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If it is supposed that g;; = 0 (for example), then we will find:

g2 = 0
g = 0= qQ12 = 0 (21)
miz = mgo = 0.

The last solution in (21) gives a constraint for the coefficient of
mixture matrix: from the model (1), the constraint is equivalent to
the case where there is only one source. This special situation can
be easily detected from the cumulant mixture signals properties. If it
is assumed that the other coefficients of global matrix are equal to
zero, then there is a similar result. If it is supposed now that (g;;)
and (m;;) are different from zero, then the equation of the global
maximum (19) is found.
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Optimal Dimension Reduction for
Array Processing—Generalized
Soren Anderson and Arye Nehorai

Abstract—This correspondence extends previously reported work on
the problem, or rather possibility, of achieving optimality of beamspace
(BS) array processing parameter estimators, where use is made of dimen-
sionally reduced data vectors, The optimality here is with respect to the
best possible element space (ESP) parameter estimation accuracy, i.e., the
Cramér-Rao bound, and is valid for multiple parameters per emitter.

1. INTRODUCTION

The topic of sensor array signal processing deals with methods
for processing measurements of an array of sensors. Some typical
applications are radio telescopy, where signals emitted by radio
sources are measured by means of antenna groups and passive sonar,
where hydrophone arrays are used for collecting data. The problem in
these applications is to detect and estimate incoming signals in order
to determine, for example, the locations of the emitting sources.

The interest in performance improvement for model parameter
estimation algorithms can result in antenna arrays that are composed
of a large number of sensor elements. Since the computational
requirements are directly affected by the dimension of the collected
data, the burden increases rapidly with the number of sensors. This
is the case, e.g., for the maximum likelihood estimator as well
as for the more recently developed high-resolution methods based
on eigendecomposition of the array covariance matrix. These latter
‘methods, which by a “direct” approach (using the nonreduced or
element space (ESP) data vectors), require a number of operations
proportional to the cube of the the dimension of the ESP data
vectors [6]. Therefore, in order to secure efficient computation of the
algorithms, it is useful to introduce some sort of mapping that reduces
the dimension of the data set before applying signal processing
algorithms. Another advantage is that if the transformation matrix is
implemented using analog technology, there is a need for a smaller
number of analog-to-digital converters, as compared with the number
needed for ESP computations. The space into which the set of full
dimensional data is mapped is referred to as the (reduced dimension)
beamspace (BS).

One approach to reduce the amount of computations is to employ
a linear (matrix) transformation for mapping the full-dimension
ESP data into the lower dimensional BS and then apply a signal
processing algorithm to this new set of data. The design of the matrix _
transformation is guided by such subjective criterion as, for instance,
selection of spatial sector [3]-(5], maximization of average signal-
to-noise ratio within a specified sector [12], {13], or minimization
of output interference power (assuming a priori knowledge of the
interference scenario) [11]. In [7), the design is made by analytic
determination of a transformation matrix through minimization of the
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BS signal-to-noise ratio (SNR) at which two closely spaced emitters
can be resolved. The derivation is carried out using the framework
of the MUSIC algorithm [10]. :

The main purpose of this correspondence is to generalize the

previously reported analysis [1], [2] under circumstances by which .

it is possible to retain the property of asymptotically achieving
the full-dimension Cramér-Rao bound. (CRB) while reducing the
dimension of the data set used for the estimation of the underlying
model parameters. As shown in [1] and [2], it is possible to obtain
analytical expressions for the requirements to be met by an optimal
transformation matrix. These expressions rely on knowledge of the
functional form of the array (calibrated array of arbitrary geometry)
and the true values on the parameters of interest. This last condition
does not, however, limit the possibilities of using the results derived
to outline a design method.

The generalization considered herein consists of the employment
of a more general data model and the corresponding CRB. This model
was used in [9] for the modeling of electromagnetic wavefronts by
means of vector sensors. Therein, the derivation of the CRB for this
more general model can be found. In [8], the same model is used to
model acoustic vector sensor measurements.

The main difference between the model considered here and the
one employed in [1] and [2] is that we now can allow for multiple
parameters per emitter as well as for vector sensor data.

II. THE DATA MODEL AND ITS CRB
In this section, the employed measurement model is briefly re-
viewed. Moreover, the corresponding CRB expression, as derived in
[9], is also given.

A Generalized Measurement Model

The basic (narrowband) data model we will consider here is of the
following form, where we assume that the number of vector sensors
is m, and the number of sources is n. The employed vector sensor is
a device that is able to deliver, at its output, multiple measurements
of different wave phenomena (as in [9], for example), the complete
electric and magnetic field components at the sensof, or (as in [8])
the acoustic pressure and particle velocity vector. The model is the
following:

y(t) = A(@)z(t) + e(t) O

where y(t) € C€7** is the observed array output vector at time instant
t, whereas e(t) € C**! is an additive measurement noise vector.
Assuming that the n emitters each generate unknown vectors of wave
fronts zF (t) € €**! , k=1,---, n, where z(k)(t) is the vector
signal of the kth source, we have z(t) € C7*', where 7 = Y ;_, k.
We thus obtain the vector z(t) by stacking the z*)(£)"s on top of each
other; see (5). The transfer matrix A(#) € CF*7 and the parameter
vector # € IR7*! are given by

AO) = [4: (0 -+, 4, (o] @

6= [(M”)T (a("))T]T )

with A, (@)} € €**¥* and the parameter vector for the kth source
%) € R+*! (thus, 7 = Y5, qx). We also define

¥(t) = [(v“’(t))T SO (y"")(t))T]T @

a(t) = [(z“)(t))T NS (z"‘)(t))T]T )

where y(?)(t) € €*i%* is the vector measurement of the jth sensor
(hence, F = 3077, #5)-
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The CRB

Consider the model (1) and the problem of estimating the parameter
vector @ of that model, with 8, P = E[z(t)z(t)"], and oI =
E[e(t)e(t)”] unknown. Observe that the noise model actually can
be even less restrictive than in the present case without changing
the CRB expression; see [9] for those details. From [9], we also
have the following theorem (where N is the number of array output
measurements or snapshots): The noise e(t) as well as the source
signal z(t) are both assumed to be temporally uncorrelated stationary
(complex) Gaussian processes. See [8], [9] for further assumptions.

Theorem 1: The CRB on the estimation error covariance matrix
of any (locally) unbiased estimator of the vector # in the model (1)
with 8, P, o unknown and v, = v for all k is

T 2

where
U=P(A"AP + 1) 'A"AP o)
o.=1-1 8)
IT=A(A"A)'A” ©)
D=[Dg1)a“"Dgll),"'aD(ln)s"'sD(q':,)] (10)
(k) _ aAk
= aogk) 11

and where 1 denotes a g X § matrix with all entries equal to one, and
the block trace operator btr(-), the block Kronecker matrix product k]
the block Schur-Hadamard product £hnd the block transpose operator
bT are as defined in [9] with blocks of dimensions v X v, except for
the matrix 1 that has blocks of dimensions ¢; x g¢;. Furthermore,
the CRB remains the same independent of whether o is known or
unknown. O

If v; # v; for at least one pair (i,j), we shall instead consider
the expression

[Fé'] <ij>lp %Re{Tr [U<ej> (Df,‘))‘llc (Df‘))]} 12)

where [F3']_,;5, is the (I,p)th entry of the matrix [Fp'] ,;, €
€%*%, and [Fy],;., in turn, denotes the (,5)th block entry of
the Fisher information matrix

F(8) = %cmr‘(e). 13)

Similarly, U <;;> is the (4, j)th block entry of the matrix U defined

in (7). _ ~
Observe here that the matrix D{") € CP**, that is, it is the

th
(Zl_:l] qr + 1) block column (composed of »; columns) of D;
see [9] for more details.

II. OPTIMAL TRANSFORMATION MATRIX

In order to obtain the beamspace (BS) observations, we first define
a transformation matrix T € C€”*". The observed data in BS are
then related to the élement space (ESP) measurements according to
z(t) = T*y(t) € C"*'. If r = 1, this is more commonly referred to
as beamforming in the array processing literature.

The BS data model can now be written, with 8o denoting the true
value of the parameter vector @, as

2(t) = T" A(8o)z(t) + T"e(t) (14)

where we also shall require that the transformation matrix satisfies
T*T = I, that is, it shall have orthonormal columns. This require-
ment is for guaranteeing that the BS noise T™e(t) is white whenever
the ESP noise e(t) is also white.
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In order to assess the optimal performance for this new model, the
only thing we have to do is to replace A and D in Theorem 1 (or in
(12)) with T™ A and T" D, respectively. If we denote by CRB s p (f0)
the ESP CRB and the corresponding BS bound by CRBps(b0, T),
we find the BS CRB expression to be

CRB3s(80, T)
o? * AN A
= 75 {Re[or(1R UL (DT(H,, D))} a15)
where we now have
Uss = P(A'TT" AP+ o*I) 'A'TT* AP (16)
], =1-T A(A’TT"A)'A'T. an

Provided that there exist efficient estimation algorithms, that is
algorithms that attain the CRB, the main objective would be to find a
transformation matrix T" that makes the ESP and BS bounds coincide
for the true value on the parameter vector, i.e., CRBss(8o, T') =
CRBEgsp(fo). This would then guarantee the best possible perfor-
mance of any efficient algorithm applied to BS data.

Now, let dim{T"} denote the number of columns, or the dimension,
of the matrix 7'. Recall also that v is the number of components of
the vector signal z*)(t) of the.kth source. We have the following
theorem.

Theorem 2: Suppose that vy
equality

v, k

1,--+, n. Then, the

CRBgs(00, T) = CRBESP(oﬁ) (18)
holds true, provided that
TT"[A(60), D(60)] = [A(6o), D(60)] (19)

and dim{T} > v(n + Y rz, qx)-
Proof: The theorem follows directly by making use of the
assumption (19) in (16) and (17) since (19) implies that

Uss = U (20)
O.ss=T"HO.T. @n

The equality (21) follows if use is made of the requirement that the
columns of T shall be orthonormal TT* = I. A comparison with
Theorem 1 now shows that the BS CRB coincides with the ESP one.
Note that the number of columns in T is allowed to be larger than
u(n +‘EZ=1 qk), as long as (19) is satisfied. This is also the lower
bound on the number of sufficient conditions on T that guarantee that
(19) can be fulfilled when [A(6o), D(80)] has full rank. ]
The final notes in the proof above were utilized in [1] and [2]
for devising a method for design of transformation matrices, using
a less general model than (1). The argument is based on the fact
that the transformation matrix may have more columns than the
lower bound indicated in the theorem above. This means that instead
of knowing exactly the true value of the parameter vector, we can
design a transformation matrix satisfying the assumption (19) in some
parameter intervals, ‘‘hopefully’’ containing also the true parameter
vector value.
Corollary 1: Suppose now that v; # v; for at least one pair (i, j).
Then, if dim{T} > 3°7_, (1+ gi)vx and
TT"[A(80), D(8o)] = [A(60), D(80)] (22)
we have
CRBss(0o, T) sy = CRBesp(00) ;jsip (23)

for the (I, p)th position of the (i, j)th block entry of the ESP CRB
matrix CRBgsp ().

Proof: The proof follows immediately from (12) and the as-
sumption (19) together with the proof of Theorem 2. Observe that
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the number of columns are ¥ = 3 ¢, v for A(9) and Y"7_, viqs
for D(9). a

Theorem 2 and its corollary generalize the result in [1], [2], where
it was assumed thatboth gx = land vy = 1, k= 1,---, n (that
is, only one signal and one signal parameter, the azimuth angle, per
source). In those references, a method was proposed for design of a
transformation matrix satisfying assumptions similar to those stated
herein. Some “rough” prior information about the true value of the
parameter vector 8 is necessary, however. That design method can,
fairly easily, also be applied to this generalized model (with some
obvious changes). The only thing needed is specified intervals for all
different physical parameters (such as azimuth and elevation, etc.),
within which those parameters, by the assumed prior knowledge, can

- be assumed to be located.

Finally, observe that the bounds on dim{7'}, which is the number
of columns in T, stated in Theorem 2 and its corollary are indeed
lower bounds, provided that the matrix [A(6q) D(60)] has full rank.

IV. SUMMARY

This correspondence extends previously reported work on the
possibility of optimality in beamspace array signal processing. The
presented extension is in terms of a more general measurement model.
The main result is the statement of sufficient conditions for being able
to have the same model parameter estimation accuracy in beamspace
as that possibie in element space. These conditions include bounds on
the dimension of the beam space, above which it is always possible
to attain the element space CRB also in beam space.

The implication of this- work is that, provided there exist ef-
ficient parameter estimation algorithms for a model that fits into
the employed model structure, any of these algorithms can be used
for element space efficient parameter estimation using the reduced-
dimension beam space data. The reduction of the data dimension
imply a reduction in computational requirements for many popular
estimation methods.
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