritd tg <t <to+tq

to
PA(t) = ¢ —witegh=la gy by <t <ta+to+ b ©)
elsewhere,

where tq is the duration of diastole, to is the time to peak-tension (measure from the beginning of the systole), and ¢,
is the duration of cardiac muscle relaxation which, in general, is a function of strain given by the following relation [17]

te = by/2|le(r, t)[|* + 1, (10)

where b is a constant in seconds.
The active stress 2, in the cross-sectional plane, consists of two longitudinal components, o2, and 0yys as well as
shear stress 03,. The components of the cross-sectional active stress are computed from (8)

cos?i(r)cos2f
o(r,t) =of(t) | cos?t(r)sin?f
sin?¢)(r)cosfsing
= of ()v(r), (11)
where 1(r) is a fiber angle, § is the azimuth, and
~(r) = [cos®y)(r)cos?8, cos’y)(r)sin’d, sinzzp(r)cosesinﬁ]T. (12)

3. Heart Motion Equations

In this section we obtain the governing equations of the motion i.e. we obtain the displacement field for a given set
of mechanical properties and boundary tractions (intra-ventricular pressures). This is often referred to as a forward
problem.

We continue to consider the cross-sectional plane of the heart as an elastic body containing region of material with
varying surface denoted by S(t). The cross-sectional plane is loaded by intra-ventricular pressures along the boundary
of S(t) which is in equilibrium with the stress. To formulate the aforementioned equations we use the principle of virtual
work [5]. This principle requires that if a deformable body in equilibrium is subjected to arbitrary virtual displacements
associated with a compatible deformation of the body, then the virtual work of the external forces is equal to the virtual
strain energy of its internal stresses.

The Equation of Elastodynamics in Two Dimensions
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At any time ¢, the equilibrium equations of the cross-sectional plane at any point are given by [5]

0u(r,t)
T _ ’
D O'(I',t) = pT, (13)
where
2 0
p=| 0 2Z 14
5 Y -
ox oy

is a differential operator matrix and p is the mass density of the myocardium. The Lh.s. of equation (13) corresponds
to the elastic forces and the r.h.s. corresponds to the inertial forces.

The boundary conditions of (13) are given in terms of the pressure vector defined as p(r,t) = p(t)n(r,t) where
n(r,t) is the unit normal vector pointing outside of the myocardium and p(t) is the intra-ventricular pressure.

In the reference coordinate system, the pressure components p,(r,t) and py (r, t) are related to the stress components
through

Pz(r,t) = 045(r, t)cosa + 04y (r, t)sing,

Py(r,t) = 0gy(r, t)cosa + oy, (r, t)sina, (15)
where « is the angle measured from the positive z axis to n(t). However, it is more convenient to specify the normal
and tangential components of the traction vector, denoted by 7, and 7y and are given by

Pu(r,t) = pa(r,t)cosa + py(r, t)sing,

pe(r,t) = — pe(r,t)sina + py(r, t)cosa. (16)

Solution of a continuum mechanics problem requires the enforcement of constraints on rigid body translation and
rotation. For the myocardium, selection of suitable constraints is problematic because such constraints may result
in unphysiologic stress concentrations and consequently in unreasonable deformations. One of the principal boundary
conditions substantially affecting the mechanical behavior of the heart is the pericardial pressure. Following the approach
of [6] we use spring constraints to model this effect assuming that the epicardial edges are constrained by tractions
proportional to the normal displacement

pn(r,t) = Kun(r,t) (17)

where p, (r, t) is the normal traction, u,(r,t) is the normal component of displacement and & is a linear spring constant.
Let lepi(t) be the epicardial boundary of the heart’s cross-section at time ¢. Similarly let lien(¢)(t) and lyen(t) denote the
left-ventricular and right-ventricular endocardial boundaries. Using this notation, the boundary conditions are given by

PV (t) for r € lien(t)

pa(r,t) = PV (t) for r € lien(t)
Kun(r,t)  for r € lepi(t)
p(r,t) =0 for r € 1(t), (18)

where [(t) is the boundary of the cross-section consisting of the endocardial and epicardial boundary, and p*V(t) and
P (t) are the left and right intra-ventricular pressures respectively.

The Principle of Virtual Displacements

We establish the relationship between the stresses and displacements using the principle of virtual work rather then
directly applying Newton’s laws of motion. In particular we apply the principle of virtual displacements in which we
deal with the true forces and virtual displacements.

Consider the cross-sectional plane of the heart at time ¢ which is under the action of internal and external forces.
Now imagine that the cross-sectional plane undergoes completely arbitrary virtual displacement dv during which all the
forces remain acting in their original directions. We use the symbol dv merely to point that it is a virtual displacement
and has nothing to do (for the present) with any true displacement which defines the true motion of the plane. The
principle of virtual displacement requires that the work of internal forces w,(u,dv,t), related to the elastic properties
of myocardium, equals the work of external forces wg(u, dv,t), related to inertial forces and boundary traction, i.e.

wi(u, 6v,t) = wg(u, 6v,t) (19)

Next, we compute w;(u, év,t) using [5]

w;(u, dv,t) = /S(t) (Dév) o (r, t)dr. (20)
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Then, using (6) and (8) we can rewrite (20) as

w1, 50, 1) = / (Do) T E(r, ) Du(r, t)dr + / o2 (£)(Dév) T (x)dr. (21)

S(t) 5(t)
Similarly, for wg(u, dv,t) we have
)

wg(u, 0v,t) = / R(Dév)Tnepi(r, t)ng;i(r,t)u(r,t)dl +/ p(5v)T6u7(g’t)dr +

lepi (1) s(t) ot
+ / P (£)(D60)  Mopen (v, 1)dl + / P (1)(D6v)” Men (r, 1) dl+ (22)
lren(t) llen(t)

where the first term on the r.h.s. side is the work of inertial force, the second term is the work of the force cause by
left-ventricular pressure, the third term is the work of the elastic forces acting on the pericardial boundary, and the last
term is the work of the cause by right-ventricular pressure.

4. Finite-Element Solution

The governing equation of motion (19) cannot be solved analytically due to the non-linear stress-strain relationship
and non-trivial geometrical shape of the cross section, also (19) has to be satisfied for all v. Since we cannot work
with infinitely many functions it is necessary to recast the problem in purely algebraic form, involving only the basic
arithmetic operations. To achieve this goal we will use a finite-element (FE) method which is a standard technique for
discretizing equations corresponding to continuum problems. The FE method is a natural choice since in our problem
we deal with the spatially discretized displacement field w which can be measured only at tag points. Therefore, our
rationale behind this approach is to replace the infinite set of numbers representing a solution u by a finite number of
unknown variables corresponding to the displacement of tag points..

4.1. Finite-Element Concept

We wish to approximate the displacement function u in the heart’s cross-section S(t) by dividing it into a number of
non-overlapping subdomains or elements S*(¢) and then constructing an approximation in a piecewise manner over each
sub-domain

Nk
K
u" (r,t) = Zaf(t)ﬁ (r,t) for re Sk(t), (23)
i=1
where af(t) are the vectors of coefficients and ¢¥(r,t) are a priori known basis functions used to approximate u over

the kth element, see [18]. It can be shown that by using p-version of finite element method (see [19]) the displacement
function over k-th sub-domain can be written as

@t (r, t) = Bk (r, t)d* (1), (24)

where ®F(r,t) is the interpolation matrix for k-th subdomain at time ¢ and d*(t) is the nodal displacement vector at
time ¢. Therefore, equation (24) provides the discrete approximation of the displacement field for a single element.
Observe that 'ak(g, t) corresponds to the displacement defined over the standard element and thus must be mapped to
a “real” element using mapping functions.

We wish to determine the displacement function w so that equation (19) is satisfied for all dv. Let r;(t) be the

location of the ith tag point at time ¢ and r;(0) be its location at the reference state, ¢ = 1,...,m where m is the number
of tag points. Then the displacement of tag points at time ¢ is given by
du(t) = [(r1(t) = 1(0))", (r2(t) = £s(0)) ", .. ., (tm(t) —Tm(0))"], (25)

where we use subscript u to denote that the nodal dispalcement corresponds to the displacement field u(r,t).
Using (24) any displacement function u(r,t) can be approximated with

a(r,t) = @(r, t)du(t), (26)

where ®(r,t) is the interpolation matrix chosen so that the approximation is exact at the tag points. Similarly, the
virtual displacement can be represented as

bv = &(r, t)ds,, (27)

where dg, is the vector of arbitrary amplitudes.
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Substituting (26) and (27) into (19) we have for the l.h.s. of (19)
[ (D% 0ds)" Blx, (D3 Odu(t)dr, (28)
5(¢)

and similarly, substituting v, = (6v)  n(r,t) for r.h.s. of (19)

2
/ (t)pdawr,tm,t)@;;<t>dr+ [ s, T D, O 1, )80, O (0 +

lepit)

+/llen(t) ()ddv (I) ( )nlen( )dl+/ ()d(;,vq) ( )nren( t)dl (29)

ren (t)
Observe that equations (28) and (29) are the discrete version of the virtual principle equation (19).
Next, we define the global stiffness matrix (or the assembled stiffness matrix)

K(t) :/ (D@(r,t))TE(r,t)(D@(r,t))dr+/ k®T (r, t)nepi(r,t)neTpi(r,t)@(r,t)du(t)dl, (30)
S(t) lepi(t)

the mass matrix

M(t) = / p®T (r,t)®(r, t)dr, (31)
S(t)
and load vector, corresponding to the total force acting on the boundary of the heart’s cross-section,
fO= [ PO @m0+ [ POV @ O (52)
hen () Lren (t)
With this notation, the FE model becomes
0%d,(t
d3, [M(t) 8t2( ) + K(t)d,(t) — f(t)] =0 (33)
for all dg,. This condition is satisfied only when
0%d, (t)
M) =55 + K@) du(t) = (). (34

The elements of the global stiffness matrix K are computed as

Ko j(t) = / K®T (1, ) uper (1, )Ly (1, )8 (r, 1) (1)L + / (D®(r, £))" E(r, £)(D®; (r, 1))dr(35)
per(t) S(t)

where ®; is the ith column of ®. Observe that all ®; are nonzero only over individual finite elements or adjacent finite
elements. Similarly, the elements of the mass matrix are given by

Mis() = [ o808t (36)
5(t)
The elements of global load vector f(t), are given by

1) = / P ()BT (2, )t (r, )l + / Pray (BT (£, 8)2sen(r, £)l. (37)
l1en(t)

lren(t)
5. Parameter Estimation

In this section we derive a parametric statistical model using equation (34) in terms of the mechanical properties. We
then describe estimation techniques for finding these properties using measurements of intra-ventricular pressure and
tagged MR images. We evaluate the performance of the proposed techniques by computing confidence regions for the
estimated parameters.
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5.1. Model Development

We will use the term passive properties when referring to the mechanical properties that determine the passive stress (6)
for a particular strain €. Similarly we will use the term active properties to denote mechanical properties that determine
the active stress (8).

From (6) it follows that the passive stress is completely determined by the strain €, matrix D(r), and normalized
stiffness a. Since we wish to estimate the mechanical properties of the heart regionally, we consider heart as a non-
homogeneous object by allowing spatial variations in the stiffness matrix D(r). There are several ways in which one
could model this type of non-homogeneity. The commonly used approach uses the model

el

> Digk(r)
k=1

¢ (x) = { L rest (38)

D(r)

0 elsewhere

where S* denotes the area of kth element. In this case the accuracy of the non-homogeneous modeling is determined
by the size of the elements. We propose to model the non-homogeneity using a linear combination of an a priori known
set of basis functions with unknown coefficients. Then, the (i, j)th entry of D(r) is given by

Nbp
Dy;(r) =) e’ ¢y (), (39)
k
where { 2’ (r)} is the set of basis functions, ny,, is the number of basis functions for modeling the passive properties,
.. . ... T
and ¢y’ are the coefficients where i,j = 1,2,3 and k = 1,...,mpp. Let ¢;; = [¢]7,...,c;] ] . Then we define the

. T
passive parameters vector 8 = [a, ¢f 1, ¢i, ¢l 3, €35, €13, €] 5]

We now define the active parameters. In order to encapsulate the spatio-temporal dependece of the active
contraction (11), we use the following model

o) =Y ) S Tos (1), (40)
i=1 j=1

where {¢{(r)} is the set of basis functions that models the spatial dependence of g(r), nbas and np,e are the number
of basis functions for modeling the spatial and temporal dependence of the active stress respectively, and {cf} are the
unknown coefficient vectors. Similarly, {d)}’ (t)} is the set of basis functions that models the temporal dependence of the

T
. . T T
active stress. We define the active parameters vector 0, = [Cf yees €Oy Ty cgbm] .

The number of unknown parameters in the models (39) and (40) is proportional to the number of basis functions.
Furthermore, the number of active parameters is given by 3n? which may result in an ill-posed problem if ny, is large. In
order to reduce the dimensionality of the estimation problem we need to exploit some a priori given information about
the mechanical properties.

In the previous discussion we have not imposed any constraints on the structure of the stiffness related matrix D(r).
However, D(r) must be symmetric positive definite and moreover in 2D plane-strain analysis the entries D; 3(r) and
D, 5(r) have to be zero for all r, see [5]. Thus, the following conditions have to be satisfied

Dy, (r) >0,
D1,1(r)Das(r) — D 5(r) > 0,
D3,3(r) > 07 (41)

for all r.
In order to further decrease the complexity of the problem we will assume that the myocardium is an isotropic
material. In that case the entries of D(r) are given by [5]

D11(I') = e(r) s

1-¢
Dontr) = 22
Distr) = S0,
Daa(r) = -0 (42)
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where e(r) is the elasticity modulus and ¢ is the Poisson ratio. We model the non-homogeneity of the elasticity modulus
using
Nbe

efr) = 3 cigi(r) (43)

where {¢;(r)} is the set of a priori known basis functions and {c$} are the corresponding coefficients. Using this model

the passive parameters vector becomes @, = [a, gy, c‘;be] " which has dimension Npe + 2. Moreover, the cumbersome
anisotropic conditions (41) transform into
0<e(r)
0<e<0.5. (44)
Next, we introduce the basis-functions model for the elasticity modulus
Tbp
e(r) = Z Ce,iPe,i(T), (45)
i=1

where ¢, ;(r) is the set of basis functions for modeling the elasticity modulus and c.; are the unknown coefficients.
Then, to satisfy e(r) > 0 we first observe that

Nbp Nbp
minfe(r)] = min lz Ce,idei(r)| > Z CeiMinge ;(T). (46)
i=1 i=1
Therefore, the condition e(r) > 0 is satisfied for
Nbp
Z Ce,imin[ge ; (r)] > 0. (47)
i=1

The condition (47) imposes constraints on np, parameters that may be impractical for the actual implementation.
However, we can simplify (47) by observing that it represents a half-space in np,-dimensional parameter space and thus

!

by the adequately defined rotation we can map the parameter space {ce 1, ---, Ce,ny } iNtO & nEW One {c;,l, - ce’nb} where

the constraint (47) transforms into c;’l- > 0 for an arbitrary ¢ (determined by the rotation mapping).

There are two different types of active parameters in the model (40): spatial, which models the spatial dependence
of the contractile stress, and temporal, which models the temporal pattern of the contraction. The spatial dependece is
determined by the fiber angles which change continuously from the endocardium to epicardium and thus are not known.
However, the number of time parameters can be reduced using equation (9). The length of systole (diastole) and time
to peak-tension can be determined approximately (but with sufficient accuracy) from the pressure measurements. The
relaxation time is deformation (strain) dependent parameter which cannot be determined.

5.2. Statistical Model

To obtain a statistical model, we use the following assumptions: the MR images are taken at time points
{tr, = kAt,1 <k <n}, where At is the time interval between two consecutive images, n is the number of images
per heart cycle, the nodal displacement vectors dy, = d(t;) are measured exactly from each image, and the ventricular
pressures piY = p"V(tx) and pp¥ = p*V(tx) are measured during image acquisition. Using these measurements we wish

to estimate the mechanical properties 8 = [0:‘5, 0;{ ]

Before applying estimation techniques, we need to solve the differential equation (33) describing the heart motion.
In the following, we derive the exact and an approximate (but computationally efficient) solutions. We obtain the
approximate solution using a finite-difference approximation for the second-order derivatives and applying Fourier series
approximation.
Finite-Difference Approzimation
Next, using models (43) and (40) we define

A(0,t) = / (p®)" E(8,r)(D®)dr + / k®Tneynk . ®d,dl, (48)
s

epi
lepi

where by E(0,r) we denote that stiffness related matrix is modeled using the parametric model (43). Next let
Ar(0) = A(0,tr) and My = M (ty). Then, using a discrete, second order derivative
o2d(t) 1

012 |t:tk = F(dk-i-l —2d; + dk—l); (49)
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we approximate the differential equation (33) The differential equation (33) becomes

A%tl;dk_l,_l + (Ak(B) - %) k+ A%tkzdk_l = fi- (50)
Then, we lump the nodal displacements into one vector d = [le,...,dnT]T, and similarly the load vector f =
Fr ..., fn]T where f, = f(tx). Then equation (50) becomes

f = [pMT + A(6)] d, (51)

where M = bdiag(Mj, ..., M,), A(8) = bdiag[A4,(8),...,A,(0)], and T is a Toeplitz matrix given by

—2/(At)* fori=j
[Tijl=4 1/(At)°  for]i—j|=1 (52)
0 elsewhere.

In the ensuing discussion we will use model (51) because of its computational simplicity although the virtual
displacement equation can be solved using more complex methods such as Fourier Series Approximation.

5.8. Non-Linear Optimization

Using (51) we approximate the measurement model as

Yy, = Fr(0) +ex, (53)
where
M;, 2Mj, My,
0) = —d Ap(0) — — | d —=d_ 54
f1(0) AP k+1+< ©(0) AtQ) k+At2 k-1 (54)

and y,, are the load vectors computed from pressure and displacement measurements, f,(0) are the model predicted
load vectors corresponding to the material parameters 6, and ey, is the vector of error residuals.
We seek a vector of material parameters 6 that minimizes the objective function

c(8) = llye — £1O)II". (55)

Because the material parameters are nonlinear variables contained implicitly in the FE stiffness matrix, the
minimization of (55), and thus the solution of the parameter-estimation problem, requires a nonlinear optimization
algorithm. Following the approach of [21], we choose the gradient search algorithm direction to maximize the first order
part of ¢(8), keeping the length of direction search vector fixed, see [21]. The details of our implementation are given in
[22].

5.4. Estimating Residual Stress

To account for the residual strain €q(r,t), we first modify (6) by subtracting €o(r,t) from the total strain €(r,t) i.e.
oP(r,t) = E(r,t)[e(r,t) — €(r)]
= E(I‘, t)é(l‘7 t) - Uop(l‘), (56)
where aoP(r,t) represents the residual stress. Observe that time variations of residual stress (strain) are due to heartwall

deformation only i.e. they are a priori known. Next we
Next we compute the change in the work of internal forces w; due to residual stress

Aw,; = / (Dév) oo (r, t)dr
S(¢)

—df, [ (D8(r,0)"ao(r, ) (57)
S(t)

To estimate the residual stress we approximate oo(r,t) using a set of a priori known spatial basis functions and
unknown coeefficients, i.e. we model

oo(r) = W(r, t)w (58)
where W (r,t) is the spatial interpolation matrix and w are the unknown coefficients. Recall that the time variations

are due to heartwall deformation. Therefore, we only need to construct spatial basis functions for the reference state
and then map them to different time points (according to heart motion).
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The statisical model (51) then becomes

f=[pMT + A(0)] d+ Ww (59)
where
W(I‘, t1)
W(I‘, tz)
W = : ) (60)
W (r, tm)

5.5. Confidence Region

In this section we assess the estimator’s performance by determining confidence regions for the parameter estimates.
Confidence region is a range of parameter values containing the true values of the unknown parameters with a certain
probability (see e.g. [23]). We assume that the error residuals arise from a zero-mean Gaussian distribution with
unknown variance o2.

In the case of linear regression the confidence region can be based on a jointly sufficient set of statistics. On the
other hand, in the non-linear case such a set is not available, in general. However, the exact confidence region can

1" and similarly e = [eT eT]". Then we construct the

be constructed in the following way. Let y = [yf,...,yT I el

confidence region by taking any decomposition of the sum of squares e”e into two quadratic forms reg(e) distributed
as chi-square with ny = dim(8) of freedom and res(e) distributed as chi-square with n, — ny degrees of freedom where
ny = dim(y). These forms will be, by Cochran’s theorem [23], independently distributed as 0?x? with ny and n, — ng

degrees of freedom respectively. Therefore, the statement

reg(y — f(0)) _ o
res(y — £(6)) ~ ny —ny
provides an exact « confidence region for 0, i.e. the region in parameter space which contains the true value of 8 with

probability « [23]. The question now arises as to which decomposition should be chosen. It has been shown [24] that
for essentially linear models, i.e. when

F(a,ng,ny —ng) (61)

() = Z ;i (@) Ui (62)

where v;(0) are continuous functions of 8 and Uy; are entries of matrix U which has rank ng and is independent of 6.
Whereas in general such a representation is not available, it is usually possible to approximate f(0) as ng-term linear
forms of the parameter functions v;(8).

To develop a method of constructing an essentially linear approximation we use a Lagrangian approximation

Jrag(0) = Z Ukif(6) (63)
where
I (k—9)
Ui = T, =) (64

Using the approximation (63) we choose the quadratic forms

reg(e) = (UTe) (UTU) " (U e)
res(e) = el'e —reg(e)

for the construction of an exact a-confidence region. Although the accuracy of the approximation (63) in no way affects
the exactness the confidence region, any failure in the accuracy of (63) will result in larger departures of the boundary
of the confidence region from a contour of the constant likelihood given by

eTe = const. (65)

Observe that any transformation of U by a non-singular ng X ng matrix A with constant coefficients will yield the
same form for reg(e). Therefore the Lagrangian approximation is only one of several representations which yield the
same confidence region.
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6. Numerical Examples

In this section we demonstrate the applicability of our results by numerical examples.

FEzxample 1
We first conduct a numerical study using computer-synthesized data. The purpose of this study is to examine the effects

of the measurement noise on the estimated mechanical properties and to verify the theoretical analysis. The example
considers the heart’s cross-sectional plane obtained from an early diastolic MR image (see Figure 1).

(o) |

Figure 1: Heart’s cross-section. Figure 2: Elasticity modulus ( 51mu1ated)

We model the passive properties using {1, z, y, zy, #2,y?} as basis functions for the elasticity modulus, see (45). Similarly,
for the active properties, we use {1, cosz, cosy, sinz, siny, cos(zy), sin(zy)} for generating the active stress (40). We select
the later basis functions as appropriate for modeling cross-sectional variations of the active stress due to changes in the
fiber elevation and azimuth angles. We assume that the Poisson ratio is constant over the heart’s cross-section and since
the heart is nearly an incompressible material we set the Poisson ratio to e = 0.45 (see [6]) and density p = 1.06kg/m?>.
Using these values, in Figures 2-3 we illustrate the simulated mechanical properties, elasticity modulus and active
stresses.
We adopt the numerical values describing the time-dependent activation model (8) from [16]: ¢, = 0.1s and
= 0.4s. The heart periodic rate is set to t = 0.83s, corresponding to a heart rate of 72 beats per minute. The
pressure measurements were simulated using the empirical model [25]

Ppear—pEp (1 _ ¢ i<
p(t) = { Pep + 5 (1 cosm tpmk) for 0 <t < tpean (6)

Pes + Poeax — Prs {1 — exp [_H(tEs - t)]} for toeak St < tpg
where pgp, = bmm[Hg] is the end-diastolic pressure, p,... = 160mm[Hg] is peak pressure, t,... = 0.35s is time-to-peak
pressure, pss = 35mm[Hg] is end-systolic pressure, a is a constant, and tgs = 0.45s is time-to-end-systolic pressure.
Figures 4 and 5 show the ventricular pressures as a function of time obtained from (66).

Pressure [mmHg]

04
Time [ms]

Figure 4: Left-ventricular pressure, empirical

o

Figure 3: Active stress (simulated).

model.
o o 02 03 Tim;‘[ms] 05 o5 o 08 ) - L
Figure 5: Right-ventricular pressure, empirical Figure 6: Elasticity modulus (estimated,
model. SNR=20dB).
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Figure 8: Elasticity modulus

Figure 7: Active stress (estimated, SNR=20dB). SNR=5dB)

18

—Jo

Figure 9: Active stress (estimated, SNR=5dB). Figure 10: Elasticity modulus (estimated, hybrid

data).

Figure 11: Active stress (estimatiezi, hybrid Figure 12: Elasticity modulus (estimaned, hybrid
data). data).

The time increment (time interval between two consecutive images) At was set to 0.02s. We adopt the spring
constant k = 135N/m? from [6] to model the pericardial effects on the heart’s motion.

To account for the possible errors, we add Gaussian noise to the pressure measurements. We define the signal-to-
noise ratio (SNR) as the ratio of signal (pressure measurements) power to noise variance. We test the sensitivity of the
algorithm for two cases: SNR= 20dB and 5dB. In both cases we estimate the mechanical properties using the numerical
optimization technique presented in Section 5.3

Figures 6 and 7 illustrate the estimated mechanical properties for high SNR (20dB). To asses the accuracy of the
proposed technique we performed the non-linear optimization (55) using different initial guesses. Convergence of the
parameter estimates was judged to have occurred when both active and passive parameters changed by less than 1%
between successive iterations or the value of the objective function changed by less than 0.01% between two iterations.
On a regional basis the root-mean-squared (RMS) error between the estimated and the actual mechanical properties
varied from 0.03 to 0.05. Figures 8 and 9 illustrate the estimated mechanical properties for low SNR=5dB. In this case,
the parameter estimates of the active properties varied by as much as 30%. The passive properties estimates varied
from 10% to 18%. Although these variations may seem high they are still on the order of the added noise (£30%). The
results of this study support the conclusion that the proposed myocardial material parameter estimation is not overly
sensitive to uncertainties in the measurements.

Example 2

We tested the performance of our method in vivo on a sequence of MR images kindly provided to us by GE Medical
Systems, Milwaukee, WI. The purpose of this experiment is to demonstrate that the method performs effectively with
in vivo hybrid data (real MR images and simulated pressure measurements) and is useful at SNR and artifact levels
that can be expected in clinical studies.
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Figure 13: Tagged MRI sequence of the cross-sectional plane of the heart beginning
at early systole and ending at late diastole.

The MRI sequence consisted of 21 short-axis (trans-axial) mid-ventricular images obtained with 20ms time intervals.
The images were reconstructed to the 32cm x 32cm field-of-view (FOV). The dimensions of the acquisition matrix were
256 x 256 pixels with effective resolution of 1.25mm in-plane.

The displacement field was obtained by tracking the tag points in the following way. We first displayed each image
retaining the global Cartesian coordinate system established by the MR scanner. We selected manually seed points
along the borders of each tag line. Then we constructed 6-order polynomial approximations (two for each tag line) for
each set of the seed points. Using these approximations we obtained the intersection area for each pair of tag lines.
Finally we computed a “true” location of each tag point as a weighted gravity center of the intersection area using pixel
intensities as weighting coefficients.

We computed 2D in-plane strains for each of the 45 quadrilateral elements formed by the tag lines for the deformation
throughout the heart cycle. Calculations were made for each element using the global Cartesian coordinate system
established by the scanner.

Estimating the unknown mechanical properties € using the model (5.3) requires the knowledge of the intra-
ventricular pressures. Since our sequence of MR images was acquired without simultaneous pressure measurements,
we used synthetic pressure data generated using the model (66). We performed the non-linear optimization algorithm
from Section 5.3 for a wide range of values for pressure parameters describing the (66). We selected those pressure
parameters that give the minimal RMS error between the predicted and measured displacement of tag points. As a
result, we obtained the following parameters for the left-ventricular pressure: the end-diastolic pressure 5mm[Hg], peak
pressure 160mm[Hg], time-to-peak pressure 0.35s, end-systolic pressure 35mm[Hg], and time-to-end-systolic pressure
0.45s. Similarly for the right-ventricular pressure the end-diastolic pressure was Omm[Hg], peak pressure 20mm[Hg],
time-to-peak pressure 0.2s, end-systolic pressure 5mm[Hg], and time-to-end-systolic pressure 0.45s

As in the previous example, we set the Poisson’s ratio at 0.45 and performed the non-linear optimization on the
remaining parameters. Figures 11 and 12 show the estimated mechanical properties for this scenario. We assessed the
regional accuracy of our estimates by computing the 95% confidence region, see Table 1. The columns represent 12
vectors corresponding to the axes of the confidence region ellipsoid in the parameter space. The estimated vector of
mechanical properties is {3.2,0.53,4.59,6.71,1.32,2.71,0.12,0.05,3.11,1.13,2.13,3.4,0.78}. In addition, we computed
the differences between the strains predicted by the model and those measured using MR. Figure 12 shows graphically
these differences for each individual measurement location. In general, there is not a uniform pattern that would suggest
that the model predictions were most accurate for any particular small region.

Observe that our results indicate significant spatial variability of both stiffness and active stresses in the heart’s
cross-section. Therefore, our globally defined spatial basis functions model should allow more accurate description of
the mechanical properties.
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95% Confidence region

1 2 3 4 5 6 7 8 9 10 11 12

cf | -0.96 6.78 4.95 0.70 5.47 5.68 3.55 3.48 1.87 3.12 1.40 -0.83
c§ | -.061 3.74 1.28 0.21 859 -1.51 0.87 494 -147 13.07 1.08 0.12
c§ | 3.10 0.62 1.09 0.57 4.35 3.91 2.73 1.40 1.51 7.55 11.60 1.25
cg | 1.22 2,12 3.11 0.45 5.01 6.07 0.71 4.56 0.91 1.08 1.16 4.12
cg | 7.64 5.42 0.37 4.05 0.15 6.21 0.37 4.18 0.91 1.57  3.11 1.26
cg | -8.82  4.17 3.56 -13.13 9.165 4.17 -2.81 944 8.07 5.17 311 -8.12
f | 214  -3.56 7.13 2.10 5.35 416 -7.21 1.18  -3.19 7.10 6.11 -3.27
| 10.8 6.29 277 -226 -1061 -7.13 -11.63 -1.95 8&.11 0.06 -7.36 4.75
g | -6.42 -1.04 700 1045 -3.53 -7.23 -592 831 -11.53 5.03 4.37  -2.92
g | 256 -11.55 10.12 10.00 7.52 249 -1.32 0.60 4.35 171 -4.73  8.64
g |-033 7.7 5.72 -2.15 -11.76 -5.47 1036 -7.14 -2.89 -4.69 1.00 8.49
g 939 -132 -7.77 945 -8.67 -7.23 -0.82 3.13 796 -745 -837 2.25

Table 1. Confidence region (95%).

7. Conclusions

We have presented a method for estimating both active and passive properties of the in wvivo heart. We derived a
dynamic model for the mechanical activity of the heart by including inertial forces and time dependent activation model
describing the contractile stress during systole. In addition, we proposed to improve the modeling accuracy using a
non-homogeneous model for the mechanical properties. We modeled the non-homogeneity of these properties using
a set of a priori known basis functions and unknown coefficients. We estimated these coefficients using a non-linear
optimization algorithm which minimizes the error between the model-predicted and measured load vectors. Our method
offers a potential for testing constitutive models of the in vivo whole heart, since it allows estimation of both active and
passive properties.

Application of the finite element method for solving inverse problems requires a description of the ventricular
geometry in a reference state. We selected tagged MRI for this study because of its excellent spatial and temporal
resolution, the non-invasive character of this imaging technique, and most importantly, its ability to track the motion
of particular points within the myocardium.

The results of the second numerical example suggest substantial spatial variability of both passive and active
properties. Therefore, assuming constant properties over a single element may not provide sufficient accuracy for
modeling spatial non-homogeneity. Our globally defined spatial basis functions model allows us to model these spatial
variations of the mechanical properties more accurately and hence, gives better estimates of these properties.

Future work will include similar analysis with 3D model together with more complex models of active contraction
and passive relaxation. The details of the heart’s mechanical behavior and other complexities inherent to 3D modeling
of the heart in vivo can be added systematically to the model without altering the basic method of solving the inverse
problem. Using 3D analysis we will resolve the problem of through-plain motion which ultimately affects the accuracy
of mechanical property estimates. In addition, such analysis will include the out-of-plane component of strain, thus
reducing the strain measurement error.

An effort should be made to examine the robustness of the proposed method with respect to certain random effects.
Namely, due to the lengthy MRI acquisition time a substantial geometric variability can occur over time leading to blurs
in the MR images. Therefore, the tag point locations should be considered as random variables. Since tag points are the
FE mesh nodes, an adequate stochastic analysis of this effect can be performed. In addition, we will examine random
effects due to pressure variability and consequently uncertainty in the mean value of the observer pressure change during
heart cycle.

Finally, to confirm the applicability of the proposed method in a clinical environment, it would be useful to compare
the estimated mechanical properties of healthy and diseased subjects.
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