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Acoustic Vector-Sensor Correlations
In Ambient Noise
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Abstract—Most array-processing methods require knowledge of between different sensor components within a single vector
the correlation structure of the noise. While such information may sensor, and between all components of two vector sensors
sometimes be obtained from measurements made when no sourcesy; yifferent locations. i.e.. with a slight abuse of language, it

are present, this may not always be possible. Furthermore, mea- . tiall hite. Such ti . ired b ¢
surements madein-situ can hardly be used to analyze system per- IS spaually white. such an assumpton Is required by mos

formance before deployment. The development of models of the SENsor-array—processing methods [13] and implies that either
correlation structure under various environmental assumptions is  the noise is truly spatially white, or that the data are processed
therefore very important. In this paper, we obtain integral and 5o as tgre-whitenthe noise. The former is generally only valid
closed form expressions for the auto- and cross-correlations be- o1 internal sensor noise, which is not the major noise source
tween the components of an acoustic vector sensor (AVS) for a. . . . .
wideband-noise field, under the following assumptions concerning In pre_lctlcal systems, while the I_att_er reqwres that the_ n0|§e
its spatial distribution: 1) azimuthal independence; 2) azimuthal Ccovariance be known up to a multiplicative constant. While this
independence and elevational symmetry; and 3) spherical isotropy. information may sometimes be obtained from measurements
We also derive expressions for the cross-covariances between allmade when no sources are present, this may not always be

components of two spatially displaced AVSs in a narrowband-noise possible. Furthermore, measurements miagsitu can hardly
field under the same assumptions. These results can be used to de-b d. t | ' t f bef denl ¢
termine the noise-covariance matrix of an array of acoustic vector °& US€d 10 analyze system performance before deployment.

sensors in ambient noise. We apply them to a uniform linear AVS Finally, kﬁ0W|edge Qf how an array will perform i”_ a giV?n
array to asses its beamforming capabilities and localization ac- noise environment is very important for array design. Since

curacy, via the Cramér—Rao bound, in isotropic and anisotropic  alterations in an array’s geometry after deployment is generally

noise. impractical, the design process must be carried out using noise
Index Terms—Acoustic vector sensor, ambient noise, anisotropic statistics based on mathematical models of the ocean environ-
noise, array processing, noise correlation. ment. Therefore, the development of models of the correlation

structure under various environmental assumptions is very
important. Some authors have considered ways to circumvent
the requirement for complete knowledge of the noise-correla-
A COUSTIC vector sensors (AVSs) measure the acousfign structure without resorting to higher-order statistics e.g.,
pressure and all three orthogonal components of tfigq] and [15]. These methods typically parameterize the noise
acoustic particle velocity at a single point in space. Thegg a linear combination of known matrices obtained based
sensors, and arrays composed of them, have a numberyQfa-priori knowledge including ambient-noise models. The
advantages over traditional hydrophone arrays [1]-[5], f@gsults presented in this paper lead to highly structured-noise
example, improved performance for a given aperture; fulyariance matrices that can be used in such noise models.
azimuth/elevation estimation with a linear array (or even a nymerous papers have considered the spatial correlation
single AVS), e.g., they do not suffer from the well-knownyt the ambient pressure field, the results of which are appli-
left/right ambiguity that occurs in towed array scenarios; andpie to traditional (scalar) hydrophone arrays, under various
they can be used in a sparse (undersampled) configuratiglzymptions on the distributions of noise sources and the
with uniformgeometry. Much work is currently being done Omhropagation environment [16]-[21], resulting in isotropic and
the development of velocity sensors [6] and complete vecigsrious anisotropic models. In this paper, we investigate the
sensors have already been constructed and tested at sea [7]g[fltio-temporal correlation of a vector sensor array under var-
The performance results in [1]-[5], as well as directiopy,s ambient-noise conditions. We suppose that the noise field
estimation algorithms that have been proposed for AV§$ made up of uncorrelated propagating planewaves from all
[2], [3]. [9]-[12], all assume that the noise is uncorrelategpssiple directions, i.e., it is homogeneous. We obtain integral
, . . . . and closed-form expressions for the auto- and cross-correlations
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of the noise covariance of an AVS array under a given amand the resultant velocity field is

bient-noise model. For example, it is shown that, unlike its

pressure-sensor counterpart, a half-wavelength spaced uniform o(r, t) = / va(t+uTr/c) du

linear array of AVSs in spherically-isotropic noise does not u

possess a spatially white covariance matrix. We use our results 1

to examine the localization accuracy of a linear AVS array in =—— | up,(t+u" r/c)du. 3)
isotropic and anisotropic noise fields using the Cramér—Rao Pe Ju

bound. A number of interesting phenomena are observed. 'I:]Oéach planewave is band limitegh,(£) = R{pu(t)e=it},

example, the direction, estimation, and beamforming Capa%hereﬁu(t) is the complex envelope of,(¢) and w, is the
ities are better for many source directions in an ambient-noiggmer frequency. Then

field than in spatially white noise and, in ambient noise, the

source locations that can b_e estimated most accur_ately are not p(r,t) = R{p(r, t)e et} (4)
always those near broadside. The performance is compared
with previous results on the CRB and beamforming perfor- v(r,t) =R{o(r, t)e -t} (5)

mance of an AVS array that assumed spatially white noise
[3], [4], and with a standard pressure-sensor array. The effegiere the complex envelopes are
of the ambient-noise field on a conventional beamformer is
also investigated. - _ - T —iw.uTr/e
This work extends [22], which computed the within-sensor Blr,t) = /u Pult+u'r/c)e u ©
covariance matrix of a single AVS, and [23], which derived 1
cross-correlations of the velocity field. Both papers assumed  o(r,t) = —— | up,(t JruTr/c)e—i‘“f"TT/c du. (7)
narrowband spherically-isotropic noise. The results presented re Ju

here will be useful for predicting the performance of AVS arrayspe quantity measured by an acoustic-vector sensor whose
in realistic ambient-noise-limited scenarios and consequen(l,@ocity sensors are aligned with the coordinate axes, after

for system evaluation and design. Furthermore, they provig§,majization of the velocity measurements and conversion to
a-priori knowledge that can be used to obtain accurate St ceband. is the vectofr, 1) A W, (7, 1), . (r, £)7]7, where
’ bl - Ip bl v bl 1

mqted noise covariances or to _prowde a basis for a parametg}jc):(h #) = p(r, ¢) andy, (r, £) — —pei(r, #) (see [2]). We
noise model, to use in processing algorithms. . . . .
: ? ﬁhall derive expressions for the covariance matriy@f, ¢),
In Section Il, we develop the noise and measurement models. .
I.€., the auto and cross-covariances between the components of

In Section Ill, the within-sensor correlations, i.e., the covari- . . .
. . . %smgle vector sensor, and the cross-covariance matrix between
ance matrix of the output of a single vector sensor, is consid: . .

r1, t2) andy(ra, t2), i.€., the cross-correlations between the

ered and Section I11-A deals with the cross-covariances betwe® . .
outputs of two spatially separated vector sensors at locations

two spatially separated vector sensors. In Section IV we ex- ; . X
. : 71 and r» and timest; and ¢;, under various assumptions
amine the CRB and conventional beamformer for an AVS arra . . .
regarding the spatial symmetry of the noise.

in isotropic and anisotropic ambient noise and provide a detaile )
: ; . etp,(t) be a zero-mean stochastic process for aadfhus
discussion of the results. Section V concludes the paper. _ .
p(r, t) anda(r, t) are also zero mean stochastic processes. The

cross-covariances between all planewaves contributing to the
II. NOISE AND MEASUREMENTMODELS noise field are defined by

We suppose that the noise field can be expressed as a superpo- . A -
sition of propagating plane waves from all possible directions, Ry (P1 t2) = B{Pu, (£1)Py, (P2)}- (8)

i.e., the pressure at locatienand timet is ) . )
The spatio-temporal cross-covariance matrix between two

vector sensors is

plr, t) = / pu(t+u" r/c)du Q)
u R(Tlv T2, t17 t?)
where A
. . . =E t)y"” 2
n three-dimensional unit-length vector; {y(ro, 2)y" (r2, #2))
U  surface of the un|.t sphere; _ // R, (t1 U771, b + 172/ 0)
du  elemental area with outward norma| uJu

¢ speed of sound;
pu(t) acoustic pressure at the origin resulting from the e iwe(wi T Tz)/cl
planewave arriving from direction.

The acoustic velocity associated with each planewave is gi
by Euler’'s equation [24]

! ] [1 u3] duy dus.  (9)

u1

Vhis expression is valid when both vector sensors are aligned
with the coordinate axes. If thg& x 3 orthonormal matrices

L, and L, describe the orientation of the velocity sensor triad
v (t+u'r/c) = —up,(t+u'r/c)/pc (2) within each vector sensor, the spatio-temporal cross-covariance
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is appropriate in azimuthally symmetric ocean when wind-gener-
ated noise is dominant, and is widely used, (see, for example,
Ely(r1, t1)y" (rs, t2)} [18] and [21]). Equation (13) then becomes
1 0 1 0 /2
= |:0 LT:| R('rl, T2, tl, tg) |:0 L2:| . (10) R(O, 7') =27 /_77/2 R¢(T) COS”(/)
With the assumptions that: i) planewaves from different di- 1 20 0 sin
rections are uncorrelated with each other and ii) all planewaves |0 (cosy)/2 0 0 dy
are (wide-sense) stationary, i.p.(t), is stationary for each 0 0 (cos? 1) /2 0 )
- - sin 0 0 sin? 9
Ry, (b1, t2) = Ru, (f1 — £2)0(u1 — uz) (11) (14)

where we have writted?,, (1) for Ry, (t + 7, t), since it is in- The co-located cross-covariances, except that between pressure
dependent of. Equation (9) becomes and the vertical velocity component, are zero at all lags. There-
fore, a sensor consisting of a pressure component and two or-
thogonal horizontal velocity components, known as a DIFAR
sensor and of interest as a multistatic active receiver [25], will
= | Ru(ti—ts +u"(r1 —1)/0)) have a diagonal-nqise covariance mat_rix at all Iag_s. In addi-
u tion, the auto-covariances of the two horizontal velocity compo-
o 1 nents are identical, and so the auto-covariance of any horizontal
T iwent (mor2)/e { } [1 w"]du (12) velocity component is the same. Sin&g,(0) > 0, the pres-
u sure-sensor noise power is larger than any of the velocity-sensor
. . noise powers. A sensor that measures one velocity component
which depends on only the differenags- r, —r, andr = t2—  performs spatial filtering with a cosine response function, thus
t1. Therefore, the vector-noise field is spatially homogeneoygenuating signals from many of the directions that contribute to
and temporally stationary, and we can denote its spatio-tefRa overall noise power. When the pressure-sensor noise power
poral correlation matrix byi(d, 7). The assumption that am-js greater than the velocity-sensor noise power, the performance

bient noise can be modeled as a linear superposition of uncotigyantages that vector-sensor systems possess over pressure-
lated plane waves is generally very satisfactory for deep watgisor systems are magnified [3].

scenarios [20]. One of the first models of this sort was pro- |t the noise field is also symmetric in elevation, i.8,(r) =

R(ry, 7o, t1, t2)

posed in [16], which conside_red both v_olum_e and surface-noiﬁgw(T) for all 7, then the functiory(v)) = Ry (7) cos v sin 1)
models, and has been used in connection with a phenomenol@gti-symmetric so that the cross-correlation between pressure
ical approach to the modeling of deep water sound fields [14}q the vertical velocity component also becomes zero. There-
and [19]. However, more recent theory [20] shows that, evenggye a complete four-component vector sensor would have di-
shallow water, the ambient-noise field is substantially homogﬁgonal-noise covariance at all lags.

neous over a large proportion of the water column away from the\yhen the noise is spherically isotropic, planewaves from all

boundaries. Therefore, the assumption of homogeneity is duifgactions have the same autocorrelation function. Substituting
generally valid and imposes little restriction on the applicabilitg; () = R(7) in (13) and evaluating results in
of the theory herein.

- 1 0
lll. WITHIN-SENSORCOVARIANCE (0, 7) = 4rR(7) [0 13/3} ) (13)

W first f[:onfs![(rtl]er thte atu t(f) an_d clross-tiovanancessoftt'ghe foHlierefore, all auto-covariances have the same temporal struc-
components of the output of a single vector semge). Setting ture (proportional to the auto-covariance of the individual

d = 0 we have planewaves used to construct the field), and the noise power at
1 the pressure sensor’s output is three times that in each velocity
[ } 1 «7] du sensor’s output.
u The above assumptions can be relaxed so that the azimuthal
= 27 1 independence, elevational symmetry, or spherical isotropy, hold
= / cos R, (7) { } [1 w] dody for a particular value ofr instead of allr. The results then
/2 0 u hold for that particular lag value. In particular, fer = 0,
(13) we are merely making assumptions regarding the noise power
R,(0) coming from each direction rather than the complete
where¢ andy represent azimuth and elevation, respectively. power spectral density (PSD), and the results app§(@, 0),
If the noise is azimuthally independent, i.e., the functioris., the covariance matrix of a single snapshot. We also note
R.,(T) are identical for all directions with a given elevation, wehat, regardless of the spatial symmetryfaj(f) i) if there ex-
can use the notatioR,,(7). Such an assumption, is generallysts some value of, sayy, such thatR,(r) = 0 for all =,

R(0, 7) = /M Rul)
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then the snapshots of a vector sensor sampleldat would ponent of displacement and theth axis. The actual correlation
be uncorrelated and identically distributed; ii) if the PSD oftructure will thus be fairly complex, however, we can make the
each planewave is symmetric about the center frequentlyen following observations: 1)Y53 is proportional tacos 1 cosys.
f?ﬂ(r) is purely real for alke and all+ (see [26, p. 280]), and so Thus, the magnitude of the correlation between the horizontal-

every entry ofR, (0, 7) is real for allr. velocity sensors is a maximum when the horizontal component
_ of displacement makes4®° angle with both axes. When this is
A. Between-Sensor Covariances the case|Ti2| = |T1s| and|T24| = |T34], and so the magnitude

We now consider the cross-covariances between the outpeitthe covariance between pressure and both horizontal velocity
of two vector sensors separated by a vector displacedhdit  Sensors is the same, as is that between vertical velocity and both
obtain expressions any less complex than (12) we must malizontal velocity sensors; 2,41y andZ{,,41)s are pro-
the narrowband assumption that, for each directioi, (7 + portional tocos v,,,, for m = 1, 2, so the correlation between a
u’d/c) ~ }?u(T) for all 7. This is exactly true whem is or- pressure sensor or vertical velocity sensor and a horizontal ve-
thogonal to the direction of separation and imposes the mdggity sensor is zero for ait if the displacemend is orthogonal
stringent bandwidth constraint biggest constraint wdemdw  to the horizontal velocity sensor’s axis; and 3) Again, siiige
are parallel; it is essentially the standard narrowband array pi®proportional tacos v, cos 2, the correlation between orthog-
cessing assumption. We can now write onally-oriented horizontal velocity sensors is zerbis orthog-
onal to either sensor’s axis. In particular, whéis vertical, only
the correlations between like sensors and between pressure and

S ‘ 1
R, )= / Ru('r)e“"'“"Td/c . .
u vertical velocity are nonzero. In fact

u

}[1 u”]du.  (16)

As before, suppose that,(7) is azimuthally independent. _ w2 ils sin
Writing I = w.d/c, and using the notatiohand for the pro- R(d,) = )2 Ry(r)e™ cos
jections onto the horizontal dfandu, respectively, equation

27 1
(16) becomes / [ } [1 o] dpdy (20)
0 u
/2 - S
R(d, T z/ Ry(T)etssmv /2 o
( ) )2 w( ) — 9 / Rw(,,_)czlg sint o ¢
on 1 —x/2
- cos / i [ } [1 w"]dpdy (17) 1 0 0 sin )
u
0 0 (cos>1)/2 0 0
/2 o ) , d
=2r / T Ry (7)e 5% cos op dap (18) 0 0 (cos? 4)/2 0
/2 sin 0 0 sin? ¢
wherel; is the vertical component dandZ” is a symmetric &4 (21)

matrix 7" whose upper-diagonal entries are (see Appendix A)
which has a similar structure to (14), the covariance matrix of
Ty =Jy (|i| cos z/)) a single vector sensor. It follows that the cross-correlation be-
tween any two parallel horizontal velocity sensors is indepen-
dent of their common orientation. We may also observe that the
Ty = Jo (I| cos ) sin cross-covariances between like sensors satisfy the relationship

T — {Jo (1] costp) — J2 (JI| cos))
23 =

Tl(rn-l—l) =iJ; (|z| COS¢) COSF‘/) COS Tm

tr R(d, 7) = 2R(d, T)11. (22)

5 cos 1

We now include the condition of elevational symmetry, and

J (|i| Cos z/)) again consider an arbitrary displacemedt In this case,
T €OS 1) CO8 1 COS Y2 Ry(7) cos(lssiny) cos v is a symmetric function ofs, while
R, (7)sin(lz sin ) cos ¢ is anti-symmetric. In addition, all the
Timt1ys =iJ1 (|1 cosp) cos 1 sin b cos ym entries ofT" are either symmetric or anti-symmetric functions

- - of 4. It can thus be shown that the upper-diagonal entries of the
Jo ([t] cosp) — Ja (|I] cos )

Tt 1y (mst) = y cos2 4 cos? y,,  SYMmetric matrixii(d, 7) can be written
- /2 .
J1 (|l|_(30S 1/}) cos tpsin? v, R(d, 7)mn =47 / TRy (T) fran (I sin ) cos v dap
g 0 (23)
Tus = Jo (|i| CoS ¢) sin’ ¢ (19) form <n =1, ..., 4, wheref,,,(-) = isin(-) for (m, n) =

(1, 4), (2, 4), and(3, 4), and f,,.»(-) = cos(-) otherwise. Fur-
for m = 1, 2, where.J,(-) is the kth-order Bessel function of thermore, ifR, () is real, e.g.7 = 0 or the PSDs are sym-
the first kind, andy,,, is the angle between the horizontal commetric about the center frequency, te 2), (1, 3), and(1, 4),



HAWKES AND NEHORAI: ACOUSTIC VECTOR-SENSOR CORRELATIONS IN AMBIENT NOISE 341

entries of R(d, 7) are purely imaginary and the remainder are
purely real, i.e., correlations between pressure and velocity se

sors are imaginary, but all other correlations are real. 08 ]
Finally, we consider the case of spherically-isotropic noise
Equation (16) now becomes 06} .
s -
) 1 ) ML _
R(d, 7) = R(7) / et [ } [1 "] du=4nR(r)M N VN
u o
u (24) 0.2k ,’ . ' B
/ K . -
whereM is a4 x 4 matrix with entries (see Appendix B) ;L B
- B o W
o . B = L‘,—."/- \\ -
My = o) N :
Ml(m+1) = M(m+1)1 :LJ1(|I|) COS Tm 0 oz oa  os  os 1 2 14 TRERE 2

Separation (wavelengths)

Mans1y(nrty = —J2(ll]) cosymcos v m#n
. Fig. 1. Cross-correlations in spatially-isotropic noise as function of sensor
J(ID . 2 2 separation. Solid i (1)), dashed ig (1), dash-dotted ig. (|I|) /2, large dotted
M(mt1)(m+1) = i — J2(|2]) cos™ v, (25) isj,(1)/|1], and small dotted i (1)/]1] — 2 (]1]).

specific, whend = 0.95[1, 1, 1]”/+/3 wavelengths, the cross-
form, n = 1, 2, 3wherej(-) is thekth-order spherical Bessel covariance matrix is
function. Therefore, all correlations have the same temporal ] ] ]
structure. In general, none of the entriesRiid, 7) are zero. —005 -0l —-01: -0.1:
Even when the sensor separation is half a wavelength, the only - —-0.1¢ -0.02 0.01 0.01
correlation that is always zero is that between the pressureR(d7 7) = 4nR(r) _0.1i 00l —-002 001
sensors. As above, iR(7) is real, the correlation between ' ' ' '

pressure and each velocity component is always imaginary, (26)

while the other correlations are purely real. Thus, a uniform linear array (ULA) of identically oriented
Fig. 1 shows the correlations encapsulated by the maftix vector sensors, whose common orientation is such that the
as a function of the separation distance. The solid curitis array’s axis forms the same angtel(74°) to each of the three
the pressure—pressure correlation, which is independent of %city sensor axes, and whose inter-sensor spacigls
direction of displacement. The dashed curve is the pressure—¥gvelengths, would have an approximately diagonal covariance
locity correlation}M(;,, 1)1 When~,, = 0, i.e., the direction of matrix. No off-diagonal element would be larger than about
separatiord is lies along thenth velocity sensor’'s axis. This 1094 of the pressure sensor auto-covariance, whidh 13(7)
is the maximum value oM, 111, the minimum value being [see equation (15)]. Note that as shown in [3], spacings of more
zero whend is orthogonal to the sensor’s axis. The dash-dottgdan half a wavelength do not lead to ambiguities with a vector
curve is the maximum value of the correlation between orthogansor ULA.
onal velocity components, i.€//(,n41)(n+1) form # n, which  Ag a final example, consider the commonly used vertical
is attained when the separation direction lies in the plane of th§ear ULA configuration with half wavelength spacing and
mthandnth sensors’ axes anis® between them. The minimum syppose the velocity sensors are aligned with the coordinate
value is zero whed is orthogonal to one of the axes. The finahyes. |n this case the within sensor covariance is given by (15)

two curves show the correlation between similarly-oriented vgnd the covariance between adjacent vector sensors is
locity sensorsV(,,, 11)(m+1) fOr the cases when their axis is or-

—0.1¢ 0.01 0.01 -0.02

thogonal tad (large dots), and parallel (small dots). In gen- 0 0 0 0.321
eral, M(,,41)(m+1) Will lie between these two curves. } 0 010 0 0
Notice that for a separation of aroufd5 wavelengths (and ~ £(d, 7) = 47 R(7) - (27)
. ) 0 0 0.10 0
multiples thereof), all curves, except(|l|) are close to zero. .
Thus, whatever the direction of separation the pressure—pres- 0322 0 0 -020

sure correlation and all velocity—velocity correlations are nearly . . . .
zero, only the pressure—velocity correlations may differ signié/s'_mllar pressure-sensor array would have a diagonal-noise co-
icantly from zero. Furthermore, the latter correlations are gianance.
multaneously minimized by choosinfjsuch that they,, are

all equal, e.9.d o [1, 1, 1]"/+/3. In that case, each 4 1y1

is 1/+/3 times its maximum shown in the figure, which is about In this section, we quantitatively examine the effect of
—0.1 when the separation 895 wavelengths. This arrange-isotropic and anisotropic-noise fields on the localization

ment, therefore, minimizes the largest cross-covariance. Todeeuracy and beamforming performance of an AVS array.

IV. PERFORMANCE OF ALINEAR ARRAY
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The Cramér—Rao bound is a lower bound on the varian8el] and (32) we can show that the CRB on azimuth and eleva-
of all unbiased estimates of a parameter and is asymptoticailyn for a single source is th& x 2 matrix
achieved by the maximum-likelihood estimator (under very

mild regularity conditions), see e.g., [27]. It is therefore a CRB(§) = 1 <1 1 )

very useful measure of the performance achievable with a 2Np a"X"tap

given array. Consider am element AVS array illuminated Hvel -1

by » narrowband far-field sources, with directions of arrival, . [S%{DHE_]‘ <I _a El ) DH

6 = [6],...,07]", where eact¥; = [¢;, v;] contains the a”i"la

azimuth and elevation, respectively of thle source. The array (33)

outputis adm x 1 vectory(t) given by [2], [3] wherep = P/s? isthe SNRN is the number of snapshots, and

y(t) = A(0)p(?) + e(?) (28) D = [0a/d¢, da)d)] (34)
where where¢ and+ are the azimuth and elevation of the source, re-
A(0) = [a(6)), ..., a(6,)]; spectively. Since there are two source location parameters, a
p(t) containsjsouvrce signals; useful overall measure of optimal localization accuracy is given
e(t) noise. by the following bound on the mean-square angular error (see
The steering vector of thih source is [2] and [29])
ioeT MSAE, = cos® ¢ CRB(¢) + CRB(®)). (35)
e T w;
a(8;) = : ® [ 1 } (29) Expanding (33) by substituting the expressionddrom (29)
' u; does not lead to particularly insightful expressions (except in

. T
ét 27T, w;

the case. = I, i.e., white noise, see [3], [4]). Therefore, we

will examine the CRB and MSAEfor some specific numerical

wherew; is the (unit-length) bearing vector in the direction oéxamples.

theith source, ana; are the sensor locations (in wavelengths) We consider two anisotropic-noise fields in which the spatial

relative to the phase center of the array. power density of the noise power is proportional to the radius of
Assume thats(t) and &(t) are independent and identicallya prolate and an oblate spheroid, respectively. A prolate spheroid

distributed (i.i.d), zero-mean, complex Gaussian processes, tigaibtained by revolving an ellipse, which lies in thez-plane

are uncorrelated with other, and have covariance matrices with its major axis in the:-direction, about the-axis. The result

is a sphere with flattened poles. An oblate spheroid is obtained

E{p(t)p”(t)} =P (30) by revolving an ellipse, which lies in the, z-plane with its
) major axis in thez-direction, about the-axis. The result is an
Ele(t)e”(t)} =0°% (31) (American) football shape. Therefore, more noise comes from

directions near the horizontal than near the vertical in the prolate
whereY is a known positive definite Hermitian matrix, bt spheroid field, while the reverse is true in the oblate spheroid
ando? are unknown. Then, the outpuit) is an i.i.d zero-mean field. Note that both noise fields are azimuthally independent
complex Gaussian process with covariafite APA” 4023, and elevationally symmetric. Pressure-sensor correlations in a
where we have suppressed the dependenceai 6 for nota- prolate-noise field were examined in [21].
tional convenience. For the prolate spheroid, we have

SinceX: is positive definite and Hermitian, there exists a pos-

itive definite Hermitian matrix:!/2 such that: = »1/2%1/2, . 1—¢2
Let By (0) o 1—e€2cos?yp 36)

g(t) = L7V %y(t) = As(t) + é(t) (32) and for the oblate spheroid
whereA = %7124 andé(t) = S/2e(t). Then,g(t) is a 700 1—¢2 37
zero-mean, Gaussian process with covariaice APA" + (0) o 1— e2sin? (37)

o%1. The transformation (32) does not alter the CRB because it
is a known invertible linear transformation ap ) is Gaussian. wheree is the eccentricity of the ellipse that is used to form the
This may be shown by using Bangs’ formula (see e.g., [28, $olid of revolution. It is given by = +/a? — b2/a, wherea
525]) to calculate the entries of the Fisher information matraandb are the lengths of the semi-major and semi-minor axes,
(FIM), using bothR andR. The results are identical. respectively. Whern = 0 both shapes are spheres, i€e5 0

In [2] an expression was given for the CRB on the directiooorresponds to spherically-isotropic noise.As+ 1, the pro-
parameter® for models of the form (32). This expression relate-noise field becomes a cylindrically symmetric (two-dimen-
quires inversion of a matrix whose order is equal to the numb&pnal)-noise field, in which noise only arrives from the hori-
of elements ing rather than the full FIM. Using [2, Theoremzontal and is evenly distributed in azimuth. For the oblate field,
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for pressure-sensor array in spherically-isotropic noise (0).

field, as the source tends to endfire. Naturally, near endfire a pro-
noise comes from just two directions, the zenith and the nadir,late-noise distribution results in a lower bound than an oblate,
e — 1. In the following, we express the eccentricity as the ratisince there is less noise coming from directions near the signal.
of the power density in the horizontal direction to that in the vefFhe reverse is the case near broadside. More surprising, is that
tical,i.e.,p. = RO(O)/RW/Q(O). It follows that, when expressedfact that, for all ambient-noise fields in this example, the CRB is
in dB, p. is positive for the prolate-noise field and negative folower than in the white noise case, for most directions. The latter
the oblate, while 0dB corresponds to spherically-isotropic noisenly improves upon the two prolate cases withiri of the hor-

In these examples, we consider half-wavelength spaced viépntal, and is nowhere better than the isotropic or oblate. An-
tical ULAs of pressure sensors and vector sensors (the laf@éper interesting feature is that the curves corresponding to am-
with their velocity sensing elements aligned with the coordinafent fields are undulating while that for white noise is smooth.
axes). We suppose there are eight sensors in each array ahyfact, they exhibit a particularly significant dip neg0°, with
signal-to-noise ratio (SNR) of 0 dB, defined as the signal powtie result that this is the best direction even for the isotropic

to the noise power at each pressure sensing element  With Case. A somewhat surprising result, given that linear arrays tend
P/5?, as above, this implies that is normalized such that the ©0 perform best for sources near broadside and worst for sources

entriesy. (x4 1)(art1, fOr k = 0, 1, ... are all unity. To make a near endfire, because of the difference in effective visible aper-

fair comparison between internal sensor noise (i.e., white noidaje (see discussions in [30], [3], [4]). In fact the performance
and ambient noise for the AVS array, we define the SNR for ti@ly noticeable deteriorates within a few degrees of endfire.
former slightly differently. We compare an AVS array in white  When the noise is uncorrelated, it evenly fills the measure-
noise with an AVS array in ambient noise when they have tmeent space. The CRB is then just dependent on the visible aper-
same total vector sensor-noise power definedd®(®, 0)}. It ture. When correlated, however, the noise is more concentrated
follows from (22) that when the noise is azimuthally indepernn some subspaces then others. If the correlation causes the
dent t{ R(0, 0)} = 202. Since t{ R(0, 0)} = 402 for white noise in the signal subspace to be smaller than it would be in
noise, we define the SNR ag2. The entries of the noise covari-white noise, then it will be possible to more accurately estimate

anceX. are obtained from (23), withy = wk for k =0, ..., 7, the signal's direction. Clearly, the interaction between the AVS
and using (36) and (37) for the prolate and oblate fields respegray’s steering vector and the noise correlation is such that less
tively. noise is in the subspace corresponding to directions near end-

Fig. 2 shows the CRB on elevation for the AVS array in anfire than near broadside. In addition, for the isotropic and oblate
bient-isotropic, prolate and oblate-noise fields, and assumiﬁ@'dsv the correlation structure causes less noise to be placed in
white noise. The CRB for the pressure-sensor array in ambiefte Subspaces corresponding to all angles, than is the case with
isotopic noise, when its covariance matrix is spatially white, ihite noise.
also shown. The bound is independent of the azimuth due tdrig. 3 shows the MSAE It is somewhat larger indicating
the symmetry of the problem. The AVS array’s performance fhat the majority of error is due to uncertainty in the azimuth
considerably better at all angles than that of the pressure-ser(fioe pressure-sensor array is unable to determine azimuth at all).
array, due to the greater number of measurements and theTdiis time the curves are much smoother, but it is clear that the
rectionality of its sensors (see [3] for a comparison of the twaverall performance, for all ambient models, improves as the
arrays in white noise). It also remains finite, whatever, the noiseurce moves toward endfire. In fact all ambient curves attain
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45° and is significantly greater nearer endfire. Except for the
their best performance for source coming fr85f and their  most eccentric oblate field, the endfire array gain is greater than
endfire performance is better than their broadside. This cafiat near broadside. To explain this, we note that, unlike the pres-
trasts strongly with the MSAEfor the white-noise situation, syre-sensor array, the AVS array is easily able to discriminate
where the performance deteriorates consistently as the souiggyeen endfire directions. Therefore, when the beamformer is
approaches endfire. Itis also interesting that in the isotropic apfhtched to a signal near endfire, the noise at the output is mostly
oblate fields the MSAE lies within a range of 5 or 6 degreesthat propagating from a small range of angles close to that end-
(note the logarithmic scale), but varies much more dramaticaiye direction. Furthermore, since it is vertical, the AVS array,

in the prolate fields. can discriminate between signals separated in elevation much
In conventional beamforming, a fixed linear combination Afetter than it can signals separated in azimuth. So, ignoring the
the outputs is formed to maximize the gain to signals fromgych weaker azimuthal filtering capabilities, and and assuming
particular direction, while minimizing the noise or the gain prehat signals more thatt° elevation away from the steering di-
sented to Signals from other directions. USiI’Ig the pre'Whiten%ttion are mosﬂy Suppressed, a beamformer match&d°to
datag(t), the beamformer output power is would have a noise output power approximately proportional to
Ez? = Elw"§(t)]? = Pw”x"Y%aa" %2 4+ 62|w|? (38) 27 0907
/ / R, (0) dep dep. (39)
. . . . 0 70°
when there is a single source, whateis the beamforming
weight vector. To maximize the gain to a signal with steeringowever, when matched to broadside, the noise-output power
vector a,, the weight vector should be chosen such that it i8ould be approximately proportional to
proportional to the transformed steering vecigr i.e., w =
—-1/2 —1/2 = : H H 2% p15°
tic]) nc/)ig;/m_ _/ as|. The array gain is the ratio of signal gain _ / / R (0) dip d (40)
gain in the output of the beamformer, when the beam o Jo1se
former is matched to the signal, i.a,, = a. It follows from (38)
that the array gain ig>~a/. If the noise is spatially white, the Now, the noise, even if isotropic, is not evenly distributed in ele-
array gain is independent of the source direction (15 dB for thation, that is the total noise power arising from all directions in
present scenario), however this is not the case if the noise is anarrow range of elevations+ A+ is much larger ity is near
related. broadside than near endfire. It follows that (40) may be consid-
Fig. 4 shows the array gain of the AVS array for isotropic, preerably larger than (39), which explains the observed behavior.
late, and oblate-noise fields. As the noise field becomes moreThe beampattern is the gain presented to signals from all di-
prolate, the gain near endfire improves even further, but neactions, when the array is steered to a particular fixed direction
broadside it declines. Conversely, as the noise field beconssl is given by(a,X"'a)?. Fig. 5 shows the AVS array’s nor-
more oblate, the gain to a signal arriving from near the horiralized beampattern, steered/fto— 30°, as a function of ele-
zontal improves while that to a signal near endfire declines. Olmtion, in white and isotropic noise. The beampattern will also
viously, when much of the noise comes from directions similaary with azimuth for the AVS array (but not the pressure-sensor
to the that of signal, we may expect the beamformer’s perfarray). We show the figure for the case where the azimuth of the
mance to become worse. In spherically-isotropic noise, the arsignal and the steering direction are identical. In isotropic noise
gain is very similar to the white noise gain betwee#3° and the beampattern has a narrower mainlobe and lower sidelobes
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about the same height as the largest sidelobe of white-noise

than in white noise. However, whereas the white-noise beahfamformer.
former happens to completely null signal from either endfire for
this steering direction, it is no longer the case in isotropic noise. V. CONCLUSION
There are a couple more interesting features in the isotropicwe derived closed-form and integral expressions for the
beampattern: a very deep null-at); and a dip in the sidelobe auto and cross-covariances between the components of a
level at2+,. Furthermore, instead of decreasing uniformly tosingle acoustic vector sensor, and for the cross-covariances
ward endfire, the height of the sidelobes is actually smallest ligetween the components of two spatially separated vector
tween0° and—20°. They then increase again further away frorgensors, in ambient-noise fields. We considered isotropic and
the steering direction. This one example suggests that the natisotropic-noise fields with various assumptions on their spatial
of beampatterns is generally much more complicated in ambiggimmetry. We showed that, even in spherically-isotopic noise,
noise, even if isotropic, then in white noise. no vector-sensor array can have a diagonal-noise co-variance,
A conventional beamformer can also be used for directieithough a ULA with a certain separation and sensor orien-
finding by searching for maxima in the steered responsation was found that minimized the maximum off-diagonal
The steered response is the output powef Kw) of the covariance. Usingthe results, we examined the effect of ambient
beamformer for a fixed scenario, as the direction-of-legk noise on the performance of an AVS array through the CRB
is changed. In practicéz must be estimated from the dataand a conventional beamformer. We showed that the direction
Figs. 6 and 7 show the steered response when there is a sirgiémation and beamforming capabilities can be substantially
source located at broadside afd° elevation, respectively. improved over the case in which the noise is spatially white.
White, isotropic, prolate, and oblate-noise cases are illustrat€gdirthermore, while an array in white noise will perform best
Features of the steered response can be used to make inferewbes sources are near broadside, we showed that the CRB and
concerning the direction estimate. The mainlobe width illusray gain can be significantly better for sources close to endfire
trates the ability resolve closely spaced sources; the narrow thembient-noise fields. Detailed intuitive explanations for these
width, the better the resolution. It is essentially the same for albserved phenomena were given (see Section 1V).
ambient-noise fields, however, in white noise it is somewhat
larger, especially for the source near endfire. The greater the APPENDIX A
curvature at the peak of the response the smaller the asymptoti
variance. Again, all three ambient-noise cases have a simiz#) The matrix? is
curvature, which is larger than the white noise case, especially *
near endfire. All the scenarios result in an asymptotically 1
unbiased estimate because the maximum of each steered
response coincides with the true source location. Finally, a
higher sidelobe level corresponds to a higher probability of|&tting v be the angle betweem andi and noting thata| =
wide-angle or “ambiguity” error in the direction estimate. Fof,g 4, the(1, 1) entry can be written as
the broadside source, the white noise sidelobes are higher than
the isotropic and oblate. For th#®° source, all three ambient 1
fields result in a large sidelobe far from the mainbeam that is “' ~ o1 0

fh this appendix we show that the entriesiofare given by

2 =TI 1
e [ }[1 u] de. (41)

:% .

ezlil cos 1 cos y df‘y = JO (|z| COS 1/)) . (42)
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Now Finally, it follows from (41) that

L[ 0 4 Tyy =Tisi
T == i L el = i o, (43 14 =11y sing
Hmty) 2m /0 ' ol ¢ ¢ ' Oy, n (43 .
) Tiiv1)a =T1(i41)siny
form =1, 2, wherel,, is themth entry ofl (and also of). The

_ 2
interchange of integration and differentiation is valid because Toa =Thasin”y. (50)
¢™ 1 is continuous and the region of integratigre [0, 2] is
compact. Similarly APPENDIX B
82
T, =2 T 44
(m+1)(n+1) alnlaln 11 ( ) L1 . 1
M= — [ & [1 "] du. (51)
for m, n = 1, 2. We shall make use of the following recur- 4 Ju u

rence relations between Bessel functions and their derivati‘fﬁénoting the angle betwedandu by v

we can write the upper
(see [31, p. 357])

left entry of the &« 4 matrix M as
I (@) = —Jy(2) (45)

M= [ =) (52)
I (@) = (Ja(z) — Jo(x)) /2 (46) u

_ o o _ Following similar reasoning that used in Appendix A, the re-
where superscriptn) indicates thenth derivative with respect maining entries of the first row and column f are

to z. Using (42), (43), and (45), we have

—1 0 T
Moy = Migmg) = I / exp™ ! du

Ti(mt1) = —i% cosz/)Jél) (|i| Cos z/)) T Ju Olm
.0
=4J; (|i| cos z/)) COS 1) COS Yy« (47) = Al M (53)
From (44) form =1, 2, 3, and the loweB x 3 block of A/ has entries
W (7 A
Ty = —11 cos ) 9 Jo (|l_| COS?/’) Mini1yimt1) = ~ ool My (54)
o
I for m,n = 1,2,3. Using a certain recurrence relation-
:__—12 cosz/;{ZQ COSz/)JéQ) (7] cos <) ship between the spherical Bessel functions [32, p. 622],
g d(x™"jp(x))/dx = —x~"jn41(x), the partial derivatives can
- be evaluated
—ZTQ Jél) (17] COSZ/))}
g _ _ by s
. , Mnt1)1 = Migmr) = —4 o (12)) = g (|t]) cos v
_ Jo ([] cosvp) — Jo (|| cosvp) cos (55)
2 Whenm # n
Jy (T cos ) 0 il lLuba j2(1)
- N 7 M = —_— = —
m COS 1) COS 71 COS Y2 (48) (m+1)(n+1) I o, ] 0] 0
: : = —J2(|I]) cos ym cos vy, (56)
where we have used (45) and (46) to obtain the last equa“{%’d
Again, using (44 . .
g . C 0 b BB ()
M(rn—l—l)(rn-i—l) = a7 _J1(|l|) - BT
sty == costlo” (Hcos ) ()
=I5 () cos? . (57)

__ [ LA 0
—_{Jo (1] cos) <W_W

2 -
+ﬁ cos z/)JSQ) (1T cos ) }Cosz/)

o (1) = 2 ()
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