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Effects of Sensor Placement on Acoustic
Vector-Sensor Array Performance
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Abstract—We consider the role played by the sensor locations at a single point in space. Thus, while standard pressure
in the optimal performance of an array of acoustic vector sensors. sensors can only utilize the directional information present
First we derive an expression for the Cran€r-Rao bound on the i, yhe hropagation delays between sensors, each vector sensor
azimuth and elevation of a single far-field source for an arbitrary tract further directi inf tion directly f th
acoustic vector-sensor array in a homogeneous wholespace and-@n extract further |r_ec I(?na n Qrma_lon_ lrec.y rom . €
show that it has a block diagonal structure, i.e., the source Structure of the velocity field. This directional information
location parameters are uncoupled from the signal and noise permits, for example, a single vector sensor to identify up
strength parameters. We then derive a set of necessary and suf-tg two sources [5]. By making use of this extra information,

ficient geometrical constraints for the two direction parameters, 5 .avs of vector sensors are able to improve source localization
azimuth and elevation, to be uncoupled from each other. Ensuring . . .
accuracy without increasing array aperture.

that these parameters are uncoupled minimizes the bound and ' ) )
means they are the natural or “canonical” location parameters Both theoretical and practical work has been published on

for the model. We argue that it provides a compelling array the topic of acoustic vector sensors. A model for acoustic
design criterion. We also consider a bound on the mean-square yector sensors and a simple DOA estimation algorithm for

angular error and its asymptotic normalization, which are useful . . . . _
measures in three-dimensional bearing estimation problems. We a single sensor were introduced in [1], [2], preliminary theo

derive an expression for this bound and discuss it in terms of retical performance analyses appear in [1], [2], [6], and [7],
the sensors’ locations. We then show that our previously derived and an in-depth analysis of the CramRao bound (CRB)
geometrical conditions are also sufficient to ensure that this bound for a single source appears in [8]. Their use has also been
is independent of azimuth. Finally, we extend those conditions 10 ayamined on or near surfaces [9], and ESPRIT and Root-
obtain a set of geometrical constraints that ensure the optimal MUSIC algorith h tl b lied t f
performance is isotropic. IC algorithms have recently been applied to arrays o
o o velocity-sensor triads [10], [11]. Meanwhile, acoustic vector
selnns%er)s( T\%?Si;Asréﬁiogseometry' direction estimation, vector  gensors have been constructed [12] and linear arrays of them
’ y ' built and subjected to sea trials, [4], [13]-[15].
In this paper, we provide a derivation of the CRB, which is
|. INTRODUCTION a lower bound on the estimation error of the DOA parameters

HE PASSIVE direction-of-arrival (DOA) estimation that is aghieved asymptptically by thg mgximum-likelihood
problem, in which the bearings of a number of far(ML) estimator, for a single source impinging on an ar-
field acoustic sources are determined, is of great importarRifary array of acoustic vector sensors. This is the first
in many underwater applications. The traditional solution @Pen-literature derivation of this result, which is analyzed in
to use a spatially distributed array of omnidirectional pressuf@nsiderable detail in [8]. Since vector sensors are inherently
sensors, and many estimation techniques have evolved for {hig€-dimensional (3-D), a source must be parameterized by
scenario. As the demand for smaller arrays that perform betR&th its azimuth and elevation in order to completely specify
at a lower signal-to-noise ratio (SNR) has increased, the idﬂé@ measuremgnt model. The CRB on the direction parameters
of measuring particle velocity, as well as pressure, has aridénthus @ matrix of order two that lower bounds the22
[1], [2]. This has coincided with a surge of interest in particl€ovariance matrix of an estimator of both angles, in the sense
velocity sensors and improvements in fabrication techniquétt their difference is positive definite.
[3] to make vector-sensor arrays a practical reality [4]. Since the CRB is independent of any particular estimator
An acoustic vector sensor measures the acoustic pressiiél gives the asymptotic performance of the ML estimator

and all three components of the acoustic particle velocifyhich is asymptotically optimal in the absence of prior
information), it forms a very useful criterion for array design.
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The result we obtain was shown to be sufficient for pressunehereap (8) is the steering vector of an equivalent pressure-
sensor arrays in [16]. We show that those same conditions aemsor array, i.e., an array with a single pressure sensor at
in fact necessary and also apply to vector-sensor arrays. @&eh of then locationsry, - - -, r,,, while h(#) is the response
also show that the direction parameters are uncoupled frafna single vector sensor located at the origin ands the
the signal and noise powers, indicating that optimal directidtronecker product. I¥#, - - -, r,, are in units of wavelengths
estimation is unaffected by lack of knowledge of the signabrresponding to the source’s center frequency, we have
and noise strengths. o (T T

Estimating bo?h azimuth and elevation is equivalent to ap(0) = [, 2T )T (3)
estimating a 3-D unit-length bearing vector. We consider the h(0) = [LU(a)T]T (4)
mean-square angular error (MSA_E) of an estimz_;ttor qf SUC%ereu(a) = [cos ¢ cos ¥, sin ¢ cos ¥, sin ¥]” is the source’s
vector and its asymptotic normalized value (defined in [17}yearing vector (i.e., the unit length vector pointing from the
Both are useful performance measures that are md_epen Win toward the source).
of the chosen coordinate system. We find an expression for g5tical acoustic vector sensors consist of a co-located

lower bound on these quantities that is attained asymptoticalyassyre sensor (hydrophone) and triad of orthogonal velocity
by the ML estimator. We discuss the structure of the boum_j Ynsors (geophones) [4], [12]. In the derivation of the measure-
terms of the array geometry and show that the above conditiQRs ¢ model, it is assumed that the output of each geophone

for an uncoupled CRB are also sufficient to ensure that tﬁeproportional to the cosine of the angle betweeand one

MSAE bound is independent of azimuth. We also extend thoge e coordinate axes. This assumption requires that: 1) the

conditions to find a sufficient set of geometric constraints th@éophones have a cosine response and 2) each of theztor
ensure it is completely independent of the DOA, i.e., that gi&nsors in the array has a known orientation and that this
the array an optimal isotropic performance. _ orientation is used to rotate the data so as to align them with
The structure of the paper is as follows. In Section e coordinate axes. The speed of sound in the medium and
we explain the measurement model for an array of acousfi, ambient density are also assumed to be known.
vector sensors and introduce our statistical assumptions. I\gte thatap(#) contains the phase delay information be-
Section IIl, we give the derivation of the CRB and show thafyeen noncoincident sensors and depends only on the sensor
the direction parameters are uncoupled from the signal adl,iions. On the other hanti(#) accounts for the directional
noise powers. In Section IV, we derive the necessary apgknonse of each component: omnidirectional for the pressure
suff|C|.ent conditions on sensor locations for the unC(_)Up“rEbnsor and cosine for the velocity sensors, ariddependent
of azimuth and elevation in the bound. We also derive thg e nosition of each sensor. It therefore conveys the DOA
bounds on the mean-square angular error and its asympt@imation present in the structure of the velocity field. It
normalization and obtain the two sets of sufficient geometric 4 o assumption that all vector sensors have a common
conditions that ensure that these bounds are either indepen%‘ﬁﬁhment with the coordinate axes (by a rotation of the data)
of azimuth or isotropic. Section V concludes the paper.  that permits the above Kronecker product expression for the
steering vector. This, in turn, allows us to obtain considerably
II. MEASUREMENT MODEL simpler CRB expressions than would otherwise be the case.
Note that the usual pressure-sensor array model is a special
A. Array Output case of this model obtained by settih@) = [1,0,0,0]%.

We consider a narrow-band plane wave traveling in an o _
isotropic, quiescent, homogeneous fluid wholespace, and ifh- Statistical Assumptions

pinging on an array ofm acoustic vector sensors located \We assume that both the signdt) and the noise(t) are
atri,---,mm (see [2] for details). The plane wave is paindependent identically distributed (i.i.d.) zero-mean complex
rameterized by its azimutlp € [0,27) and elevationy € Gaussian processes. In addition, we assumeptihaande(s)
[-7/2,7/2], and the problem is to determine the DOA paare independent for al and t. These two processes are
rameterd = [¢,¢]7 € © = [0,27) x [-7/2, 5 /2]. completely characterized by their covariance matrices

In [2] and [8], we derive the measurement model for

H _ .2
sources impinging on such an array. For a single source, E{p(p™ ()} =0 . ®)
the measurement vector is 4n-element complex vector E{e(t)eH(t)} =1, Ip 20 (6)
1) = [ypr (1), y71 (1), -, yom (1), yT.. ()] and is given b 0 oyls
y(1) = [ypr (1), 401 (1), -+, Ypm (1), yum (V)" and is given by
where the superscript represents conjugate transposition,
(1) = al0)p(t) + <) @ perscript represents conjug P

o: is the signal poweraf, and o; are the pressure-sensor

wherey,(t) andy,, are the (scalar) pressure measuremeffld Velocity-sensor noise variances, respectively, Ands

and (vector) velocity measurement made by kife sensor at the mth-order identity matrix. The assumed structure of the

time ¢, p(t) is the pressure complex envelope of the sourd@ise covariance is consistent with internal sensor noise. We
)

signal, ande(t) represents noise. The array’s steering vectgflow the noise power to differ between pressure and velocity
a(0) is given by sensors to account for their different construction and the

latter’s directional sensitivity. With these assumptions, the data
a() = ap(6) @ h(6) (2) is also an i.i.d. zero-mean complex Gaussian process, with
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covariance matrix Now 0h/d¢ = [0,v7 cos ¢]T andoh/ov = [0,v7]7 and,
o2 0 since(u, vy, vy ) is a right orthonormal triad,
R=ocla(0)a” (0) + I, © [op 0213]. ) . .
_ v oh"™_  on".  on" oh
There are a total of five unknowns: the two DOA parameters £ h= o h= 56 v =0. (15)

in @, the signal power;, and the noise variances ando;.
Without loss of generality, we choose the origin of our
. OPTIMUM PERFORMANCE coordinate system to be the array centroid. It is then clear

12 d (13) that
We now derive an expression for the CRB on the DOXOm (12) and (13) tha

parameters of a single source using a vector-sensor array. The dap Oap
model and assumptions are those used in [2]. Using the results ¢ ap = 0y
of [18], [2, Theorem 3.1] obtains a closed form expression for

the concentrated”RB on the DOA parameters of sources, ['0M these two orthogonality identities (15) and (16),

H
ap = 0. (16)

e., it only requires inversion of a matrix of ordérn (the follows that
number of location parameters) instead of the whole Fisher oa _ Oap y y oh -
information matrix (FIM). However, the theorem assumes that ¢ a= 96 P|h| + |ap| ¢ h=0
the noise covariance is proportional to an identity matrix. oa da oh -
This is not so in our case, so we temporarily assume that E a= B0 " aplh|® + |ap|> == h = 0. (17)
n 2 o, /oy is known. We normalize the data by a matfix ¥ ¥ %
i.e., g(t) = T'y(t), where Using these results, we calculate the entries of
=1 o [7710/2 103] ®) DH1.D = D" D — D"aa" D/a)*. (18)

It follows immediately from (17) that the second term of (18)
is zero. Using the orthogonality df and its derivatives (15),
we find that the entries of the Hermitian matiX? D are

and where we naturally choose the positive root;ofThe
transformed data may be written

(1) = a(0)p(1) + e(?)- (9)

This satisfies the assumptions of the theorem: the transformed
noise covariance matrix is2l,,,. The transformed steering
vector is still a Kronecker produci(#) = ap(f) @ h(6),

6& . aap 9 h
et N A TS
I e R
=(47%(n +1)Sgs +m) cos® (19)
2

whereap () is still given by (2), but now the orientational oal|* |dap|® - . , |Oh
steering vector ig(#) = ['/%,u(0)]”. In the following, for o | | ow [h[” + |ap| 90
compactness of notation, we suppress the explicit dependence .
of vectors on the DOAY. =47 (n+ 1)Syy +m (20)
With the above transformation, the expression of [2, Theo- dat oa B dap® dap -,
rem 3.1] for a single source becomes o6 oY 9o O |A|
2 (1a1242 2 =473 (n 4 1)S sy cos 21
crB(o) = 2o U8 70) g pyy-t o) (1% 1)y cos¥ )
2N |a|?od '
§ where we have defined
wherell, = I,,, —aa” /|a|> and D = [0a/d¢, Oa/+)]. Now, A T o
the entries ofD may be written Sos = ZJ: (rj o)
da _ dap oh A T\
Z P oh 11 Syy = TV
55 = 55 Ohtar o5 (12) v zj:(J v)
with a similar expression fo#a/dvy. Since the entries afp Sy 2 Z (TT%)(,.T%). (22)
are exponential, its partial derivatives may be written J !
. T
dap[0¢ =i2m cos Pry,- -, mm] vy © ap, (12) S0, inour single source casB D is in fact a real symmetric
Jap [0 =i2n[ry, - - ~,rm]Tv¢ ® ap (13) matrix. Noting that|a|* = m(1 + n), we can write
where ® represents the elementwise product and the vectors DT, D = |a|*[] + K] (23)
v, andwy, defined byv cos ) = du/0¢ andw, = du/0Y,
are given by where.J and K are given by
—sin ¢ — cos ¢ sin 1 7= ﬁ Spg cos? Y Sgy cos (24)
vy = | cos¢ and vy = | —sin¢siney (14) om | Sgy cost Sy
0 cos 1 2
K=—" [GOS ¥ (1)] (25)
respectively. I+n [ 0
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Finally, a simple rearrangement of (10) gives the CRB as “ “ “
' i 11 i 1 N D ristiy = vietis = Y ity =0 (29)
_ ~1—1 j=1 j=1 j=1
CRB(0) = 57— (1 + mpp,)[J + K] (26)

_ wherer;., 7;4, andr;, are thex, y, andz components of the
where p = o7 /0. is the SNR at each pressure sensor angh sensor’s position vector. If either of these conditions is not

p' = (1+1/n) is the SNR increase factor discussed in [8]. satisfied, then the azimuth and elevation are coupled on a full
The above expression is derived under the assumption thabesgue measure subset€@f

the ratio of the two noise powers is known. Using the Proof: See Appendix B.

unnormalized datg(?), calculation of the off-diagonal entries  This theorem holds for pressure-sensor as well as vector-
of the full FIM by Bangs’ formula (see Appendix A) showssensor arrays since the off-diagonal term of the CRB depends
that those involving either of the DOA parameters and any oagly on the off-diagonal term of the matrik for both arrays.

of 0}, 0;, ando; are zero. The FIM is thus block diagonal andrhese are the same set of sufficient conditions given for the
so CRB(#) is independent of knowledge of}, o,, ando;. case of a pressure-sensor array in [16]; however, we have
Therefore, our expression is valid whether or nas known. shown them to also be necessary and to apply to vector-
Furthermore, the block diagonal structure of the FIM mearensor arrays. Arrays that exhibit this property include linear
that the result we have derived using the concentrated CRBanays, regular circular and regular square arrays, and 3-D
[2, Theorem 3.1] is in fact the inverse of the appropriat€22 arrays constructed from parallel combinations of such circular
block of the FIM. Note that this would not generally be ther square arrays (see [16]).

case for more than one source. We can also obtain the CRB

expression for the equivalent pressure-sensor array by Settﬁ?gMean-Square Angular Error

h = [1,0,0,0]", resulting in L _ o .
Estimating both azimuth and elevation is equivalent to

CRB(9) = 11 (1 n L) g1 (27) estimating the bearing. A very natural measure of estimator

2N mp mp performance is the mean square angular error i#&. whereé
is the angle betweean and its estimator [17]. It is independent
IV. ARRAY DESIGN of the choice of reference coordinate frame and provides
a single overall measure of performance. Furthermore, it
A. Uncoupled Bound does not suffer from the singularity inherent in the spherical

We have already shown that the FIM is block diagonaq:_oordinate system. It is of great interest to lower bound this
If the off-diagonal elements of thex2 block of the FIM guantity in order to provide a guide to achievable performance
corresponding td are zero, then the azimuth and elevatioAnd estimator efficiency and to form an algorithm-independent
are uncoupled in the bound. This means that the minimy#gsign criterion. In [19], it is shown that a lower bound on the
estimation variance of one parameter is not increased MyAE of unit-length (locally) unbiased estimatorswfs
uncertainty in the other. In this case, the azimuth and elevation A .
are the “natural” parameterization of the DOA in the sense that MSAEg(0) = cos”¢ - CRB(¢) + CRB(v).  (30)
the information the data provides about one is independent_gf. . _ .
the information it provides about the other. We may thin-lk%IS bound is also independent of the choice of reference

of them as being a canonical representation of the beari ordma:]e :‘ran\;ve, howevter,(ljt _|tstn0t It'ght forl a f|n|fte ntl_meter
in much the same way as we consider the eigenvectors0 napshots. We can extend 1110 a larger class ot estimalors,

a linear transformation to be a canonical representation %qd make it tight in many cases, by considering the asymptotic

the transformation. Furthermore, if the diagonal elementsﬁzrmahzed mean-square angular error (ANMSAE) defined (in
the FIM are held constant, then the CRB of both paramet /1) by

is minimized by making the off-diagonal elements zero, as
illustrated in [16]. For both the vector-sensor and pressure-
sensor arrays, this implies setting the off-diagonal term ?r];
the symmetric matrix/ [defined in (24)] to zero. Since both
diagonal and off-diagonal entries df depend on the bearing
and the array geometry, the optimum array configuration
can only be found for a particulag. However, from this

discussion, it is clear that choosing the sensor locations sughs is a tight bound for the ANMSAE of any second-

that the off-diagonal element of is zero for all directions is orger asymptotically efficient regular estimator (e.g., the ML

a compelling source-independent design criterion. estimator under mild regularity conditions). Indeed, conven-
Theorem 1V.1: The following conditions are necessary angynaq| beamforming and Capon’s method attain the CRB

sufficient for the azimuth and elevation to be uncoupled in ”}fsymptotically with one source [8], so the bound will be tight

CRB for all [¢,¥] € ©: in these cases. Like theISAEg, this bound is invariant to

m the choice of reference coordinate frame. Finally, note that it

ANMSAE 2 lim NE&2. (31)
N—oo

[17], it is shown that this quantity is lower bounded, for a
large class of so-called regular bearing estimators, by

ANMSAER(#) £ N(cos? ¢ - CRB(¢) + CRB(v)). (32)

Z i = Z riy (28) is not a function ofV as long as the CRB i©(1/N), which

ji=1 ji=1 is the case if snapshots are independent.
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z wherea = 47%(1+n) and the constant of proportionality just
contains terms involvingr, 1, andp. Thus, theANMSAEg's
dependence on geometry is only through the four quantities
defined in (22). In general, these quantities, and hence the
ANMSAEg, depend in a complex way on the azimuth and
elevation. However, if the geometrical conditions of (28) and
(29) hold, substitution in (22) and simplification gives

Ss6 =D 1o
J
x Spp =sin® Y i teos® Yyt
J J
SJ__l—l—sm Z Jx—i—coszﬂ)z . (35)

Consequently ANMSAEg(# ) is mdependent of the azimuth
and depends on the elevation only through squared trigono-
metric functions. One implication of this last fact is that
ANMSAEg(#) is the same foete). If we extend (28) to

2 2 2
Fig. 1. Projections of a position vector onég, v, and the subspace they E iz = E iy = T2 (36)
span. The position vector affects the CRB aAlMSAEg through the j j =

squares and products pfyl, |r4|, and|r | [see (22)]. while still satisfying (29), then we obtain

The dependence of the CRB, and henceARNMSAEg, on g —g,  — 2
array geometry is contained solely in the entries of the matrix 9P = Py = Z Tje
J, specifically inSgg, Syy, andSyy definedin (22). Nowby S
and Sy are the sum of squares of the lengths of the position v =
vectors’ projections onte, andw,, respectively, whileSs S1 =2 Z 7o (37)
is the sum of products of the projections onip and . j

In [8], we called Sy, and Syy squared projected aperturesThe result is that NMSAEg(6) is independent of the DOA,
Sinceu, vy, andvy are orthonormal, we suggested t@tﬁ i.e., the optimum performance is isotropic. This is a desirable
and Sww could be thought of as the squared aperture “Seegharacteristic in many array processing scenarios. A regular
by the source in two orthogonal directions. Let us also defiRgpica] array, symmetric about all three axes, is an example of
S1 = S¢¢ + Syy, Which will appear in the expression fora geometry that exhibits this isotropic optimum performance.
the ANMSAEg. To determine the geometrical interpretatiosince the geometry-dependent terms of MMSAEg come
of 51, consider that it may be written from the matrixJ, which appears in the CRB expressions for
_ T T T both vector-sensor and pressure-sensor arrays, the sufficiency
L= Z i [ogvs +vyvy] (33) of (28) and (29) for azimuthal independence and of (36) and
(29) for complete DOA independence, is equally true for both
Sincew, vy, andwv, are orthonormalfv,v} + vyv]] is the types of arrays. Finally, we note that all the results of this

projection matrix onto the subspace orthogonal to the DOgection apply equally tdISAEg because of its similarity of
u. Thus, 51 is the sum of squares of the lengths of thetructure toANMSAEE.

position vectors’ projections onto the plane normak#toso
it may be interpreted as the total squared aperture seen by the
source. Fig. 1 illustrates an individual sensor’s contribution
to these geometrical quantities. It shows the projections ofWe have shown how the optimal performance of an acoustic
a position vectorr onto v, and v,, denotedr, and r,, Vvector-sensor array is affected by its geometry. We derived an
respectively. It also shows, , the projection ofr onto the expression (26) for the CRB on the location parameters of
plane orthogonal ta. It is then|rs|?, |ry|?, and |rL|? that a single far-field source in a homogeneous wholespace. This
contribute t0Sg,, Sy, and Sy, respectively. result was examined in great depth in [8]. We also showed that
With these geometrical ideas in mind, we now examine tiilee optimal location estimation performance is independent
ANMSAESE. Using (24)—(26), and the above definitions, somef the knowledge of the signal and noise power parameters.
calculation shows that We then derived a set of necessary and sufficient conditions
9 Theorem IV.1) that ensure the azimuth and elevation are
ANMSAER(0) oc(amS) +2m7)/ Emcoupled frorr)l each other in the bound, and it was argued
(@2[5¢¢5ww - Séw] +amSy +m?) that this provides a compelling array design criterion. We then
(34) derived a bound on the asymptotic mean square angular error

J

V. CONCLUSION



38 IEEE JOURNAL OF OCEANIC ENGINEERING, VOL. 24, NO. 1, JANUARY 1999

and showed that it depends on array geometry only throuBhuations (42)—(47) give all the information necessary to
the squared projections of the sensors’ position vectors om@mculate the entries of the FIM. We consider first the coupling
lines and planes orthogonal to the source (34). Utilizing thietween¢ ando?. Denotingk = o2/(1 + mpp'),

result, we showed that the same set of conditions (28) an(leIMw)]

(29) that ensure the location parameters are uncoupled in the 73

CRB are also sufficient to make this bound independent of = tr 2—1(1_ ka aHE—l)

azimuth. Finally, we extended those geometrical conditions L

to find constraints on sensor location [see (28) and (36)] . (@ o 1a E) 2N - ka S a aH]
that are sufficient to ensure that the optimal performance is 0¢ ¢

isotropic. While we did not show that these conditions are [, Hel

also necessary, it seems probable that they are; it would be & tr| X7 (I —kaa"X77)

interesting to determine whether that is the case. In practice, H
. . . . 8(1 H aa 1 H
there are many factors involved in the choice of a particular |\ =—a" +a—]X""aa
arrangement of sensors, however, the conditions herein are not 0¢ 0¢
too restrictive as they basically impose some kind of symmetry 198 g ;. Oa” 1. H
e =tr|Z7 (K s~ a" + (1 —kk')a — X" "aa
on the structure, and, when nothing is known about the source 0¢ 0¢
locationa priori, their use should give the best possible overall , Heoi Oa g
performance. There should therefore be strong justification for —kkaa” X 96 a (48)

any design that deviates from these constraints.
y desig wherek’ = a”~7'a = mp'/o2. Now

APPENDIX A aiy-1 Ja
Bangs’ formula (see, for example, [20, p. 525]) gives an 09 y
expression for the entries of the FIM for complex Gaussian = (ap ® h)H{Im ® [1/% 0 2] }
distributed data. Using this formula, we shall show that the off- 0 L/o;
diagonal (coupling) entries of the FIM between the azimuth ) (@ Sh+ap® 5_’1)
(and also elevation) and each of the three power parameters Jd¢ i Jd¢
ol, 03, ando; are zero. Letd = [0° 07 03,07]" be the L /g oh
. o2 ap
vector of unknown parameters. Then, Bangs’ formula gives = (ap ® [iD (W Q@ h+ap® %>
the (4, j)th entry of the full 55 FIM as 031 " -
i |pt IR g1 O dap | 52 e
Mg = o [R oi; 0793’] ) = 0—; i | htaver |G [w C?)sl/)]
where R is the data covariance matrix given by (7) atd o) 7y
indicates the matrix trace. Using the matrix inversion lemma =0 (49)

. . o2 Heot where the last step follows from the orthogonalityagf and
R™ =37 [I B g A ] (39) its derivatives (16) and the orthogonality #fandv,,. Thus,
_ _ o o the last two terms in the third line of (48) are zero. The first
whereX is the noise covariance matrix given by (6). Now term of this line is

_ 0’2 0 —1 aa H| _ Hw—1 8& _
a’yla= (ap ® h)H[m ® [OP 13/05] (ap @ k)  (40) k'tr [E % a’ | =k'a”® % =0. (50)
=mp /o] (41) Hence[FIM(¥)]4 ,> = 0 and so the azimuth and signal power

are uncoupled in the bound.

where p’ is defined in (26). Thus The cross-coupling between azimuth and pressure-sensor

9 . )
Rl w1 [I— o / aaHE‘l]. 42) noise power is
L+ mpp [FIM(9)]5,02
Taking the derivatives oft, we find . -E‘l(l Fa s
= ir —Rraa
2 8& H aaH L
3R/3¢ =0, %a +GW (43) 8(1 6aH 8R
A= a ra = E_l(l—kaaHE_l)—
5 [Oa g da*t ¢ d¢ do?
IR[OY =0 [3_ a’ +a 3—] (44) )
I v 4 x tr|S7HI — ka a® X7
OR/00? =aa (45) I
N T (78 g P9 g iy PR
OR[ 9o, = m®[0 013] (46) <a¢>“ T JU T e 5
2 _ 0 0 1 0a g da’\ OR
OR/00? =1, [0 13]. (47) octr[E <%a ta 5o 907 (51)
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where the second line follows from the fact thaandaq,«s € [0,27) with tangents

Y7Y9R/do; = (0R/d¢)/o; and the third line from

using (49). Similarly to (49), it is not difficult to show that

a(OR/902)0al |06 is also zero, thus TjaTiy D rris

n 0RO datl OR ar = , tanas = Z—.

[FIM(9)]y 02 < a st o ss et 62 ZJ: 2. Zrﬂrﬂ
To show that the azimuth and velocity-sensor noise power

are uncoupled, we proceed in a very similar manner to thée may reduce (56) further to

previous case, using the results'0R/do2 = (OR/do?)/02 . _ .

and a(OR/dc2)0at? /0¢ = 0. We have thus(shown t%at the R sin(y —ar) =0 Vo eOnsS (60)

azimuth is uncoupled from each of the three noise parameteidere oy € [0,27) and

The results for elevation are the same; we merely replace ) s .o s .o

derivatives with respect t¢ with derivatives with respect to Ry = RY sin®(2¢ — a1) + R; sin”(¢ —az)  (61)

¥ in the above. The result is that thex5 FIM has block Ry sin(¢ — as) 62

diagonal structure Ry sin(2¢ — o)’ (62)

FIM(6) 0 Hence, we requireRy = 0 for all § € @ N S; N ST,
FIM(d) = 0 FIM([o2, o UQ]T)]. (53) where S is the set on whichsin(¢) — ap) = 0. Note that
e since Ry, R», a1, o are independent of, Rr and ar are

single valued functions ofs only. So, for each¢, there

APPENDIX B corresponds exactly ong € [—x/2, /2], such thafl¢, ¢] €

1 (unless for someb = ¢’ say,ar = 37/2, in which case

In this appendix, we prove Theorem IV.1. From (24)—(26
the azimuth and elevation are uncoupled in the CRB are Zeriﬁe;suri ;Te/rQO 7/2} € 51). Hence,5, is a set of Lebesgue

and only if the off-diagonal entry of the real symmetric matrix
J is zero. This term is

(59)

tan ap =

Now there are exactly four ways th&ty can be zero:
1) sin(2¢ — «1) = 0 andsin(¢ — az) = 0;

T T 2) Ry = 0 andsin(¢ — a3) = 0;

' ; 54
Ty o< XJ: (rj vg)(rj vy) (54) 3) Ry = 0 andsin(26 — o) = 0:

sin2¢> 4) R1:0andR2:0
= ( 9 Z (fo - Tfy) — cos2¢ Z mm,) siny  Since a1, ap are constants, set§, and S3 corresponding

J J to the zeros of the sine terms in 2) and 3) are lines of
. measure zero i@, while the set corresponding to 1) is

h (Sm(b Z TjsTjz = €089 Z rjyrjz) cos S, N Ss. Hence, we require 4) to hold on the full measure
J J (55) set=@NS;NS;NS5NSS. From (57) and (58), we see that

4) is satisfied only if the stated conditions (28) and (29) hold.
Note that the off-diagonal entry of will be nonzero for all
where the sums are over the number of sensersand O, except on the zero measure subSgt) S; U S, U S, if

the constant of proportionality igx? cos¢/m. Sufficiency either one of (28) or (29) fails to hold. -
follows easily by substitution, so we consider necessity. The
term cos ¥ in the constant of proportionality makeg,, zero REFERENCES
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