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Acoustic Vector-Sensor Processing in the Presence
of a Reflecting Boundary
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Abstract—We consider the passive direction-of-arrival (DOA)
estimation problem using arrays of acoustic vector sensors located
in a fluid at or near a reflecting boundary. We formulate a general
measurement model applicable to any planar surface, derive an ex-
pression for the Cramér–Rao bound (CRB) on the azimuth and el-
evation of a single source, and obtain a bound on the mean-square
angular error (MSAE). We then examine two applications of great
practical interest: hull-mounted and seabed arrays. For the former,
we use three models for the hull: an ideal rigid surface for high fre-
quency, an ideal pressure-release surface for low frequency, and a
more complex, realistic layered model. For the seabed scenario, we
model the ocean floor as an absorptive liquid layer. For each appli-
cation, we use the CRB, MSAE bound, and beampatterns to quan-
tify the advantages of using velocity and/or vector sensors instead
of pressure sensors. For the hull-mounted application, we show
that normal component velocity sensors overcome the well-known,
low-frequency problem of small pressure signals without the need
for an undesirable “stand-off” distance. For the seabed scenario,
we also derive a fast wideband estimator of the source location
using a single vector sensor.

I. INTRODUCTION

T RADITIONALLY, acoustic fields in fluids have been mea-
sured using pressure sensors. Recently, the idea of using

vectorsensors that measure both pressure and velocity was in-
troduced to the signal processing community in [1] and [2] and
used to solve the passive direction-of-arrival (DOA) estimation
problem [1]–[9]. Much work is currently being done on the de-
velopment of velocity sensors [5], and complete vector sensors
have already been constructed and tested at sea [10], [11].

Previous work, e.g., [2]–[9], has only considered arrays
of acoustic vector sensors in free space; however, there are
numerous important numerous applications in which it is
required to estimate the DOA of an acoustic wave traveling
in a fluid in the presence of reflecting boundaries. Examples
include hull-mounted sonar, in which sensors are located on
a vessel’s hull, providing a great operational advantage over
towed arrays; bottom-tethered sonar, where arrays of sensor
are moored to the ocean floor for long-term surveillance; and
floating sonar arrays, i.e., an array of sensors, each of which is
located just below the surface tethered to a buoy. There are also
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aero-acoustic applications, for example, battlefield surveillance
[12], [13], where reflections from the ground must be taken
into account, and microphone arrays for teleconferencing,
which must operate in an environment with many reflecting
boundaries.

In this paper (see also [14] and [15]), we derive a general
model for the measurements made by a planar array of vector
sensors, each of which measures pressure and all components
of particle velocity at a single point, when it is located at or near
a planar interface with an arbitrary solid or fluid half space. We
obtain an expression for the Cramér–Rao bound (CRB) on the
azimuth and elevation of a single source and use it to calculate
a bound on the mean-square angular error (MSAE) for a large
class of estimators (see [16] and [17]). Using these measures of
optimal performance, we study the advantages of using arrays
of velocity and vector sensors, as opposed to traditional pres-
sure-sensor arrays, for DOA estimation in a variety of practical
applications.

A problem of particular practical significance arises in
hull-mounted sonar. At low frequencies, a vessel’s hull becomes
acoustically flexible or compliant with the result that the
pressure signal on or near the surface is very low, leading
to poor performance [18], [19]. One solution is to mount
pressure sensors such that they “stand off” from the surface
some distance. A large stand-off distance is highly undesirable
because it gives the vessel a large profile, thereby increasing
drag and detectability. However, it can be avoided by using
normal-component velocity sensors mounted on the surface.
Although this solution allows flush-mounted sensors, it cannot,
as we show, outperform an array of pressure sensors at a large
enoughstand-offdistance.Usingan idealpressure-releasemodel
for the hull, we compare the performance of a flush-mounted
velocity sensor array with a stand-off array of pressure sensors
anddeterminetheminimumstand-offdistanceatwhichthearrays
have comparable performance. More generally, employing a
realistic four-layered model of the hull, we show that an
array of complete four-component vector sensors can, when
mounted at a much-reduced distance from the hull, equal
or improve on the performance of a pressure-sensor array,
no matter how large its stand-off distance. We also examine
the high-frequency case, when the surface is acoustically
hard, by using an idealized rigid surface. In this situation, we
quantity the advantage of adding in-plane velocity components
and, using the beampattern, show that their addition resolves
ambiguities caused by spatial undersampling.

We then consider the problem of passive sonar arrays
mounted on the ocean floor by modeling the seabed as an
absorptive liquid layer. We compare full four-component
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vector-sensor arrays with pressure-sensor arrays, mounted both
directly on the bottom and slightly above it, as in a moored de-
ployment, for example. The vector-sensor array’s performance
is shown to be markedly superior and almost isotropic. For this
scenario, we also derive and analyze a fast wideband estimator
for use with a single vector sensor.

In Section II, we derive the measurement model for an array
located near a reflecting boundary. Then, in Section III, we de-
rive general optimal performance results for this model. Sec-
tion IV discusses the hull-mounted sonar problem and Section V
the seabed array. Section VI concludes the paper.

II. M EASUREMENTMODEL

Consider a planewave traveling in a quiescent, isotropic, ho-
mogeneous, infinite fluid half space, bounded by an infinite
planar interface. When the planewave hits the boundary, it pro-
duces a reflected wave traveling back into the fluid and one or
more transmitted waves that continue to propagate past the inter-
face. If the incident planewave is monochromatic, the reflected
planewave is also monochromatic but exhibits a change of am-
plitude and phase. At positionand time , the (complex) pres-
sure field in the fluid, due to the incident and reflected waves,
is given by

(1)

respectively, where is the complex amplitude of the incident
wave, and are the incident and reflected wavenumber vec-
tors, is the angular frequency, and is the (complex) re-
flection coefficient, which specifies the attenuation and phase
change of the reflected wave. Note that the wavenumber vector
points in the direction of propagation of the wave and has mod-
ulus , where is the speed of sound in the fluid. Physical
considerations require that the normal particle velocities on ei-
ther side of the boundary are equal, which implies that the in-
cident and reflected waves travel along the boundary with iden-
tical velocities [20]. This means that the reflected wavenumber
vector is obtained by reflecting the incident wavenumber
vector in the plane of the interface.

The half space that reflects the wave may be solid or fluid,
homogeneous or layered, or even have continuously changing
properties. In fact, in order for (1) to hold, the essential char-
acteristic of the second half-space is that its material properties
are constant on any plane parallel to the interface with the fluid.
Note that this implies that the interface is smooth with respect
to the wavelength of the incident wave so that the reflection is
specular.

For both the incident and reflected waves, pressure is related
to particle velocity by Euler’s equation, which for planewaves
becomes (e.g., [21])

(2)

where is the ambient fluid density. The total field in the
fluid is given by the superposition of the incident and reflected
waves that interfere to form a standing wave pattern. We choose

Fig. 1. Schematic illustration of reflection of incident wave at boundary; the
incident and reflected waves interfere to form a standing wave pattern. A sensor
assumed to lie in thez = 0 plane and its position vectorrrr, along with the
incidence angle
 and bearing vectoruuu of the source, are also shown.

our coordinate system such that the interface coincides with
the plane with the axis pointing into the fluid (see
Fig. 1). The reflected wavenumber vector is then obtained
from by negating the -component. Suppressing the depen-
dence on time, the total pressure and velocity fields in the fluid
at are

(3)

(4)

where , , and are the components of the incident
wavenumber vector .

A. Reflection Coefficient

The reflection coefficient expresses the attenuation and
phase change of the reflected planewave. It is highly dependent
on the nature of both half spaces and is generally a function of
both frequency and incidence angle. It may be expressed as a
function of the boundary’s input impedance, which is defined
as the ratio of the (complex) pressure to the (complex) normal
component of particle velocity at the surface [21]

(5)

where is the component of normal to the boundary. As long
as the surface is flat, of uniform composition over any plane
parallel to the boundary, and of large extent, is the same at
all points on the surface. As may be derived from (3) and (4),
the reflection coefficient is related to by

(6)

where is the impedance of the incident wave,
and is the incidence angle. Equation (6) also appears in the
theory of transmission and propagation of electromagnetic
waves [22].

In general, for a fixed frequency, the dependence ofon
may be quite complex. Fortunately, there are several ideal situ-
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ations of practical interest that simplify the situation consider-
ably.

i) If , then for all incidence angles. Such
a surface is called arigid boundary and occurs at high
frequency in hull-mounted sonar and in room acoustics,
for example.

ii) If , then , which is again indepen-
dent of incidence angle. This surface is called apres-
sure-releaseboundary and (to a first approximation) de-
scribes the reflective properties of a vessel’s hull at low
frequency [18]. It is also a good approximation for un-
derwater sound reflected from the interface with the air
[21, p. 135] and is relevant to a floating or towed array
scenario.

iii) If is independent of incidence angle, is a fairly
simple function of . Such a surface is calledlocally re-
actingand occurs with porous sound-absorbing materials
[13, p. 13] and grass-covered ground surfaces [23].

Somewhat more complex analytic expressions forin terms
of incidence angle are available when the reflecting half-space
is another fluid or a homogeneous or stratified solid [20]. We
will use them for modeling reflection at the ocean floor and as
a second approximation to a vessel’s hull.

B. Array Measurements

Consider an array of sensors mounted on or near the interface
such that each measures the acoustic pressure and/or acoustic
particle velocityin the fluid at its location. We will allow for
their distance from the interface to be zero, i.e., the sensors mea-
sure the fluid velocity at the interface. To do so, we are making
the standard approximations [21] that the effects of fluid vis-
cosity and thermal conduction are negligible and that slip is pos-
sible at the boundary, i.e., the tangential particle velocities on
either side of the interface may be discontinuous. In practice, of
course, sensors mounted on the interface should protrude just
enough to avoid any boundary layer. To develop the model, we
suppose that the array consists of vector sensors, each of which
is formed from a co-located pressure sensor and triad of orthog-
onal velocity sensors. Arrays of pressure sensors, pressure plus
in-plane velocity sensors, and normal-component velocity sen-
sors, all of which we will consider, are just special cases of this
model.

Denote the azimuth and elevation of the far-field source cor-
responding to the incident wave byand , respectively. The
incident wavenumber vector is then

(7)

where is the unit vector pointing toward the source, i.e., the
bearing. Suppose a vector sensor is located in the plane
with coordinates (the boundary lies in the

plane) and oriented such that its velocity sensors measure the
velocity components parallel to the coordinate axes. This may
be achieved by rotation of the data as long as the orientation
of the sensor is known. Then, using (3) and (4), its noise-free

output would be a four-element vector of complex sinusoids
with complex amplitudes

(8)

where , , the velocity mea-
surements are normalized by , and all lengths are in units
of wavelengths. Of course, is the omnidirectional pressure
sensor output, and is the output of the velocity sensor
triad. By our choice of coordinate system, the incidence angle
(see Fig. 1) is just ; therefore, for a given frequency,
is a function of but not . We have expressed this dependence
explicitly above.

The above model has been developed for monochromatic sig-
nals, but it can simply be extended to account for signals of fi-
nite bandwidth, i.e., varying with time. In that case, (8) gives
the complex envelope (phasor representation) of the output of
each sensor. The signal must be such that, for any given
angle of incidence, the reflection coefficient is approximately
constant over the bandwidth. Furthermore, reflections coming
from strata within the reflecting half-space must die away in a
much shorter time than the reciprocal of the bandwidth, which
must also be much longer than the round trip travel time from
the sensor to the boundary and back. The units ofare must
then be in wavelengths corresponding to the center frequency,
i.e., the frequency used for demodulation to obtain the baseband
phasor representation.

Now, suppose we have an array consisting ofvector sen-
sors located on or near the boundary in the plane and
with coordinates given by . Again, we assume
that the orientations of all sensors are known and that the data
from each sensor has been rotated to align it with the coordi-
nate axes. We must also make a narrowband assumption that
the reciprocal of the bandwidth is much smaller than time taken
for the incident waveand its reflection to propagate across the
array. This is slightly more restrictive than the usual free-space
narrowband assumption; for example, it could be violated by an
array that is very far from the boundary, even though the array
itself is very compact. This restriction must be satisfied in ad-
dition to the aforementioned bandwidth limitations. Which of
these considerations actually limits the bandwidth in practice
will depend on the scenario. Stacking the four-element vector
outputs of each vector sensor into a -element vector gives
the measurement model

(9)

for , where is the unknown DOA,
and is noise. By ensuring that all sensors lie in the same
plane, we can express the steering vector as the Kronecker
product of the usual steering vector for a pressure-sensor array
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in free space and a vector that incorporates the directional sen-
sitivity of each component and the effect of the boundary. From
(8), it follows that

(10)

where

(11)

(12)

where indicates the element-wise product.
The vector is the steering vector of a free-space pres-

sure sensor array and depends only on thecoordinates of
the sensors’ locations and not in any way on the closeness or
nature of the boundary. It is mainly affected by the relationship
between the azimuth of the incoming wave and the sensor loca-
tions; the effect of the elevation is identical for each term and is
not complex. This vector effectively encodes the phase delay in-
formation resulting from the propagation delays between phys-
ically separated sensors. On the other hand, depends only
on the distance and nature of the boundary and not at all on the
relative locations of the sensors. It is strongly affected by how
the reflective properties of the boundary vary with elevation (in-
cidence angle) but also encodes the velocity field information
in the relative magnitudes of its components. Note that the as-
sumption that all sensors lie in the plane is not inherently neces-
sary; however, it does allow the steering vector to be expressed
as a Kronecker product (10). This, in turn, will simplify many
expressions in the subsequent analysis and allow us to gain a
greater insight into the problem.

1) Statistical Assumptions:We assume that both and
are independent identically distributed (i.i.d.) complex cir-

cular Gaussian processes with zero-mean and thatand
are independent for alland . These processes are completely
characterized by their covariances

E (13)

E (14)

where the superscript represents conjugate transposition,
and are the signal and noise powers, respectively, is the

th-order identity matrix, and is the Kronecker delta func-
tion. There are four real unknowns: the two element DOA vector
of interest and the signal and noise powers and , which
are nuisance parameters. The assumed structure of the noise co-
variance is consistent with electronic sensor noise. Note that we
have assumed the same noise power at pressure and velocity
sensors for simplicity of exposition; however, incorporation of
different noise powers for the different types of sensor is quite
straightforward [1]–[3].

When ambient noise is the dominant noise source, noise
powers at the different types of sensor will generally differ. For
example, in spatially isotropic noise in free space, the noise
power at each velocity sensor is one third of that at the pressure
sensor, and it is uncorrelated between co-located sensors [24].
The lower velocity sensor noise power would mean that adding

velocity components provides even greater improvement than
the results here indicate. When there is water flow past the sen-
sors, which is the case if the vessel is moving in hull-mounted
sonar, the different sensor types are also differently affected.
For example, in one experiment, it was shown that if the flow
was fast enough to become turbulent on the surface of the
sensor packaging, then velocity sensors were more adversely
affected than pressure sensors [25]. However, [26] showed that
encasing the sensors in elastomer, which was not done in [25],
can significantly reduce flow noise.

III. OPTIMUM PERFORMANCE

The Cramér-Rao bound (CRB) is a lower bound on the vari-
ance of all unbiased estimators of a set of parameters and is
achieved asymptotically by the maximum likelihood estimator
under mild regularity conditions [27]. Using the results of [2],
we derive an expression for the CRB on azimuth and elevation
when there is a single source.

Theorem III.1: For the measurement model in Section II,
with an arbitrary differentiable, and coordinate frame chosen
such that the centroid of the planar array is at the origin, the
CRB on the directional parameters is given by

CRB (15)

where is the signal to noise ratio (SNR), and is
the number of snapshots. The matricesand are symmetric
with the former given by

(16)

where

(17)

and . The entries
of are

Re

(18)

This result is the same whether is known or unknown. The
CRB’s for arrays consisting of pressure plus in-plane velocity
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sensors, normal velocity sensors only, etc., are obtained by sub-
stituting the appropriate into (15) and (18).

Proof: Our model is a member of the class of
vector-sensor models in [2, Th. 3.1], which presented a
general expression for the CRB on the direction parameters for
members of this class. The derivation is a generalization of that
presented in [4] and is given in [28].

Observe that the matrix depends only on the location of the
sensors and not the nature of the sensors or the boundary—the
vector describing the response of each individual sensor is
not involved. It does so through the terms in (17), which are the
sums of squares and products of projections of the sensors posi-
tion vectors onto directions parallel and perpendicular to
the projection of the bearing vectoronto the plane. There-
fore, they essentially describe the squared array aperture “seen”
by the source in these directions (see [4] for a fuller discussion
of this concept for the free-space scenario). Conversely,does
not depend on the array geometry at all, but it incorporates both
the directional sensitivity of the velocity sensors and the effect
of the boundary through the reflection coefficient. We can there-
fore think of as representing that part of the Fisher information
that is due to the physical aperture, whereasrepresents that
information resulting from the directional sensitivity of the ve-
locity sensors and the presence of the boundary. This separation
of the Fisher information into the sum of a location-dependent
but sensor-independent term and a sensor/boundary-dependent
but location-independent term is analogous to, and a direct result
of, splitting of the steering vector into the Kronecker product
(10) of a phase delay term and a “within sensor” term.

For our particular , we can simplify (18) somewhat. If only
one type of component is used in the array,contains only one
element, and it follows that . When there is more than
one component at each location, as long as both, or neither, of
the in-plane velocity components are present

(19)

and all other terms in (18), , etc., are independent of[28].
Thus, becomes diagonal with

(20)

(21)

and depends only on the elevation and the proximity and reflec-
tive properties of the boundary.

In [16] (see also [17]), a framework is presented for the anal-
ysisoferrors inestimatingvectorsandvectorsystems.Themean-
square angular error (MSAE) is proposed as a useful overall error
measure for the DOA estimation problem, and a bound is derived
on theMSAE(normalizedby thenumberof timesamples,say)
thatholdsasymptotically fora largeclassofestimators. It isgiven
by

MSAE CRB CRB (22)

whichdoesnotdependonsincetheCRBisproportional to
for i.i.d. snapshots. We will examine performance in terms of this
measureaswellastheCRBforthevariousscenariosthatwestudy.

We will simplify our expression further by choosing the con-
straints

(23)

on the array geometry. These constraints, which essentially re-
quire the array to be symmetrical about theand axes, ensure
that the off-diagonal entry of is zero, as can be seen by evalu-
ating in (17). In [4], this was argued to be a strong criterion
for array design as it tends to minimize the CRB for a given
physical array aperture; it also means that knowledge of one of
the arrival angles does not affect the ability to optimally esti-
mate the other. With these constraints

(24)

and therefore, the CRB and, hence, MSAE, become com-
pletely independent of the azimuth, thereby simplifying the
interpretation of results.

IV. HULL–MOUNTED SCENARIO

In this section, we examine the hull-mounted sonar problem.
In Section IV-A, we deal with the high-frequency case in which
the hull behaves like a rigid surface. In Section IV-B, we then
examine the low-frequency case in which the hull approximates
a pressure-release surface. Finally, in Section IV-C, we consider
a more complex layered model for the hull that is appropriate
over a range of frequencies. Note that although a hull-mounted
array will typically be located on the flank of a vessel, i.e., in
a vertical plane, we still define our coordinate system such that
the array lies in the -plane and use the terms azimuth and
elevation as defined by our coordinate system, rather than an
earth referenced system.

A. Rigid Boundary

The rigid boundary condition occurs whenever the reflecting
surface is not acoustically pliable, i.e., it does not move when an
acoustic wave hits it, and is a good approximation to a vessel’s
hull at high frequency. It is also the case in reflection from walls
and other hard surfaces in room acoustics. Mathematically, the
condition is expressed by for all incidence angles. Set-
ting and in (3) and (4), we see that the normal ve-
locity component is zero at such a boundary but that the pressure
and in-plane velocity components are double their values in free
space. In practice, arrays of pressure sensors flush mounted on
the hull are used; therefore, it is of interest to consider whether
the addition of in-plane velocity sensors offers a significant ad-
vantage.

As a result of the pressure doubling, a pressure-sensor array
mounted on a rigid surface is equivalent to a pressure-sensor
array in free space with an SNR four times as large, assuming
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all noise is nonacoustic (clearly, the pressure of ambient noise
will also be doubled). The CRB is given by (15) with ,

, and . Of course, this is the same as the
expression for a pressure-sensor array in free space [3], except
that we have an effective SNR of instead of at
each sensor—an increase of 6 dB.

For an array of sensors flush mounted on the sur-
face, each of which measures the pressure and both
in-plane velocity components, it follows from (12) that

. Thus, the CRB is given by
(15) with the effective SNR , and

(25)

Therefore, the addition of in-plane velocity sensors increases the
effective SNR by because of the greater number of
measurements, and results in the extra additive term, due to
the directional sensitivity of the velocity sensors. Both these fac-
tors act to reduce the CRB. The effective SNR increase is largest
(around 3 dB) near grazing incidence and becomes negligible
near normal incidence. This becomes intuitive when we con-
sider that the signal measured at the velocity sensors is greatest
when the wave is parallel to the surface and zero when it is
normal. Unlike the free-space case [3], the directional matrix

strongly depends on the bearing. This is a result of the de-
pendence of the velocity-vector SNR (the SNR of the sum of the
outputs from the velocity sensors) on the source’s bearing that is
caused by the lack of a third velocity component, which means
each vector sensor’s output power is not rotationally invariant.
The contribution of the directional term is significant whenever
the entries of are on the order of those in. This generally oc-
curs when the array size is not too large; therefore, the greatest
relative improvement in CRB due the use of the extra velocity
components occurs for small array sizes, low SNR’s, or one-di-
mensional (1-D) geometries, as discussed in [3]. For example,
a vector-sensor uniform linear array (ULA) on a rigid surface
is able to determine both azimuth and elevation. Comparison
of (25) and (24) shows that the entry ofcorresponding to az-
imuth is larger relative to the corresponding entry ofthan is the
elevation entry of relative to the elevation entry of. Thus,
in this scenario, adding the velocity sensors improves the ability
to estimate azimuth more than it does elevation. This may again
be attributed to the lack of a normal-component velocity signal
on the rigid surface.

Fig. 2 shows MSAE for the above two arrays with four sen-
sorsat thecornersofasquarewithhalf-wavelength sides.Thisar-
rangement satisfies the condition of Section III, thereby making
the bound a function of incidence angle alone. An SNR of 0 dB
and 100 snapshots are assumed. Note that for all numerical ex-
amples, the SNR is defined as , i.e., the SNR that would
exist at a pressure sensor if the boundary were absent. The dotted
curve is for the pressure-sensor array, and the solid is for the array
of pressure sensors plus in-plane velocity components. The latter
exhibits a 16% reduction inMSAE for sources at normal (i.e.,
0 ) incidence, and the improvement steadily increases to 35% as
the source approaches grazing incidence. Both arrays have poor
optimal performance at large incidence angles because the CRB

Fig. 2. Performance (in terms of
p

MSAE ) of pressure-sensor array on a
rigid surface (dashed) and effect of adding in-plane velocity sensors at each
location (solid).

on elevation (although not azimuth) tends to infinity as the inci-
denceangletendsto90(see[3]foradiscussionofwhatnonfinite-
ness of the CRB means in terms of the performance of actual esti-
mators). Interestingly, CRB would remain finite for a planar
array of full (four-component) vector sensors in free space [3].
Therefore, the lackofanout-of-planevelocitysignalmakesacru-
cial difference to the finiteness of the bound. For a hull-mounted
flankarray,weexpect thatmostsignalsof interestwill come from
withinabout60 ofnormal incidence;atgreaterangles, thesource
is very nearly directly above or directly below the vessel and is
better handled by an array on the top or bottom of the hull. Thus,
the problems associated with large incidence angles do not really
concern us in this scenario. From Fig. 2, we see that unlike the
pressure-sensor curve, the vector-sensor curve is very flat over

. Thus, we conclude that over the operational in-
cidence angles of interest, adding the in-plane velocity compo-
nents to a pressure-sensor array on a rigid surface improves the
optimal performance (in this example by between 16% and 30%)
and makes it more isotropic.

As shown in [3] an additional advantage of a vector-sensor
array is that it does not suffer from ambiguities in an under-
sampled wavefield. In the hull-mounted scenario, we may wish
to use the same array over a wide range of frequencies. It may
not be feasible or desirable to place the sensors so close that
their separation is half a wavelength at the maximum end of the
operating frequency. Indeed, this would lead to considerable
degradation in performance at the lower end of the frequency
band if this band spans many octaves. However, by using the
in-plane velocity components, we can design our array with a
separation corresponding to, say, the middle of the frequency
band, yet not suffer from ambiguities at the upper end. As an ex-
ample, Fig. 3 shows the 3-D normalized beampattern of spatially
undersampled vector-sensor and pressure-sensor arrays. The
sensors are arranged on a regular grid with 1.5 wavelengths
between adjacent sensors, and there is a single 0 dB source at an
azimuth of 45 and an incidence angle of 55.5. In the figure,
the beampattern is plotted against azimuth, and elevation is then



HAWKES AND NEHORAI: ACOUSTIC VECTOR-SENSOR PROCESSING 2987

Fig. 3. Beampattern of3� 3 regular spatially undersampled (1.5 wavelength
spacing) pressure-sensor and vector-sensor arrays (pressure and in-plane
velocity components only) on a rigid surface. There is a single 0 dB source at
[45 , 55.5 ].

projected onto the azimuthal axis. It can be clearly seen that the
pressure-sensor array’s beampattern exhibits two indistinguish-
able global maxima leading to ambiguity, as well as several high
secondary peaks, which can cause wide angle errors when only
a finite number of samples are available. In the vector-sensor
array’s beampattern, however, the ambiguous grating lobe is
reduced by about 6 dB relative to the mainlobe; the background
level (not shown) is also 6 dB lower. Furthermore, the other
secondary peaks are suppressed relative to the pressure-sensor
plot, reducing the chances of wide angle errors. The amount by
which they are reduced depends of their position relative to the
mainlobe; in general, the further they are from the mainlobe,
the greater the suppression. Naturally, since there is no normal
velocity component, the array’s ability to resolve ambiguities,
i.e., to suppress grating lobes, is not as great as in the free-space
scenario [3]. It is also clear that the achievable suppression, i.e.,
decibel reduction,mayvaryconsiderablywith the locationsof the
source and grating lobes since , which may be thought of as
the effective combined SNR at each sensor, varies with incidence
angle. Again, this is in contrast to the free space situation.

Finally, by adding the in-plane velocity sensors, we can ob-
tain a rapid wideband estimate of the azimuth, even with a single
vector sensor, based on estimation of the horizontal component
of acoustic intensity. In Section V-A, we develop such an es-
timator for an ocean bottom-mounted array; however, the de-
velopment is equally applicable to the present case. Note, how-
ever, that unlike the seabed scenario considered in Section V-A,
the lack of a normal velocity component on a rigid surface pre-
cludes development of a rapid wideband estimate of elevation.
Nevertheless, the rapid azimuthal estimate would be very useful
for reducing the search dimension to 1-D and/or providing ini-
tial estimates for a high-resolution estimator, such as maximum
likelihood, that requires numerical optimization.

B. Pressure-Release Boundary

The pressure-release boundary condition occurs whenever
the surface is highly acoustically pliable, i.e., it offers no

resistance to motion when an acoustic wave hits it. In this case,
for all incidence angles; thus, from (3) and (4), we see

that the pressure and in-plane velocity components are zero; this
is the origin of the low signal problem encountered when using
hull-mounted pressure sensors at low frequency. However, the
normal velocity component is doubled at the surface, and thus,
an array of normal-component velocity sensors can be mounted
on the surface. To find the CRB, we use in the
formulae of Section III, with . Therefore, in terms of
CRB, the array is equivalent to a pressure-sensor array in free
space with a directionally dependent SNR of . As we
might expect, the SNR tends to zero, and thus, the CRB goes
to infinity, as the wave approaches grazing incidence, since
the sensors then make no measurement. There is no geometry
independent term , in spite of the directional sensitivity of the
velocity sensors, because there is no other component against
which to reference the magnitude and phase of the normal
velocity measurements. This emphasizes that the advantages
of vector sensors for direction finding discussed in [3] are due
to the use of sensing elements that measure diverse physical
quantities rather than just the use of sensors with a directionally
dependent response.

As discussed in Section II, the incident and reflected waves
interfere to from a standing wave pattern. As we move away
from the boundary, the pressure and in-plane velocities increase
while the normal velocity decreases. In fact, from (12), we note
that the pressure and in-plane velocities are proportional to

, whereas the normal velocity is proportional to .
Thus, the pressure and in-plane velocities are double their free-
space values, and the normal velocity is zero when

for any positive integer . For a wave that is normally inci-
dent on the surface, this first occurs at a distance of a quarter
wavelength from the boundary. For a wave of arbitrary inci-
dence, this situation first occurs when , i.e.,
the greater the incidence angle, the further from the boundary
pressure-doubling occurs. Clearly, one solution to the low pres-
sure-signal problem is to mount an array of pressure sensors
at a “stand-off” distance from the boundary. However, the
“stand-off” array solution is undesirable because it increases the
vessel’s profile and, hence, drag and sonar visibility. Further-
more, the longer the wavelength, the larger the stand-off dis-
tance required, and it is at low frequency that the pressure-re-
lease model is appropriate. Therefore, a question of consider-
able practical interest is to determine the minimum stand-off dis-
tance required of a pressure-sensor array in order for it to have
comparable performance to a hull-mounted array of normal ve-
locity sensors.

1) Critical Distance: To find the CRB for the stand-off array
of pressure sensors, we set and in
our derived expressions. Thus, its CRB is equivalent to a free-
space pressure-sensor array with a directionally dependent SNR
of . Comparing this with the CRB of an identical
hull-mounted normal-component velocity sensor array, we see
that they merely differ in their effective SNRs. In addition, since
the CRBs of both arrays are monotonic decreasing functions
of their SNRs, they have identical performance if and only if

. We therefore define the critical stand-off
distance as the smallest value offor which the CRB’s are
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Fig. 4. Critical distance (in wavelengths) for a pressure release boundary at
which a stand-off array of pressure sensors and a surface mounted array of
normal-component velocity sensors have the same performance. The relative
performance, i.e., ratio of

p
MSAE (pressure over velocity), form� = 9, is

also shown.

equal. It is a function of elevation alone given by

(26)

and is plotted (versus incidence angle ) in the
upper portion of Fig. 4. Note that the stand-off pressure-sensor
array performs better in the region above the line and the sur-
face-mounted velocity-sensor array in the region below. Re-
markably, is completely independent of the array size, ge-
ometry, and signal and noise powers; therefore, this is a result
of considerable generality. Whenis a quarter wavelength, the
stand-off array has a lower CRB for all incidence angles except
zero (normal incidence), where they are equal. As the stand-off
distance decreases, the hull-mounted array does better close to
normal incidence and for wavelengths, it is better
at all incidence angles. The performance of both arrays is poor
when the incident wave is very far from normal (see Fig. 5),
but as discussed in Section IV-A, the most useful range for a
hull-mounted array is up to about 60of incidence. As can be
seen from Fig. 4, the hull-mounted array does better over most
of this range if the pressure-sensor array’s stand-off distance is
reduced much below a quarter wavelength. For example, even
with wavelengths (equivalent to 3 m at 100 Hz), the
hull-mounted array is better for all incidence angles less than
about 25.

The lower plot in Fig. 4 shows the relative performance of
the two arrays, which is defined as the ratio of the square root
of the MSAE for the pressure-sensor array to that of the flush-
mounted velocity sensor array, against both incidence angle and
the stand-off distance of the pressure sensor array. The rela-
tive performance is actually (very mildly) dependent on,
the product of the number of sensors and the SNR; the curve
is shown for . The velocity-sensor array has the lower
MSAE and, hence, the better optimal performance when the
curve is above the unit plane. The critical distance is the locus

Fig. 5.
p

MSAE versus incidence angle for various four-element arrays at
a pressure-release surface. The sensors lie a regular grid with half wavelength
spacing; a 0-dB source and 100 snapshots are used. The solid line is the pressure
array atd = 0:25, the dash-dotted line is a flush-mounted normal-component
velocity array, the dotted line is a pressure array atd = 0:18, and the dashed
line is a vector-sensor array atd = 0:14.

of the intersection of the surface with the unit plane and, as
noted above, does not depend onor . The flush-mounted
velocity-sensor array improves performance by up to 20% over
a large range of incidence angles if the stand-off distance of
the pressure-sensor array is reduced to much less than a quarter
wavelength.

Fig. 5 gives a numerical comparison of the four-element
square arrays with half wavelength spacing. The arrays have
similar performance when the pressure-sensor array is at

wavelengths; however, it becomes unacceptable
for . Therefore, in most of the useful region, the
surface-mounted array is to be preferred. This confirms that
if a stand-off distance of less than about 0.2 is required, the
hull-mounted velocity sensor array provides a better solution.
Fig. 5 also shows the performance of a full four-component
vector-sensor array at a distance of wavelengths. It
is similar to, but slightly better than, that of a pressure-sensor
array at . Thus, by using vector sensors, we can
outperform the hull-mounted array with a smaller stand-off
distance.

C. Layered-Hull Model

In this section, we use a realistic layered model for the hull.
Here, all three components of acoustic particle velocity and the
acoustic pressure are generally nonzero at the surface; therefore,
we consider a flush-mounted array of full vector sensors and
compare it with a similar array of pressure sensors. We model
the hull as an air-backed steel plate with an absorptive, com-
pliant coating or baffle. The coating, which is on the outside of
the hull, serves the practical purpose of reducing noise levels
at the sensors resulting from internal acoustic sources, rotating
machinery, etc. The sensors themselves are flush-mounted on
the exterior of the coating. References [29]–[31] discuss the de-
sign of velocity sensors for use on compliant baffles for hull-
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Fig. 6. Top: Real versus imaginary components ofR for layered hull at 1 kHz.
Incidence angles (in degrees) of particular interest are indicated.

mounted arrays, and [32] presents experimental results using an
array of velocity sensors mounted on such a steel backed coating
at a U.S. Naval lake-test facility.

We use typical values for the hull and coating parameters
as follows: The steel hull is taken to be 2 in thick, with den-
sity 7900 Kg/m, a longitudinal wave velocity of 5710 m/s, and
shear wave velocity of 3160 m/s. We ignore absorption in the
steel. The compliant coating has a thickness of 4 in and density

Kg/m . It is assumed to have a Young’s modulus of
psi—the complex value accounts for ab-

sorption in the material—and Poisson’s ratio . From
these, the (complex) speeds of longitudinal and shear waves in
the coating may be determined from

(27)

(28)

respectively; see [33].
In order to calculate the CRB, we require the reflection coef-

ficient and its derivative as functions of incidence angle. For this
model, the expressions are very complex. We use the method of
calculation presented in [20] to determineand extend this pro-
cedure to determine , which is also needed in the calcu-
lations. The details are contained in [28]. The upper plot in Fig. 6
shows as it changes with incidence angle at 1 kHz. It has an
absolute value of about 0.6 at normal incidence and tends to1
as the wave tends to grazing incidence. It changes very rapidly,
and by quite a large amount, between 25and 27 , reaching

0.9 near 26 of incidence. This is due to the fact that the shear
wave in the steel reaches its point of total internal reflection and
becomes a surface wave in this region. A much smaller rapid
change in also occurs around 15when the longitudinal wave
in the steel becomes a surface wave, but it is barely perceptible.
Note that has a fairly small imaginary part relative to its real
part. In the present scenario,is also dependent on frequency;

Fig. 7.
p

MSAE versus incidence angle for various four-element arrays at
layered hull. The sensors lie a regular grid with half wavelength spacing; a
0-dB, 1-kHz source and 100 snapshots are used. The solid and dashed lines
are flush-mounted vector-sensor and pressure-sensor arrays, respectively. The
dotted and dash-dotted lines are vector-sensor and pressure-sensor arrays at
d = 0:25.

however, at all frequencies we investigated,starts somewhere
in the left half of the plane and tends to1 as the wave tends to
grazing.

Fig. 7 compares MSAE for flush-mounted and stand-off
vector-sensor and pressure-sensor arrays. The array shape is
again four sensors at the corners of a square with half-wave-
length sides, and is calculated at 1 kHz. The flush-mounted
pressure-sensor array (FPA) performs very poorly because all
incidence angles and, hence, the pressure signal at the
boundary are quite small. The performance is particularly poor
around and near grazing incidence becauseap-
proaches 1 in these regions, and thus, the surface almost be-
comes pressure release. The others arrays exhibit no dramatic
drop in performance (and even a slight improvement) at
for the following reasons.

i) Flush-mounted vector-sensor array (FVA): The increase
in normal component signal outweighs the drop in pres-
sure and in-plane velocity signals, which are relatively
small anyway.

ii) Stand-off pressure-sensor array (SPA): The pressure
signal becomes quite large.

iii) Stand-off vector-sensor array (SVA): The pressure and
in-plane signals become bigger and outweigh the drop in
normal velocity signal, which is relatively small anyway.

The small but abrupt change inaround causes a 20%
improvement in both vector-sensor array bounds (just visible)
but has very little effect on the pressure-sensor arrays. The SPA
has about the same performance as the FVA, except for larger
incidence angles, where it does worse. Thus, by using vector
sensors, a flush-mounted deployment can be used with no loss
in performance. The SVA, however, does improve somewhat
on the FVA, particularly at large incidence, but the increase in
performance is probably outweighed by the need to keep the
vessel’s profile to a minimum. Note that the stand-off distance
of 0.25 wavelengths corresponds to 0.75 m at 1 kHz.
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Fig. 8.
p

MSAE versus incidence angle for various four-element arrays near
the seabed arranged as a regular grid with half wavelength spacing with a 0-dB
source and 100 snapshots. The absorption coefficient� = 0:1. The solid and
dashed lines are vector-sensor and pressure-sensor arrays, respectively, at the
surface. The dash-dotted and dotted lines are the same arrays atd = 0:25.

V. SEABED

Passive listening arrays mounted on the seabed have impor-
tant military and civilian applications [34]. There are numerous
ways in which sensors can be bottom mounted: in ballasted
trawl-resistant casings dropped from the surface, tethered to a
frame, positioned by a diver or underwater vehicle, etc. [35].
Depending on which design is chosen, it is possible to have the
sensors lying essentially at the boundary or at some known dis-
tance above it.

The interface between sea water and the packed sandy ocean
bottom can be approximately modeled as the boundary between
two fluids, one of which is absorptive [20], [36]. The reflection
coefficient is given by

(29)

where is the ratio of sand density to water density, and
is the index of refraction. The presence of absorption is ac-
counted for by assuming that the index of refraction is com-
plex, i.e., , with . We use the typical
values [20, p. 11]. Fig. 8 com-
pares vector-sensor and pressure-sensor arrays mounted at or
near the seabed. It can be seen that the vector-sensor array per-
forms better than the pressure-sensor array and has a virtually
isotropic performance over almost the whole range of incidence
angles. The improvement in performance is particularly notice-
able when the array is mounted a quarter wavelength from the
boundary when the pressure-sensor array’s performance is con-
siderably poorer and highly dependent on the incidence angle.

A. Fast Wideband Estimator

We now present a fast wideband localization algorithm for
use with a single vector sensor located on the seabed. Acoustic
intensity is a vector quantity defined as the product of pressure
and velocity. Since the and components of the wavenumber

vector of an incident wave are unaltered on reflection, the hor-
izontal component of the acoustic intensity vector is parallel
to the projection of the incident (and reflected) wavenumber
vector. Furthermore, since the incident wavenumber vector de-
fines the direction to the source, we can use an estimate of the
horizontal acoustic intensity to determine the azimuth. Note that
[2] used this technique to derive an estimator for the full bearing
vector using a vector sensor in free space; however, it cannot be
used to find the elevation when the boundary is present.

The horizontal component of acoustic intensity measured by
a single vector sensor located a distancefrom a reflecting
boundary is

(30)

Thus, as long as the noise at the various sensors is mutually
uncorrelated

E (31)

Since this is purely real, we let Re , and
by the strong law of large numbers, E . Thus, we
can estimate azimuth from

(32)

With appropriate modification, we can apply the analysis of [2,
App. B] to this azimuthal estimator to show that its asymptotic
MSAE is

E (33)

where is the SNR. Note that this estimator does
not require a normal velocity sensor or knowledge of the re-
flection properties of the boundary (or even the distance to the
boundary).

In contrast, to obtain an estimate of the elevation, we require
a normal velocity sensor, and we need to know the reflection
characteristics of (and distance to) the ocean bottom. The ver-
tical component of acoustic intensity has
expected value

E (34)

Using (31), we note that

E
E

(35)

The quantity on the right-hand side,say, is a function of
alone, which we estimate from the statistic

Re

(36)
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It then remains to solve

(37)

for .
In general, (37) must be solved using a 1-D numerical

search. However, if the sensor lies at the interface, i.e., ,
the right-hand side of (37) becomes . For the
seabed scenario, we can then solve (37) analytically. Using
(29), we have

(38)

and hence, we obtain a rapid wideband estimate for the elevation
using

Re (39)

The real value of the inverse cosine is taken to deal with (rare)
cases in which the argument is larger than one, in which case,

. We determined by numerical simulation that taking ab-
solute values before the inverse cosine gave slightly greater ac-
curacy than taking real values or applying the inverse cosine
to a complex number, particularly for large. Note that the
bandwidth is limited only by the frequency range over which
the input impedance , or equivalently , is approximately
constant. Since is independent of frequency in (29), it is re-
stricted only by the range of frequencies over which the fluid-
fluid model is valid for reflection from the seabed.

Fig. 9 shows the performance of this estimator as a function
of incidence angle. From Fig. 9, we see that our estimator is not
far from the optimal bound over quite a large range of source lo-
cations and approaches it at normal incidence (0). After about

, however, the estimator’s performance falls off very rapidly,
whereas the bound actually becomes smaller. This is mainly
due to rapid deterioration of the elevation estimate, as indicated
by the fact that its empirical standard deviation closely tracks
the empirical MSAE. Further investigations reveal thatis a
very good estimator of below 55 but becomes highly biased
at larger incidence angles. Increasing the number of snapshots
does not seem to solve the problem; therefore,appears to be
an inconsistent estimate ofat large incidence angles, thereby
resulting in the poor performance. Despite this, the estimator is
very effective over a large range of input angles and would cer-
tainly be very effective at, for example, locating surface vessels
since the incidence angle is very unlikely to be more than 55.
Note that because of the symmetry of the problem, the perfor-
mance is independent of azimuth.

VI. CONCLUSION

We have developed a general model for the measurements
made by a vector-sensor array located at or near an arbitrary
plane reflecting boundary and derived an expression for the

Fig. 9. Comparison of empirical
p

MSAE of the fast wideband estimator
(solid) with the bound

p
MSAE (dashed) for a 3-dB source with 200

snapshots and absorption coefficient� = 0:1 The empirical standard error of
the elevation estimate (dotted) is also shown. For each incidence angle, 500
realizations were used.

Cramér-Rao bound and, hence, a bound on mean-square an-
gular error of a single source. The hull-mounted and seabed ap-
plications were considered in detail. For the hull-mounted ap-
plication, the special cases of rigid (high-frequency) and pres-
sure-release (low-frequency) boundaries were studied in detail,
as well as a more complex, realistic layered model for the hull.
At the rigid surface, the use of in-plane and velocity compo-
nents improved performance over a pressure-sensor array, par-
ticularly for angles far from incidence. Using the beampatterns,
we also showed that the addition of the in-plane components
resolved ambiguities caused by spatial undersampling. For the
pressure-release surface, we showed that normal-component ve-
locity sensors could be used to overcome the low-pressure signal
problem at such a surface; this was a matter of considerable of
practical interest in low-frequency hull-mounted sonar. In this
case, a comparison was made between a surface-mounted array
of velocity sensors and a stand-off array of pressure-sensors.
The critical distance at which the arrays have the same per-
formance was introduced, and a simple expression depending
solely on the incidence angle was derived. Although the pres-
sure-sensor array performed better at a quarter wavelength, the
surface-mounted array was to be favored if the stand-off dis-
tance dropped much below 0.2 wavelengths. Furthermore, the
use of vector sensors allowed a much smaller stand-off dis-
tance than 0.25 while maintaining the performance advantage.
By using the realistic layered model, we showed that, gener-
ally, using a flush-mounted array of full four-component vector
sensors, it is possible to outperform a stand-off pressure sensor
array at any stand-off distance.

For the seabed application, we modeled the ocean floor using
an absorptive liquid layer. We quantified the potential improve-
ment of using vector sensors over traditional pressure sensors
when mounted directly on the bottom and when mounted
slightly above, as in a moored deployment. We showed that the
vector-sensor array fared considerably better, particularly in the
moored deployment, and had an almost isotropic performance.
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For this scenario, we also derived and analyzed a fast wideband
estimator for use with an even single vector sensor.

Future work for the hull-mounted scenario could incorporate
the problems associated with nonacoustic vibrations of the sur-
face, e.g., from machinery noise, as well as consider curved
boundaries. For the seabed, more complex models of the bottom
and near-field sources could be incorporated, as well as propa-
gation models in littoral regions.
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