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Acoustic Vector-Sensor Beamforming
and Capon Direction Estimation

Malcolm Hawkes,Student Member, IEEEand Arye NehoraifFellow, IEEE

Abstract—We examine the improvement attained by using sensors can only utilize the directional information present in
acousticvector sensorgor direction-of-arrival (DOA) estimation, the propagation de|ays between sensors, each vector sensor
instead of traditional pressure sensors, via optimal performance o exiract further directional information directly from the

bounds and particular estimators. By examining the Cranér—Rao S . . . . .
bound in thg case of a single Soﬁrce we sghow that a vector-Structure of the velocity field. This directional information

sensor array’s smaller estimation error is a result of two distinct Permits, for example, a single vector-sensor to identify up
phenomena: 1) an effective increase in signal-to-noise ratio due to two sources [5]. By making use of this extra information,

to a greaterd nlzjmzt_ar of measurements C;f %hasgocf@yfs betweengrrays of vector sensors are able to improve source localization
sensors and 2) direct measurement of the information . jracy without increasing array aperture.

contained in the structure of the velocity field due to the vector . . .
sensors’ directional sensitivity. Separate analysis of these two BOth theoretical and practical work has been published on

phenomena allows us to determine the array size, array shape, the topic of acoustic vector sensors. A model for acoustic
and SNR conditions under which the use of a vector-sensor vector sensors, a general expression for the @rafRao bound
array is most advantageous and to quantify that advantage. (CRB), and a simple DOA estimation algorithm for a single

By extending the beamforming and Capon direction estimators ; ; . i ;
to vector sensors, we find that the vector sensors’ directional sensor were introduced in [1] and [2], preliminary theoretical

sensitivity removes all bearing ambiguities. In particular, even perf_o_rmance analyses appear in [1], [2_]: [6], and [7]. In
simple structures such as linear arrays can determine both addition, ESPRIT and Root-MUSIC algorithms have recently

azimuth and elevation, and spatially undersampled regularly been applied to arrays of velocity-sensor triads [8]-[10].
;Z?fg?g] :;L?SLrg?gyebsea(ranngfelogsgr(t)iilrg;?:r?se tzpﬁ:éuﬁgez?]d’sgj;‘r‘;e'Meanwhile, acoustic vector sensors have been constructed [11]
error matrices of the estimators are derived and their validity is and linear arrays of them built and subjected to sea trials, [4],
assessed by Monte Carlo simulation. [12]-{14].

In this paper (see also [6] and [7]), we investigate and
guantify the factors that lead to the improved DOA estimation
performance of a vector-sensor array over a pressure-sensor

HE PASSIVE direction-of-arrival (DOA) estimation array. By examining optimum performance (via the CRB)

problem, in which the bearings of a number of fary getail for a single source, we are able to discern two
field acoustic sources are determined, is of great importanggtinct factors: 1) an effective increase in SNR due to extra
in many underwater applications. The traditional solution i$,easurements of the phase delays between noncoincident
to use a spatially distributed array of pressure sensors, ahsors and 2) a further reduction in the bound due to direct
many estimation techniques have evolved for this scenario. Asasurement of the structure of the velocity field by each
demand for smaller arrays that perform better at a lower signg@kctor sensor. Separate consideration of the two phenomena
to-noise ratio (SNR) has increased, the idea of measuriggoys that the increase in estimation accuracy obtained by
particle velocity, as well as pressure, has arisen [1], [2]. Thiging vector sensors is greatest for linear or planar arrays

has coincided with a surge of interest in particle velocity opposed to three-dimensional (3-D) geometries], small
sensors and improvements in fabrication techniques [3] Ombers of sensors. and low SNR’S.

make vector-sensor arrays a practical reality [4].

I. INTRODUCTION

i , We then consider the conventional beamforming and Capon
An acoustic vector sensor measures the acogs'uc pres. ?ﬁ (which is also known as minimum-variance distortionless

and a!l three _components of the acoustic particle veloci ¥sponse beamforming) direction estimators. We showetiat

at a single point in space. Thus, whereas standard pressjiEior_sensor array and, hence, the popular linear array can be
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improve estimation performance. We also derive large sampltee velocity measurements by multiplying bypoc, which is

approximations to the mean-square error of both estimators &msumed to be known.

the vector-sensor array. These approximations are validatedhe output of an array, with vector sensors located at

with Monte Carlo simulations. 1, ---, Tm, IS @ Singledm vector obtained by stacking the
In Section Il, we state the mathematical model for the mea: four-element measurement vectors. It may be written using

surements of a vector-sensor array. In Section Ill, we analytee array processing equation

the CRB for a single source in some depth. In Section IV, we

consider the beamforming and Capon estimators and derive y(t) = AO)p(t) +e(?) (3)

the large sample_ MSE approximations. In Section V, Where A(0) = [a(6,), -+, a(6,,)], and p(¢) contains then
give some numerical examples and conclude the papergyrce signals. The difference between (3) and the usual

Section V. omnidirectional sensor model is in the steering veei@ ),
which is the array’s response to a unit amplitude planewave

II. MEASUREMENT MODEL from direction@,. It follows from (2) thata(6}) is given by

We considem narrowband planewaves, with common cerf® Kronecker product
ter frequencyw, traveling in an isotropic, quiescent, ho- a(01) = ap (i) @ () (4)
mogeneous fluid medium and impinging on an arraynof
acoustic vector sensors (see [2] for details). Each planewaviere
is parameterized by its azimutp € (0, 2x] and elevation 0.) =[2G Tw) . gl )T 5
¢ € [-n/2, n/2], and the problem is to determine the DOA ap(Ok) =[c e ¢ ] ®)
parameter vectod = [67, - .-, %17, where@;, = [¢x, v1]” R(0r) =[1, w;] (6)

is the DOA of thekth source. andry, ---, r,, are in units of wavelengths. Note that(6;,)

is the steering vector of an equivalent pressure sensor array,
A. Array Output i.e., an array with a single pressure sensor at each location
Acoustic pressure and particle velocity are related by Euler's, - - -, r,,,, whereash(6;) is the response of a single vector

equation [16], which is sensor located at the origin. The vectgs(6;.) contains the

phase delay information between noncoincident sensors and

p(r, t) u (1) depends only on the sensor locations. On the other hand,

poc h(@;) accounts for the directional response of each compo-

for a planewave, wherev(r, t) and p(r,t) denote the nent—omnidirectional for the pressure sensor and cosine for

(vector) acoustic particle velocity and (scalar) acoustif€ velocity sensors—and isdependenf the position of
pressure at positionr and time ¢, po is the ambient each sensor. It therefore conveys the DOA information present

pressure,c is the speed of sound in the medium anih the structure of the velocity field. It is the assumption
u = [cos ¢ cos, sin ¢ cos ¢, sin |7 is the source’s that all vector sensors have a common alignment with the

bearing vector (i.e., the unit length vector pointing frongoordinate axes (by a rotation of _the data) that p_ermits the

the origin toward the source). abpvg Kronecker product expression for the sfceerlr_lg veptor.
Practical acoustic vector sensors consist of a co-locat&iS: in turn, will allow us to obtain CRB expressions in which

pressure sensor (hydrophone) and triad of orthogonal velod'iﬁ‘? d_l_stl_nct effects of sensor location and inherent directional

sensors (geophones) [4] and [11]. We assume that the outﬁ%’f‘s't'v'ty may be separately_analyzed_. Note that th_e usual

of each geophone is proportional to the cosine of the andlEESsure-sensor array model is a special case of this model

betweenu and one of the coordinate axes. This assumptiéiptained by settingi(6;) = 1.

requires that 1) the geophones have a cosine response and

2) each of them vector sensors in the array has a knowR- Statistical Assumptions

orientation and that this orientation is used to rotate the datawe assume that both the sign#k) and the noise(t) are

to align them with the coordinate axes. independent identically distributed (i.i.d.), zero-mean, complex
Using complex-envelope (phasor) representation, it followsaussian processes. In addition, we assumepittaainde(s)

from (1) that the output of a vector sensor, which is locategte independent for alk and t. These two processes are

v(r, t) = —

atr, is a four-element complex vector completely characterized by their covariance matrices
¢ (1] ¢ E{pt)p"(t)} =P 7
[Zpgtﬂ - Z |:’U'k:|e “p(t) + [Z)Etﬂ ) ) o2 0 )
’ k=1 E{e®)e () =1, ® [ r } (8)
) ' 0 0',3_[3

wherey,(¢) andy,(¢t) are the outputs of the pressure sensor
and velocity sensors, respectivepy,(t) is the pressure com- where the superscrip! represents conjugate transposition,
plex envelope of théth wave at the origin, anel,(¢) ande,,(t) o—g and o2 are the pressure-sensor and velocity-sensor noise
represent noise. The variabigis the differential time delay of variances, respectively, and,, is the mth-order identity

the kth wave between the origin and the sensor and is givematrix. The assumed structure of the noise covariance is
by 7. = —(rTus)/c. Note that in (2), we have normalizedconsistent with internal sensor noise. We allow the noise power
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to differ between pressure and velocity sensors to acco@®RBy (8) is independent of whethe»r?p, o2, and P are known
for their different construction and the latter's directionabr not and is just the inverse of the appropriate principal
sensitivity. With these assumptions, the data is also an i.i.dybmatrix of the FIM.
zero-mean, complex Gaussian process with covariance matrixxhe vector-sensor expression differs from the pressure-
o2 0 sensor expression in two ways: It contains extra factors of
R=AQ)PA"(O) + 1, ® { P ) } (9) (1 + 1/n) and an extra additive ternd, both of which
0 oul3 reduce CRB (#) relative to CRB-(#). The former represents
The unknowns are then DOA parameterd, the signal an effective increase in SNR due to the greater number of
covariance P, and the noise variances? and «2. Thus, Measurements made by the vector-sensor array, whereas the
’ : latter results from direct measurement of the DOA information
N contained in the structure of the velocity field by each vector
where P is a vector containing:? free real parameters of sensor’s inherent directional sensitivity.

the unknown parameter vector ig = [§7, P7, o, oo]”,

the Hermitian matrix?, giving a total ofn? 4+ 2n + 2 real It may at first seem unfair to compare the vector-sensor array
unknowns. and pressure-sensor array because the former makes four times
as many measurements as the latter. It may seem that a fairer

. OPTIMUM PERFORMANCE comparison would be “equal aperture, equal measurements,”

In this section, we analyze the CRB on the DOA paramete'rg" an array ofdm pressure sensors occupying the same

. . . aperture as an array afi vector sensors, and indeed, such
in the case of a single source. By comparing the bound for ! . : : :

: e a_comparison is made numerically in Section V. However,

vector-sensor array with that for a traditional pressure-sensor . : . :

in a practical system, a considerable portion of the cost is

array, we quantify two distinct factors that contribute to the . ; .
Y, q fy lated to the construction, deployment, and location cali-

former’s improved performance: an effective increase in S . ; .
. ration of sensor packages. Since these arrays contain the
due to a greater number of measurements of the intersensor T
. . Same number of sensor packages, they have similar costs
phase delays and direct measurement of the DOA information ) o : .
these areas; therefore, it is not at all obvious that this

contained in the structure of the velocity field by virtue o ; . ) . :
) - o comparison is any fairer. Furthermore, the detailed analytical
the vector sensors’ inherent directional sensitivity. We then . . : .
; L . comparison that we are able to provide here is facilitated
determine conditions under which the use of vector sensors’Is . . , .
y the relationship between the two arrays’ steering vectors
most advantageous. 4). This relationship would be lost in an equal aperture
Theorem 3.1 of [2] gives a compact matrix expression fcgr ' P d b '

. . equal measurements comparison, reducing us to numerical
the CRB on the DOA parametefswith an acoustic vector- q . : P 9
. L ) comparisons of particular array structures that would not reveal
sensor array. This result only requires inversion @hax 2n

. . . he more general conclusions we obtain.
matrix, wheren is the number of sources, instead of the fuﬁ 9

Fisher information matrix (FIM). Using this theorem, the CRB
on azimuth and elevation, in the case of a single source, is (;@eSNR Increase

[17] or [18] for the derivation) , }
Denote by CRByr(#) the vector-sensor bound ignoring

CRBp(6) = o m_<1 + _)J—l (10) the directional sensitivity, i.e., expression (11) wih = 0.
p mp Then, from (10) and (11), the difference between GREB
_ 11 14 1 UK (1) and CRBng(#) is simply an increase in SNR from to
2N mppr mppr ) ppsr- By ignoring K, we are using only the phase delay
information between sensors; the increase in SNR is due to

where (10) is the pressure-sensor and (11) the vector-Sengar, o 1o, sensor array’s extra measurements oféme set

; B 5
expressionp = P/oy is the SNR at each pressure SENSOf¢ phase delays made by the pressure-sensor array. The factor

pr = (1+1/n) is the effective increase in SNR (see below),; increasep; = 1+ 1/ arises as follows. First, note that

andn = o7 /o, is the ratio of noise powers for the two types may be written asy = (P/o2)/(P/o?), ie., the ratio
p v/ Sy

of sensor. When the origin of the coordinate system is t@? the SNR at each pressure sensor to the nominal SNR

array centroid,/ and K are given by at each velocity sensor. The SNR at a pressure sensor is
42 l cos? 1 Z(TJTW)Q cos 1 ZTJT%TJT%] independent of the DOA; however, the true SNR at a velocity
=— sensor is proportional to the square of the cosine of the angle
oS ?/JZTJT%TJTW Z(ﬂrvw’)? between the source bearing and its axis, only achieving the
1 [eos?ep 0O nomir_1a| SNR ofP/a,§ when the wave is .parallel to its gxis. A
= Ty [ 0 1} velocity-sensor triad has output proportional to the unit vector
» and, thus, a combined SNR @f|u|?/0? = P/o2, which
wherewvy, = (Gu/d¢)/ cos ¥, vy = u/OY, v, ---, T are is independent of the DOA. Together, the velocity triad and
in units of wavelengths, and the sums are over the numberpséssure sensor have a combined SNR 62+ P/o2 = ppr.
sensorsn. Note that in (10) and (11), we have only to invert The value ofy critically effects the usefulness of the vector-
symmetric2 x 2 matrices, even though there are five unknownsensor array; for smal, the SNR increase; is very large
In [17] and [18], we show that the vector-sensor arrdy’s5 but it is negligible for largen. If all the noise is internal
FIM is block diagonal for this single source scenario. Thusgnsor noise, them is a direct reflection of the relative

CRBy(0)

m
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noise floors of the two types of sensor, and the technologyvector sensors provides information about both the azimuth
is available to make them approximately equal [3], e 1. and elevation, and the directional sensitivity provides the same
If ambient noise is present, thep < 1 since the velocity amount of information about each DOA parameter.

sensors filter out some of the unwanted noise, for examplefFrom (11) and the expressions férand K, the directional

n = 1/3 for spherically isotropic noise (this can be deriveéhformation makes a significant reduction in the bound if either
from the results of [19]); however, our assumption of spatiaff

whiteness (8) is not generally valid for ambient noise. In one m

experiment [20], it was observed that if water flow past the Tos 2 D (rfug)’ % 472(1 + 1) (13)
sensors is fast enough to become turbulent on the surface of the J i K
sensor packaging, then the velocity sensor measurements were T A Z (T]r%)Q % m (14)
more adversely affected than those of the pressure sensors, 472(1 +n)

leading ton > 1. However, it has been shown that flow ’

noise can be significantly reduced by encasing the senspeid. The effect is on azimuth if (13) holds and elevation
in elastomer [21]; this was not done in [20]. Thereforgf (14) holds. Examination of (13) and (14) shows thét,
although the usefulness of stationary or slowly drifting vectgind Jyy are in fact the sum of squares of the projections of
sensors has been demonstrated at sea [11], [12], and [I4& position vectors onte, andw,;, respectively; hence, we
more experimental work needs to be done to determine m them squared projected apertures. New,,, andw,, are
practicality of vector sensors in towed deployment. mutually orthogonal, withe pointing toward the source ang,
Continuing to ignore the directional teri, we assess the |ying in thez, y plane. Therefore/,, and.J,,,;, are the squared
effect of the SNR increase on the CRB. Lgkr denote the projected apertures onto two orthogonal directions that are also
ratio of the entries of CRBr(0) [i.e., CRBy(€) with K = 0]  perpendicular to the bearing We may think of them as the

to the entries of CRB(6). Then total squared aperture(s) “seen” by the soutkg; as the total
Ly (motpi arthogonal . The irectonalsensitity lays an imporant
rene = o = (12) g ¢ irecti itivity play imp .
mp + role whenever either one of the squared projected apertures is

which depends only on the product of the number of senscglr%t too large relative ton/(4n(1 + 7). First, note that the

and the SNRmp and the SNR increasg;. Clearly, the smaller n is, the greater the directional sensitivity's effect.

smaller rsxr, the smaller CRByr(8) relative to CRB-(6) Second, sincely, and .J,,; depend on the DOA and array

and, hence, the greater the performance gain produced byqﬁ(e)metry, so does thelative contribution of the directional

SNR increase. Sincg; > 1, it follows that if mp < 1/ sensitivity to the total Fisher information. Finally, for linear

) 1 ' PSP gnd planar arrayskK will always be significant for some
thenrsxr & py, but if mp > 1, thenrswr ~ p; . Thus, particular source locations. For example, it provides the only
for a givenn (and, hencepr), rsxr € (p; 2, p; '), toward ' ’

i information available on azimuth for the ubiquitous vertical
the lower end of the range whenp is small and toward the .
. . .~ linear array.
upper end whennp is large. Thus, in terms of the effective :
. : : To determine the effect of the number of senseorson
increase in SNR, the vector-sensor array is most advantagegus

. : the relative contribution of{ to the Fisher information, we
whenmyp is small, i.e., for small numbers of sensors and low

SNR’s; the particular array geometry is irrelevant. Naturall gonsider two cases. Suppose we have a reguiar( 1, 2, 3}

Yimensional array, i.e., a ULA, a regular square array, or a
for any value ofmp, rsyg decreases ag decreases (and, . . . .
) A . regular cubic array, and consider an arbitrary but fixed DOA
hence,py increases), leading to improved vector-sensor arr

?)./ If the intersensor spacing is fixed so that as more sensors
performance. ) : .
are added to the array its spatial extent grows, then the ratios
Jye/m andJy,, /m are proportional ten?/¢—1 (see Appendix
A). Therefore, in this case, the directional sensitivity is only
The output of each velocity sensor triad is proportiongignificant if m is small. On the other hand, if the array’s
to the bearingu [see (2)]. Thus, the measurement of eackpatial extent is fixed, i.e., the array occupies the same physical
vector sensor contains additional directional information thapace no matter how many sensors it contains, so that as we
unlike the phase delay information, is quite independent of aagd sensors the intersensor spacing becomes smaller, then the
other sensor. This information, which results in the existenedove ratios are proportional tem?/¢ — 1)/(m*/¢ — 1)? (see
of the matrix K in the bound, further reduces the vectorAppendix A). Thus, the relative information provided By
sensor CRB relative to the pressure-sensor bound. In contiasteases with the number of sensors. In factyamcreases,
to J, which represents the phase delay informatiéh,is the above ratios tend to a limit of one third of their values for
independent of the array geometry and DOA (ifw? 1/ the smallestn commensurate with the dimension.
term in the expression foK is merely a consequence of Combining our observations on the directional sensitivity
the singularity of the spherical coordinate system and mawd the effective increase in SNR, we conclude that the vector
be ignored). Furthermore, it is diagonal, i.e., the informatiosensors’ advantage is greatest if the array is linear or planar, if
on azimuth is independent of the information on elevatiabhas a small number of sensors, and if the SNR is low. If the
and vice versa, it is always nonsingular, and ignoring thetal space the array may occupy is fixed, then as the number
cos?® 1 term, the diagonal entries are equal. Thasy array of sensors is increased, the larger valuegfx is partly offset

B. Directional Sensitivity
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by a relatively greater effect of directionality. Obviously, theelative to the pressure-sensor spectrum, the effect being
smallern is, the greater the advantage in using vector sensogseater the larger the separation between the direction of look
and the true bearing. This implies two things. First, the effect
V. BEAMFORMING AND CAPON ESTIMATION of spectral leakage, i.e., the spreading of the beampattern from
utnae invisible region to the visible [23], which occurs for any
Peparation greater than a quarter wavelength, is considerably
educed. Second, the probability of a large ambiguity error,
hich occurs when noise causes the global maximum to be
ined at a sidelobe, is also reduced. Therefore, the SNR
ﬁguivalently, the number of snapshots) required to reach the
so-called threshold, where ambiguity errors become negligible
ﬁlgd the CRB becomes a good measure of performance, is also
reduced.
Another very important consequence of the tefin+
cos v)? is that f5 1(8) < fg v(6o) with equality holding iff
f5(6) =a" (6)Ra(6) (15) @ =6,. This is true foranyarray geometry. Thus, for a single
fc(0) =[a (O)Ra(0)]* (16) source, the spectrum always has a unique global maximum
corresponding to the true DOA. As a result, any vector-
respectively, whereR is the data covariance matrix, andsensor array, linear, planar, or even a single sensor, is able
a(0) is the steering vector. Traditionally, the steering vect@p unambiguously determine both the azimuth and elevation.
and covariance matrix are those of a pressure-sensor arfayeed, [5] showed that a single vector sensor can resolve up to
However, these techniques are simply adapted to the vect@jp sources. This means that the simple ULA, which is easy to
sensor array by using its steering vector and covarianggploy and for which fast, efficient estimation procedures exist,
matrix. In practice,R must be estimated from the data, bugan be used to determine the complete DOA. This compares
asymptotically, (15) and (16) are obtained. very favorably to the pressure-sensor ULA, which can only
We consider a vector-sensor array’s beamforming spectrig&timate conic angle. This is a great practical advantage. For
in some detail for the single source scenario. The same anal;@&gmme' when a traditional towed array, which, for obvious
and conclusions will apply to the Capon estimator; thereforgsactical reasons, is always linear, is used to locate surface
we do not consider it separately. When there is a single souiggsels, a left/right ambiguity arises, i.e., it is not known
from direction@,, the beamforming spectra for pressure-sensgom which side of the array the signal is coming. This is
and vector-sensor arrays, normalized such that the maximygaolyved by rotating the vessel througt? @dd taking another

The CRB is a local bound related to the expected curvat
of the log likelihood function. As such, it can only give loca
information on performance and will not reveal situations i
which wide angle or ambiguity errors may occur. To examin&
such cases, we consider the very common beamforming
Capon direction estimators. These methods involve sear
ing over all possible DOA'S® = [—m, w) X [-7/2, 7/2]
for maxima of a spatial spectrum that is a measure of t
power radiating from each directioth = [¢, ¥]* [22]. The
beamforming and Capon spectra are

is unity, are reading. However, this takes considerable time not only to turn
pla (@)ap(00))2 +m the vessel but to wait for the array to resettle, during which
fe,p(0) = (17)  period the target may have moved considerably. If a vector-

m(mpjlz 9 sensor towed array is used, the ability to estimate the both

p(L +cos v)*|ap ()ap(fo)|” +m(n+1) (18) azimuth and elevation removes the left/right ambiguity and,
m(dmp +1+1) hence, avoids the need to rotate the vessel.

respectively, where is the angle between the source bearing A final result of the directional sensitivity, in particular
uo and the direction of looks. Under the statistical assump-the uniqueness of the global maximum, is the suppression
tions of Section II-B, the value of corresponding to the of grating lobes. If sensors in an array are placed more than
maximum of fg (@) is the maximum likelihood estimate.half a wavelength apart, grating lobes, which are peaks that
The same is true of the vector-sensor array expression odly not correspond to actual sources, appear in the spectra.

fB,v(0) =

when n = 1, although if n were known, we could use For the pressure-sensor array, they are the same height as the
a(0) = ap(0) @ [n, «F]" in (15) to obtain the maximum mainlobe and cause irresolvable ambiguities. However, for the
likelihood estimate. vector-sensor array, their height will be reduced relative to

It is not difficult to show thatfs v (@) < fg p(@) for all the mainlobe as a result of the directional teft- cos v)?,
0 € © (as long asy < 3), with equality holding if and only thereby allowing the DOA to be unambiguously determined.
if @ = 6y. Therefore, the vector-sensor array’s spectrum hdase most well-known example of this is the pressure-sensor
a sharper peak and uniformly lower sidelobes then that of th A with the usual half-wavelength spacing, which (as well
pressure-sensor array, leading to better resolution and smadigbeing unable to determine azimuth) is unable to distinguish
estimation errors. As in the CRB analysis, we discern, in (18)etween the two endfire directions. Although this ambiguity
the separate effects of the increased effective SNR, whigtay be overcome by shifting one of the sensors so that it is
produces they+1 terms, and the directional sensitivity, whicHess than half a wavelength from its neighbor, the reduction in
results in the term(1 + cos v)2. the height of the grating lobe is only slight, and performance

Of course, the larger effective SNR results in a lowaslose to endfire remains poor. In addition, the computational
background level than in the pressure-sensor array spectrattyantages of the regular structure are lost. However, with a
however, it is the(1 + cos v)? term that produces interestingvector-sensor array, not only can we determine the complete
results. This term further reduces the vector-sensor spectrbearing, but the grating lobe is suppressed down to the
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background level of the spectrum. As well as allowing us fdhe above expressions apply to the beamforming estimate to
determine from which end an endfire source is coming, thitbtain the Capon estimator expression, replacigvery-

also greatly improves the ability to accurately resolve sourcediere above withR—1.

close to endfire since the probability of making an estimate When the data covariance is unknown, an estimate of the
coming from the wrong end will be very small. This propertypeamforming or Capon spectrum is made by using the sample
allows us to use larger aperturesdsliberatelyundersampling covarianceX in place of R in (15) or (16). The finite sample

the wavefield (see [9] for an algorithm that does just thiSDOA estimates, which are denote{@k}zzl, are provided
further reducing the CRB. As we increase the spacing beyoby finding then largest maxima of the estimated spectrum.
half a wavelength, however, the grating lobe moves closer Ag the number of snapshots becomes very large, the finite
the mainlobe, and thél + cos v)? term is no longer able to sample estimates tend to the asymptotic estimgéag?_,
completely suppress it. The result is that the threshold SNWith probability one. The finite sample estimates are stochastic
which is the point at which large errors can occur, increasesd, thus, exhibit variability aboqf)k}z:l_ Furthermore, they
setting a limit on how much we may lengthen the aperturaeed not have means equal to the asymptotic estimates. The
This breakdown phenomenon was observed numerically améan square error matrix of theth finite sample estimate
briefly discussed in [9] as the array aperture was increas$E(d,) may be written

while the SNR was held fixed. It would be very instructive to
f";malytically examine the tradeoff bet_we_en reduced CRB andE(ék —0)(6 — 0)" :EA@kAaf I AakEAEC,:
increased threshold as the aperture is increased; however, we . T
shall not do so here. + EAOL A, + A0AG, (22)

where A8, = 6, — 0,, is the additional finite sample error.
When N is large enough to make the probability of am-
In this section, we derive closed-form expressions for thgqguity errors negligible, we can approximate the additional
large sample mean-squared error of the beamforming aﬁgs EAB, and variability EA8, A8, using a Taylor Series
Capon estimators in the presence of multiple sources. TA& -nqion of the estimated spectrum around the asymptotic
expressions hold equally well for vector-sensor or pressur&—timate@k and the true data covariance matrik To a
sensor arrays, provided the appropriate steering vector gpgd: ,rger approximation, the additional bi@\8; for both

data covariance matrix. are used, .an.d for an arbitrary num%‘asrtimators is zero (see Appendix B), although [25] showed
of sources. They require that a distinct peak corresponds i@ the additional bias of the Capon estimator is nonzero to

each source in the asymptotic spgctrum (15) or (16), i.e., 8dcond order, and it would be a simple matter to extend these
sources can be resolved asymptotically, and that the numbeFé)gults to second order. Thus

snapshots is large enough for the probability of nonresolution

or ambiguity errors to be negligible. These extend the results of __ . . — T

[24] and [25] by using a DOA parameterized by more than one E(). = 0:)(0x — 61)" = BEAOLAD, + AOLAG . (23)

variable, considering the beamforming estimator, and using .

vector-sensor arrays. The first-order approximation dfA@,AG,, is (see Appendix
The DOA estimates provided by finding the valueséof B)

corresponding to the largest maxima of (15) or (16), which

are denote_d{ek};j:l, are known as the gsymptonc. DOA EA?;A@,? ~ 1 [F(8)] " G@)[F @] (24)

estimates since they require the data covariance mattixbe 2N

known. When there is more than one sourdh,};_, are not

generally equal to the true DOAM, }7_, . Using a first-order Where

Taylor series expansion around the true DOA, disgmptotic _ oA _ _

bias of the kth sourceAd; = 6, — 6, may be approximated 17(6) =Re{D" (O)RD(9) + H(0)}

by (see Appendix B) G(0) =Re{a' (0)Ra(0)D" (6) RD(6)

YRa
— D" (0)Ra(6)a” (O)RD(0)}.

A. MSE Approximations

NGy, ~ — [Re{D (0, )RD(0,) + H(0:)}]*

-Re{D¥(6,)Ra(6:)} (19) The expression for the Capon estimator is obtained by re-
placing R everywhere withR~! and the factorl/2N by
where N2?/(2(N —m)((N - m)‘{- 1)), whererm is the number of
elements in the observation vectdm{ for the vector-sensor
[Ja(8) Oa(B) array).
D(8) = op o (20) For any given source scene, we can modify the procedure in
- 52a(0 52a(0 [24], which calculated the asymptotic DOA pstima{é@}}jzl
o’ (0)R a(f) 7R a(0) numerically to obtain an estimate of M8E,) that avoids

H() = fdﬂ 9¢0Y . (21) any numerical maximization. First, use (19) to approximately
at (0)R 0%a(0) determine the asymptotic estimaig and the asymptotic bias

H
L APy a”(6) op? A@;.. Next, use this approximation @k, in (24) to estimate
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Fig. 1. /CRB(¢) versusy (elevation) for half-wavelength spaced vector-sensor (dashed) and pressure-sensor (solid) ULA’s containing eight sensors and
for an undersampled vector-sensor ULA (spacing 3.5 wavelengths) containing two sensors (dotted).

the finite sample variability, and finally, combine the resultse deceiving). Aty = 80°, the vector-sensor curve is lower
in (23) to estimate the MSE. by about5.5°. As the source tends to endfire, the pressure-
sensor curve tends to infinity whereas the vector-sensor curve
remains finite. As the source moves away from broadside, the
) ] ) ] total squared aperture seen by the oncoming wave diminishes,
In this section, we illustrate by numerical example somgqing to zero at endfire. Thus, as explained in Section I1I-
of the points made in Sections Ill and IV and verify the apg the inherent directional information provided by the vector
proximations of Section IV-A. Our attention will be restrictedsensqrs which is independent of the source location, assumes
to the ubiquitous vertical ULA. As shown in Section IV,5 greater importance. This explains tietative improvement
a pressure-sensor ULA is able to determine only elevatiogy the vector-sensor array with increasing elevation and the
whereas a vector-sensor ULA can determine the full DOfhjteness of the bound at endfire. For this vector-sensor array
parameter vectof. Our comparisons will therefore con&derm = 14.8°/(v/N cos 1), which is somewhat higher

only elevation, but it should be borne in mind that the Vectofs, he elevation bound because no phase delay information
sensor ULA can also determine the azimuth. We shall URE svailable on azimuth

V. NUMERICAL EXAMPLES

n =1 and a SNRp of zero dB. Although the curves diverge dramatically close to endfire,
] this does not mean that the arrays’ general performances
A. Cramér-Rao Bound differ as dramatically. The CRB is a strict lower bound only

Fig. 1 shows,/CRB(z) in degrees (on a logarithmic scale)for unbiased estimators, and the finite range constraint on
plotted against the source elevation for pressure-sensor &mel elevation[—= /2, 7 /2] means that no estimator will be
vector-sensor arrays [for both types of array, GRBis unbiased for all DOA’s. The bias of any estimator will depend
independent of azimuth]. The plot is for a single snapshon the elevation and the number of snapshots. Generally, it
and should be divided by/N for multiple snapshots. The will be small when is far from the range constraint, i.e.,
solid curve is for an array of eight pressure sensors with haifear broadside, oV is large, and large whetp is close to
wavelength spacing, and the dashed curve is for an arrayesfdfire or/V is small. The result is that some estimators may
eight vector sensors with the same spacing. As expected, @stually have a lower variance than the CRB wiieis close to
bound is uniformly lower for the vector-sensor array than fa@ndfire, and the number of snapshots is smallNAgcreases,
the pressure-sensor array, and the performance of both arfagwever, and the bias becomes negligible, the CRB will once
deteriorates with increasing elevation. The curves are closagtin lower bound the variance. Thus, when the source is close
at broadside, within half a degree, and diverge considerablytaendfire, the dramatic difference in performance suggested by
the source moves toward endfire (the logarithmic scale m#yese curves will only be apparent if the number of snapshots is
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Fig. 2. Ratio of vector-sensor array bound to pressure-sensor array bound versus number of sensors. Curves are for a half-wavelength sparsen vector-s
array withy = 0° (solid), 70° (dashed), and ignoring directional sensitivity)([see (12)]. Circles are for undersampled vector-sensor array with one

fourth the number of sensors (i.e., same no. of channels) and occupying the same physical aperture as the pressure-sensor array. Presayre-sensor arr
is half-wavelength spaced for each case.
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not too small. However, as discussed in Section IV the lack sénsor in the same position as each pressure sensor in the
endfire ambiguity does allow the vector-sensor array to providemparative array. The solid curve is for a broadside source,
much better estimates of sources close to endfire, but thisnieereas dashed is fap = 70°. It shows how the advan-
not apparent from the CRB. tage of the vector-sensor array diminishes as the number of
The vector-sensor array’'s advantage is obtained at tbensors (hence, the square projected aperture) increases, as
expense of increased computational load: four times as matigcussed in Section Ill. In addition, we show (with an x)
channels must be processed. It is of interest, therefore,th@ value of,/rsnr, which was introduced in Section Il
compare vector-sensor arrays with pressure-sensor arrays @mnthe above ratio after ignoring the directional sensitivity’s
taining the same number of channels. The remaining dotteffects. The difference between the above two curves and the
curve in Fig. 1 is for a vertical vector-sensor ULA containingurve of \/rsnr is the directional sensitivity’s contribution
two sensors and, hence, eight channels. It has the samehe bound. For the broadside source, for which the square
aperture as the eight-element pressure-sensor array and, thugected aperture is largest, the directional sensitivity makes
an inter-sensor spacing of 3.5 wavelengths. The performarecerery small contribution to the overall performance and is
is very similar to the pressure-sensor array (solid curvépdistinguishable for more than about ten sensors. For the
except very close to endfire. Therefore, we can estimaeurce atyy = 70°, for which the square projected aperture
elevation as well as the pressure-sensor array (better nieamuch smaller, the directional sensitivity plays a far more
endfire), without any increase in computational load whilsignificant role, making the vector-sensor array relatively more
also determining the azimuth. However, we are using a highdyficient, and only becomes indistinguishable for around 24
undersampled aperture for the vector-sensor array; thus,saasors. The limiting value of the curves, for lange is the
discussed in Section 1V, we pay for this improved performandieniting value of \/rsxr, 1/v/2 in these examples, which
with an increased threshold. For this array,CRB(¢) = depends solely om (see Section Ill). Therefore, for large
32.0°/(v/N cos ). m, the directional sensitivity is irrelevant as far as elevation
Fig. 2 shows /CRBy (1))/CRBp(¢) versus number of is concerned. Of course, it causes the bound on azimuth to
sensors for various ULA’s. All curves in the figure assumdecrease as: increases.
a pressure-sensor array with half-wavelength spacing, andrhe circles in Fig. 2 exhibit undersampled ULA's con-
the plotted ratio is a measure of the relative efficiency d¢éining the same number afhannelsas the comparative
this array to the particular vector-sensor array with whichressure-sensor array (i.e., there are four times as many
we are comparing it. The solid and dashed curves assupressure sensors as vector sensors) and occupying the same
half-wavelength spaced vector-sensor ULA’s with a vectoaperture, as described above. Again, results are for a broadside
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Fig. 3. Asymptotic Capon spectra for half-wavelength spaced vector-sensor and pressure-sensor ULA’s with 14 sensors versus azimuth and elevation.
There is a single source 46°, 75°].

source. Not surprisingly, since there is no SNR advantage dapectrum for the vector sensor array has a unique maximum
to extra measurements, the relative performance of the vectostead of a line maximum indicating that azimuth is also
sensor array is much worse than before. The arrays have almresblvable; this is due solely to the directional sensitivity of
equivalent performance for eight channels (two vector sensotis¢ vector sensors. Second, the background level is 3 dB
and the vector-sensor array’s performance relatively worsdosver than in the pressure-sensor spectrum. This is due to
to a limit of v/2 for largem. However, as we increase, the the SNR increase and means that ambiguity errors will be
azimuth estimates made by the vector-sensor array improwegligible for a smaller number of snapshots, i.e., a reduced
and the ambiguity error threshold decreases because thetlimeshold. Last, the vector-sensor spectrum is fully suppressed
tersensor spacing decreases framm\ for two vector-sensors at the endfire far from the source. This is the effect of the
to a limit of 2X. It is interesting to note that for the samelirectional sensitivity and means that estimates of sources
comparison withp = 70°, we would obtain almost exactly theclose to endfire will be much more accurate since there is no
same curve. The explanation for this must be that the squarddnce of making an estimate coming from the wrong end.
projected aperture of the undersampled vector-sensor array

decreases more rapidly than that of the pressure sensor arrag agISE Approximation

the source moves away from broadside, and this discrepan%_ 4 i he MSE N f Section IV b
is almost exactly compensated for by the relatively greater 9. & veries t € apprOX|_mat|_ons ot ection y
mparing an empirical MSE, which is obtained by Monte

importance of the bearing-independent directional sensitivi ) ) . o . .
; ; arlo simulation using 2500 realizations, with the approximate
information. . : . .

MSE obtained by the procedure outlined in Section IV. For a

Note that it is possible to gain the benefits of the direction | the MSE imation | | to the CRB:
sensitivity of velocity sensors without the computational iz Nd'e source, the approximation 1S equal fo the '
aefore, we consider a scenario with two 0-dB uncorrelated

crease of extra channels or the increased threshold associgl§ _ located @ — [—45° 20°1T and 0 —
with the use of undersampling. An example is the diverseff"' “®S: ON¢ _I%C& ed & = [;' 5 i h] al\;I]SEone a 0 =
oriented array analyzed in [7], which consists of noncoincideft® —10°]". The curves in Fig. 4 sho (¢), whic

H [} o7
single-axis velocity sensors with an equal number aligned with the MSE for theazimuthof the source a{-45°, 20°1%,
Yersus number of snapshots. All curves are for a vector-sensor

each axis. However, we shall not further analyze this or oth o i ;

: - ULA with six sensors and half-wavelength spacing. The solid
possible variations here. . . .

curve and the circles are the approximate and empirical MSE,

. o respectively, of the beamforming estimate. The approximate

B. Direction Estimation curve tracks the empirical very closely, even for as little
Fig. 3 shows the asymptotic Capon spectra for halks 50 snapshots. The dashed curve and the stars are the

wavelength spaced pressure-sensor and vector-sensor ULAfgproximate and empirical MSE, respectively, of the Capon
Both arrays have 14 sensors, and there is a single sourcesiimate. The approximation tends to overestimate the true
0 = [0°, 75°]*. There are three points to notice. First, th&ISE, especially for small sample sizes. More snapshots are
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Fig. 4. +/MSE versus number of snapshots for beamforming and Capon estimators with half-wavelength spaced ULA containing six vector sensors. There are
two uncorrelated sources gt45°, 20°] and[35°, —10°]. The approximate (solid) and empirical (0) MSE of the beamforming estimate and the approximate
(dashed) and empiricak) MSE of the Capon estimate are shown. Results areafimuthof first source.

required for an accurate approximation of the Capon M3Ee sensors are confined within a fixed region. Similarly, we
than the beamforming MSE, presumably because the neglectedwed that while the SNR increase is always significant, it
higher order terms of the Capon approximation are moie most effective at reducing the CRB relative to a pressure-
significant than those of the beamforming due to the preserssnsor array for small numbers of sensors and low SNR'’s.
of a matrix inverse. Although the empirical MSE’s of bothAe thus obtained the practically significant conclusion that
estimators increase as the number of snapshots becomes smh@lluse of vector sensors is most advantageous when the array
the Capon MSE increases faster. Again, this is due to therequired to be one or two dimensional or to possess few
requirement to invert the data covariance matrix for the latteensors and operate at a low SNR. This is particularly pleasing
estimate. given the trend to low in-water costs that mandates smaller
arrays and low SNR's.
VI. CONCLUSION We then extended conventional and minimum-variance

We examined the concept of using arrays of acoustic vecff@mforming methods for DOA estimation to vector-sensor
sensors that measure the acoustic pressure and each comp@HE#S: Consideration of the asymptotic spectra for a single
of the acoustic particle velocity (introduced in [1], [2]) inSOUrce again showed the separate effects of directional
some detail. We considered the CRB for a single sour8gnsitivity and extra measurements. The extra measurements
and ascertained two distinct improvements over the traditio}g!P to reduce the background level, therefore lowering the
pressure-sensor array: a greater number of measurementdapiguity threshold. The directional sensitivity, however,
the phase differences between noncoincident sensors, wHgigures that there is always a unique maximum. This means
causes an effective increase in SNR, and the inherent dirftat any vector-sensor array can always determine both
tional sensitivity of the vector sensors, which allows dire@zimuth and elevation and that ambiguities (grating lobes)
measurement of the DOA information available in the structuée not present when the wavefield is spatially undersampled.
of the velocity field. By examining the CRB expression# particular, for uniform linear arrays, it resolves the endfire
in some detail, we showed that the directional sensitivity Rmbiguity and allows very accurate estimates of sources close
most significant for linear or planar arrays (e.g., a vertic& endfire. It also opens up the possibility of using deliberately
linear array where it permits estimation of azimuth) and, mot#dersampled vector-sensor arrays with a uniform spatial
generally, whenever the squared projected apertures (defistticture. This permits the use of an extended aperture (i.e.,
in Section 1lI-B) are not much greater than the number @fne larger than that obtained with standard half-wavelength
sensors. We found that as the number of sensors is increasgacing), so reducing the CRB while retaining the ability to
the relative effect of the directional sensitivity decreases lfse fast algorithms that exploit the regular spatial sampling as
the array’s aperture can grow without bound but increasesinf[9]. Finally, we derived a procedure to estimate the MSE
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of both azimuth and elevation for both estimators. Numerictdr the planar and cubical arrays. For the linear arthy, is
examples were given to illustrate our conclusions and #ro, and (28) becomek,,, > .72 . A similar expansion of
verify the MSE approximations. the off-diagonal terms of the FIM for all three regular arrays

The use of vector sensors (not just acoustic [26]) is a neskows that they are zero. Calculating the above sums for the
and emerging idea. Much work remains to be done to ass#s®e lattices, we obtain
the advantages of using such sensors, but a recurring theme is

. N . . k/2
the gain due to measuring a complete vector physical quantity. gpd—1 g2 z/: 2l —1\? I even
This need not even be done at a single location; for example, m = 2
[7] analyzes a distributed component array consisting of spa- Z 71230 = (h—1)/2 (29)
tially separated velocity sensors with orthogonal orientations.  j=1 opd—1g2 Z 2 i o0dd
Furthermore, the use of nontraditional sensor types can be l
=1

very fruitful; for example, [27] uses velocity sensors for hull-

mounted arrays at low frequency where pressure sensorswahere s is the intersensor spacing. This holds for the planar
useless. Future work should include an examination of thed cubical arrays, and_ . r2_ for the linear array is also
capability of a vector-sensor array to resolve closely spacgiven by the right-hand side of (29). Using the arithmetic
sources. In addition, the ability to use undersampled arragsries identity

seems to open up many exciting possibilities. An important
issue, however, is the tradeoff between smaller CRB and 5 2—1\>  k(k2-1)
increased threshold as the aperture is increased. An analytical Z = Z < 2 ) = 24
study of this problem would be very useful. =1 =t

(k—1)/2 k/2

it follows that /., /m andJ,.,;/m are proportional ta?(k* —
APPENDIX A 1) for all three arrays (except thdt,, = 0 for the linear array).
When the intersensor spacing is held fixed and the array

Consider a regulatl € {1, 2, 3}-dimensional array that grows without bounds is constant. Thus/,,/m and.J,.., /m
i i i - b wip
has sensors located on the vertices of a regiddimensional are proportional to(k? — 1) = m?4 — 1. When the spatial

lattice with & equispaced points in each dimension. Thus, there S . :
" : . “extent of the array is fixed, the intersensor spacimigcreases

are a total ofn = k“ sensors. To comply with our assumptions :

as we add more sensors. If the lattice has constant length

in obtaining the CRB, we assume that origin is located at thé : . . . N
) . ) . ¢, say, in each dimension, then the intersensor spacing is
array’s centroid. Furthermore, to confirm to our coordinaté

system, consider the linear array located along:tais, the SO ka /_(kl)_/ (2)'_-2235:](“224% i\nlti/.](%l//zz_arleyproport|onal
planar array lying in the:, ¢-plane, and the faces of the cubica o '
array being orthogonal to the three axes. Considlgr and

Jss defined in (13) and (14), respectively. Substitutingdgr APPENDIX B
andw,; in these definitions, we get The beamforming and Capon estimatg.}7_, are ob-
m tained by minimizing or maximizing a function of the form
Jos = D iy €08 ¢ =i sim )7 (@3) #(6) = ' (6) i a(6) (30)

where K is a consistent Hermitian estimate of a Hermitian
matrix /. Beamforming estimates are obtained by maximizing
(30) with K = R and Capon estimates by minimizing (30)
with K = R~*. Denote byf(#) the right-hand side of (30)

wherer;,, r;,, andr;. are thez, 4, andz components of the with K replaced byk. The asymptotic estimatd®,,}7_, are

jth sensor's position vector. Expanding the above sums wile" the maximizers or minimizers ¢f#). Using a first-order
Taylor series expansion @ff(6)/06 around@,, we have

produce square terms such s 7121, and cross terms such as
> Ty mu|t|p||ed by trigonometric quantities. Under the of@y)  0f(6r)  O2F(Or)
above assumptions on the lattice, all the cross terms are zero. 90 o0 20007
Furthermore, for the linear array, only 77, is nonzero, for
the planar arrayy~; 7. = 0 and the remaining two squaredRearranging gives the asymptotic bias as

terms are equal, and for the cubical array, all three squared ) 1

terms are equal. Using these geometrical results in (25) anhg, 23, — g, = — [8 f(ok)} 9/ (0x) +O(|26:).
(26), we obtain 9006™ o0

i=1
m

A Z (rj5 cos 1 — (rjz cos ¢ + 7, sin ¢)sin )?
i=1

(26)

m Differentiating (30) with respect t@ gives
Tos X Y i, 27) 558
i=1 % =2ReD(0,)Ka())] (31)
. 2 200,
Tow X 2 1l 9) IO —2ReDM 00K DO +HO)  (2)
i=1 0000
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whereD(-) andH (-) are defined in (20) and (21), respectivelysample estimate, consider that from (33) and (34), we have
Thus, we get _ 1
9% f(6r)

T | RAD"@oaKal®)

AGLAD, :4{
A6, = — [RED"(6,)KD(6,) + H(B,)]| ™"

-ReD(0;)Ka(0:)] + O(| A0 ).

RED" @)K [ 210

ReplacingK by R or R™*, as appropriate, gives (19). + O(|AG: %, [|AK]|Y).
To obtain the additional finite sample bi&s\§;, = Eb, —
0., we parallel the development of [25]. Now, consideBince 8, and K are consistent, we ignore th@ term. We
g(8, K) = f(6) as a function of bott® and K and make shall also drop the dependence énfor clarity of exposition.
a first-order expansion of its derivative with respec@tabout Using the fact that for an arbitrary complex vecior

0, K) Re(w) Re(u”) = Re(uu? + uuT)/2
dg(Or, K) 99Oy, K) | 9g(Bx, K) AB we can write
08 08 9000” ‘ . [
a T AB,AD, :2{—’“ } Re DT AKaa" AKD
+Tr{ {i 9901, ) K)} AK} R0 =2 aoeT | N
dK a0 _
a H T * Tyk an(ok)
+ O(|A0:)?, |AK|*) =0 (33) + D" AKaa' AK* D] ~
06000
where AK = K — K. Similarly to [25, Appendix B] where the superscript indicates complex conjugation with-

out transposition. Expandingh K, taking expectations, and
_ T regrouping, we get
Tr{ [i M} AK} = 2Re(D (6,)AKa(8),))

oK 98 EAG,AG,
a (34) an(ak) - H H T g7+ y*
which requires only thahK is Hermitian. Sincefl, is the =2 50007 ReD" Ka(a” KD + a* K*D*)
asymptotic estimate, the first term on the right-hand side of o o T e v
(33) is zero. Furthermorey( 8, K) = f(8;). Therefore, from -D K‘f(a EKD+a” EK*D")
(32)—(34), we have the additional bias — D"EKa(a" KD + o" K*D*)
+ E{D" Ka(a" KD + a" K*D*)}]
EABy, = — {Re{D" (B)KD(B:) + H(®)]}™ PNE
-RegD(6,)EAKa(6),)] ' [ 090" } (36)
+O0(|A8[%, B||AK]?). (35) . _ _ _
Now, consider the first term in the summation
Since EAR = ER— R = 0, the additional bias is clearly zero RD? Ka(a” KD + a" K* D))
for the beamforming estimator. We are using the usual estimate — 2ReD" Ka]Rela™ K D]|” = 0. (37)

for R~1, i.e., the inverse of the maximum likelihood estimate

of R, which is biased. To be precisBER~! = R~ N/(N—m) The last equality follows from (31) and the fact tHht is a
[28], wherern is number of elements in the observation vectaninimum or maximum off (). Similarly, for the second and
(4m for the vector-sensor array ama for the pressure-sensorthird terms in the summation of (36)

array). Note this is the estimate used in [24]; however, in - HpRpH + T ERD

that paper, the additional bias was not considered. On the ReD" Ka(a" EKD" + a’ EK* D")]

other hand, [25] considered the less commonly used unbiased =2RegD¥ Ka|R§DHEKa)T =0

estimate ofR !, leading immediately to zero additional bias. Re[DHEKa(aHKD + ol K*D*)]

Hence, from (35), we get N
=2RdD¥ EKa]RED¥ Ka]* =0

EAG, = — NTm{Re[DH(ak)R_lD(Ek) +H@®)]}"*  This leaves

- REDH (G)R La(B:)] = 0. -

82f(5k)} E{R&D" Ka]ReD" Ka]"}

EAB,AD, = 4{

000"
The final equality follows from (31) and the fact thét is a 9?2 f(0y) -
minimizer of f(@), again giving zero additional bias to first "1 50007 (38)
order.

Since the additional bias of both estimates is zero, the MS#hich of course tends to zero @ — K. Only the middle
is given by (23). To determine the variability of the finitaderm of this expression remains to be calculated; the factors
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on either end are given by (32) witR or R~ substituted for
K, as appropriate.

Consider the covariance of, which is given by
COV(I}.Z‘]', FA{M) = RZkRIJ/N [28] Thus

N1
ERURM = N Rilej + Rinkh
N1
ER;j Ry = N R Ry + Ry Ry.

Using these, we can calculate the, n)th entry of the middle
term of (38). Again, dropping the dependencefgrior clarity
and lettingd; denote theith column of D

E{RqDHKa]Re[DHKa]T}rnn
LREE(dY Raa® Rd,, + df} Raa” R*d},)]} (39)

1
o {Re[d” Rd,,a" Ra + d* Rad" Ra

+ N(d” Raa"™ Rd,, + d" Rad” Ra)]}. (40)

(1]

(2]
(3]

(4]

(5]

(6]

(7]

(8]

(9]

Similarly to (37), the real part of the sum of the last two terms

is zero. For the same reasad,Ra is purely imaginary for
any ¢; therefore

Reld” Rad" Ra] = —d” Raa" Rd,,. (41)

Finally

ENG,A, ={Re[D"RD + H]} ™
a'’ RaReg D RD] — D¥ Raa' RD
2N
A{RDTRD 4+ H]}*

where all quantities are calculated égt
For the Capon estimator, from [28], we can obtain

1 pH—1 N?
EFR R, =
ii T (N—m+1)(N —m—1)
Ry Ry
N = T
~ ~ N2
ERZNR) =
i ) (N —mm+ 1)(N —m—1)
RR'RG'
Vo

[10]

(1]

[12]

[13]

[24]

[15]
[16]
(17]

(18]

[19]

[20]

[21]

Using these expressions in the arguments of (39)-(41) results

in
EAG,AD,
— {RED"RD + H]}™
' a"R71aReD"R™ID] — D" R~ aa" R71D
2N —m)(N —m + 1)(N —m — 1)/N?
A{RgDH*R™'D + H]} !

where all quantities are calculated ét.

[22]
(23]

[24]

[25]

[26]
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