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Correspondence

Estimating Directions of Arrival of obtained with ESPRIT1 would be practically unusable as long as an
Completely and Incompletely Polarized IP signal exists. Interestingly, ESPRIT3, which was customized for
Signals with Electromagnetic Vector Sensors IP signals, would also produce unreliable results in the presence of
CP signals.
Kwok-Chiang Ho, Kah-Chye Tan, and Arye Nehorai Hence, we cannot take it for granted that a method devised based

on CP (IP) signal model is automatically applicable to IP (CP)
signals. On the contrary, a dedicated analysis must be devoted to
Abstract—We are concerned with direction-of-arrival estimation and investigating its applicability to the other types of signals. In this
signal classification with electromagnetic vector sensors for scenarios qnnection. we investigate whether ESPRIT2 can be used for DOA
where completely and incompletely polarized signals may co-exist. We timati . h both CP d IP si | ist. O
propose an efficient ESPRIT-based method, address the identifiability of _es 'ma_l 'Or_] 'n_ Ca'ses where DO a_n S'g_n_a S Co-exist. . ur
the proposed method, and compare its performance against CRB. investigation indicates that ESPRIT2, with an additional assumption
(additional in the sense that it was not mentioned in [10]) and some
extra processing, can be used in the presence of both CP and IP
signals. Actually, ESPRIT2 is customized for use with a specific
three-sensor array. This motivates us to carry out an appropriate
|. INTRODUCTION generalization so that ESPRIT2, with some appropriate modifications

Electromagnetic (EM) vector sensors (VS’s), which measure tM& will introduce later on, becomes applicable to more types of three-
complete electric and magnetic fields induced by EM signals $Nsor arrays, as well as a class of arrays with arbitrary number
a point, have been shown to be very useful and effective f6f sensors. For convenience, we will refer to ESPRIT2 with the
direction-of-arrival (DOA) estimation [1]-[8]. When the EM VS additional a,ssumption, processing, and modifications we introduce
was first introduced, a cross-product-based DOA estimation meth¥ ESPRIT2
applicable to single-source scenarios was proposed (see [1] and [2])/Ve also present a fairly thorough analysis of the identifiability
Subsequently, three different ESPRIT-based methods for estimatfigESPRIT2 and assess its performance via a comparison of the
the DOA’s of multiple signals with an array of EM VS's have beeroot-mean-square errors of the estimates with a @raR&o bound
developed separately via the work reported in [9]-[11], which wé&RB) related expression.
will refer to as ESPRIT1, ESPRIT2, and ESPRIT3, respectively. As
a matter of fact, each of these three methods is applicable only to a II. PRELIMINARY DISCUSSION
specific type of EM signals: ESPRIT1 and ESPRIT2 are designed for
only completely polarized (CP) signals, whereas ESPRIT3 for 02}% Data Model
incompletely polarized (IP) signals. (The polarization state of a
signal is constant, whereas that of an IP signal varies with time.)Ferrara and Parks [14] have studied the use of diversely polarized
However, in some practical applications, such as DOA estimation 8RnSOrs (cross dipoles in particular) for estimating the DOA’s of CP
an airborne platform, both CP and IP signals may be encounteréi@nals. Here, we will use the notation of Ferrara and Parks [14]
Therefore, it is of theoretical interest and practical importance ¥ith an appropriate modification so that it is applicable to EM VS's
develop DOA-estimation methods for scenarios where CP and "@c€iving both CP and IP signals. The modification is basically on
signals co-exist. the expression of the steering vectors—we adopt the one proposed in

Basically, an IP signal comprises two incoherent CP signals havikld: Which is suitable for both CP and IP signals. )
the same DOA. Therefore, it is commonly thought that a DOA- Consider an array of: EM VS's receivingn EM signals at time,
estimation method designed for CP signals can be directly applied f§id let the azimuth and elevation of theh signal bes,. € (-, ]
scenarios where CP and IP signals co-exist—for each IP signal, 8l fx € [—7/2,7/2], respectively. The measurement received at
method would simply give two DOA estimates having the same valug€ array can be model as
each of which corresponds to a CP signal belonging to the IP signal .
of concern. However, this common perception is not always true. In y(t) = Ap(t) +elt) (1)

fact, it has been established analytically in [12] that the estimalgferey(t) ande(t) are6m x 1 complex vectors, respectively, given

Index Terms—Array signal processing, direction-of-arrival estimation,
electromagnetic waves, polarization, vector sensors.
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ug°>(¢k,ek) = [~ cos ¢ sin O, — sin ¢ sin Oy isn = p+ q). Then, we obtain from (2.1) and (2.2) the array
cos Oy, sin ¢k, — cos qhk.()]T c RO*! measurements as follows:
d(Gp, 01) = [ 2Pk 00m/A y(t) = Az(t) + e(t) (2.4)

€j27ru(ék,6’k).rm/)\]1' c ¢! where
A=[o(¥1), -, 0(¥y),v6(Pp+1,0p+1)
Vo (Ppt1:0pt1)s s V6 (Pptgs Optq)
V9 (Gpras O] € T XET

2(t) = [51(t),--, ~5’p(t)»l’p+l(t), cee Pp.t,.q('t)]j‘ e clPr2axt

w(bn,0r) = [ui, uf, ui]”
= [cos b cos By, sin ¢y, cos Oy, sin 6] € R**!
p(t) = [T (1), o (0] € €1
(1) = [ps (s i 1) po (ks 1)) € €51

Here
@  Kronecker product operator; F(‘f)g Co(rl\)/enience, we will hereafter use:, o7, ok vo ks
e dot product operator: Yy ks Yy 3> di, anduy to denote, respectively (%), v(°)(Wk)7
T

transpose operator. 056k, 01). vo(ok,0k), v (01, 0k). 057 (6r.8k). d(or.8k) and

The vectorg " (t) € €** and—y."(t)/r € C'** are, respectively, LG

the three-component measurements of the electric and magnetic fields

at the Ith sensor at timef, where r is the intrinsic impedance B. Basic Assumptions and Preliminary Discussion

of the medium, andel"(t) € €** ande’(t) € C*° are, Now, we will establish some useful relationships between the
correspondingly, the noise components in the measurements. Eigenvectors of the array covariance matrix and the steering vectors
vectors vy (o, 1) and ve(ér, 05 ) are the responses of the arrayof the array for the case where CP and IP signals co-exist. First, we

due to an EM wave coming from directiofps, f,) with linear make the following assumptions that are essential for ESPRIT2 and
polarizations along, respectively, thedirection and theéd-direction. ESPRIT2.

The vectorg,g)o)(¢,€,ek) andv(go)(m,ek) have the same meanings as Assumption 1) The DOA'S(é1.61).--.(6n.6,) are pairwise
vy (dr, k) anduy (o, 81 ). respectively, except that they correspond distinct. ’

to responses of one EM VS. The two entries of the vegjalt) Assumption 2) The signals are incoherent (iB(z(t)z" (t)) is
represent the complex envelopes of iftk transmitted signal, thih of full rank).

entry ofd(¢x, 6 ) denotes the phase delay of thh signal at théth  Assumption 3) The signals are uncorrelated with the noise.
sensor with respect to the origin, represents the wavelength of the Assumption 4) The noise covariance matrix is a constant multiple

signals, and-; denotes the coordinates of th# sensor. The vector of the identity matrix.

—u (k. 0%) is the normalized P_oynting vect_or (PV) of théh signal. Assumption 5) The columns of the matr[m(ﬁfl), e ,v(f’nﬂ)]
The rank of the covariance matrix of theéth signal are linearly independent for all distinct DOA’s

R,, = Elp,(t)p}(t)) is related to the polarization state of (61.61),- . (¢ur1.8,41) and arbitrary polariza-

the kth signal, where E” and ‘"’ are, respectively, the expectation tioNS (31, 71) - -+ » (Fnt1s fint1)-

and hermitian operators (see [15]). IndeedRif, is of full rank, It follows from Assumptions 2)—4) and (2.4) that the array covari-
then the signal is IP, and its polarization varies with time. On the, .o matrix can be expressedBs = E(y(t)y' (1)) = AR, A" +

other hand, ifR,, is rank deficient, then the signal is CP, and iErZIem, where R, = E(Z(t)ZH(t)) is nohsingular, and? is the

has constant polarization. _NotTe that for CP signal(t) can be hgise power. Let the eigenvalues and the corresponding eigenvectors
expressed ageos yi, sin yre! "] sk (t), whereyk € [0.7/2] and ot B he A,,... Agn andh, -, hen, respectively, and assume,

n, € (—m,w] are polarization parameters referred as the auxilialithout loss of generality, thaixl S > Xorn. Then, it can be
polarization angle and polarization phase difference, respectively,,n thath; > Ay > -+ > /\qu; >\p+2_q+1 — = Ae = 02
ands(t) the complex envelope of thieth signal. Thus, the responsegng that - - -

of the array due to a CP signébs (. 0k), ve(dw,0k)]p,, can

be compactly expressed as A"E, =0, where

E. = [Rpyogr. o o] € C7XCmmr720 0 (2.5)

[Vs( Dk, 0k ), v9( Dk, 0k )]p, = v(Wi)sk(t) (2.2)
Moreover, there exists a unique nonsingular matflx €
where Crr20x@+29) gych that
V(W) = d(or.0k) @0 (Wr), Wi = (k. bk Voo M) E.T=A, where
o o . o . S Yk — 6m X (p+2q)
v (@) 2 [0l (6. 00). 05 (61 61)] <Si§i11§,7k ) (2.3) Eo=T[hi. - hpyag] € CT7FT0 (2.6)

Note that the columns of¢,, are commonly referred to as noise

The vectorv(¥,) with parameter¥. = (¢, 0%, 7k.7%) IS the gjgenvectors, whereas those Bf signal eigenvectors.
steering vector of the array associated with a CP signal coming

from the direction(¢y;, 8 ) with polarization(~x, ni ), and the matrix
[ve(dr,br), vo(dr, 01)] is the steering matrix of the array associated
with an IP signal with DOA(¢, ;). Note thatv®)(¥,) is the o _
steering vector of one EM VS associated with a CP signal with- A Brief Discussion of ESPRIT2
parameter¥;, and the matrix[vg’)(q’)k,ek), vg")((bk,ek)] is the We begin with a brief discussion of ESPRIT2 as proposed in [10]
steering matrix of one EM VS associated with an IP signal witkince this will facilitate the discussion of ESPRITH fact, ESPRIT2
parameter(¢x, 0). makes use of a right-triangular array of three VS’s with coordinates
Without loss of generality, assume that the figssignals are CP, (0, 0, 0), @&, 0, 0) and (0,A, 0), where A can be larger than
and the remaining signals are IP (thus the total number of signalbalf wavelength. Two sets of PV estimates for the signals are first

lll. ANALYSIS OF ESPRIT2AND DETAILS OF ESPRIT2



IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 47, NO. 10, OCTOBER 1999 2847

obtained, one of which is dbw variance but ambiguoysvhereas the whereF = [f,.---, f,,]. Now, let us denote the top:8 1 subvectors
other ishigh variance but unambiguouS$ubsequently, a set @w and the bottom 3< 1 subvectors of théth column of A, as?l(;)k

variance and unambiguouBV estimates is obtained by combiningang (") | respectively. Then, the cross producnﬁf) /”A(e)k” and

the information extracted from the two sets. The DOA estimates gfin h)
the signals can then be extracted from the PV estimates. 2( )‘/”Ag*“” (which are, respectively, the electric field vector and

. magnetic field vector of thé&th signal) yields the PV estimate for
Since the work reported in [10] is concerned with only CP S|gnalt°he }th signal, which is ofigh variance but unambiguous
the array measurement is given by (2.4) with= n and¢ = 0. '

E_xploiting the fact that the array of concern is a three-sensor right- —a(¢r, 0) = —Re{-;lge,)k/ll-;lf)kll « (Agl?)k)*/||;1g)kl|} (3.8)
triangular array, (2.4) can be rewritten as
y(t) = Az( ) +e(t) where *’ is the complex conjugate operator, and’‘is the cross-
=[AL (D" AL (D) AL 2(t) + e(t) € C'*X! product operator. : , ,
- ° Finally, the element in (3.6) whose Euclidean distance from
(3.1) —a(¢k,0:), which is given by (3.8), is the smallest yieldslaw
variance and unambiguoudV estimate for the:th signal (see [10]
for justifications). An estimate for the DOA of thith signal can
Ao =[] e €F then be obtained directly from the PV estimate.
D" = Diag{EjZﬂ'Aucf//\ . _7ej27rAu;/)\} € Cp)(p ,
(2NN L RmAug/AY o o, (3.2) B. The Proposed Method—ESPRIT2

where

= Dia
e ] First, recall that the proposed ESPRIT2avhich is capable of
Now, we state a necessary assumption. handling both CP and IP signals, is a refinement of ESPRIT2.
Assumption 6) The columns of the matri, are linearly inde- Although ESPRIT2 makes use of basically all the computations
pendent. required by ESPRIT2 as proposed by Wong and Zoltowski [10],
Let I' andI™ be the matrices satisfying, respectively, , I'* = we will identify a crucial assumption that was not mentioned in

E,, andE, IV = E, ;, whereE, 1, E, », and E, , are the [10], as well as some additional processing, and carry out necessary
matrices comprising the first six rows, the second six rows, and tpeneralization to include more types of arrays.
last six rows ofE, respectively. Then, it follows from (2.6), (3.1), 1) The Data Model for ESPRIT2 When CP and IP signals co-
and Assumption 6 that exist, we should adopt the data model as given by (2.4), where
L _ the values ofp and ¢ are not necessarily zero. Furthermore, it is
r z 1 Y Yy 1
r=rp'rT and I* =TD*T . (3:3) worthwhile rewriting it as follows by exploiting the fact that the

Next, let the eigenvalues and a set of corresponding eigenvectortfgy of concern is a three-sensor right-triangular array

e {fxlk = 1,---n} and {f,|k = 1,---n}, respectively, and T ro T T )y T 4 T1T
let the eigenvalues and a set of corresponding eigenvectof¥’ of y(1) = Az(f) +elt) = [’11: ’I(D ) A, (DY) Ao ]
be {gi|k = 1,---n} and {g,|k = 1,---n}, respectively. Then, it ~z(t) +e(t) € C° (3.9)
follows from (3.3) thatfr, andg, fork = 1,-- -, n, are, respectively,

equal to the diagonal elements @& and DY. Without loss of Where
generality, assume that

B g ko e e
=d an c=dl, fork=1,..., . o
fr ay 9k A, n ( ) ¢ 7)})+q 'UG p+q] c CGx(er’q)
Wh(;er;(yii andd; are, respectively, theth diagonal elements ab” D® = Diag{e?2 A T/A ... oi2m AU/ pi2m g /A
an . : ,
X 2rAug /A ZTAu /XN g2m AWl /A
It can then be deduced from (3.2) and (3.4) that the candidates for e’ e, e’ rral”, ! pre’”}
uj are given by the sefy, and the candidates far! are given by € (I:“)JFQ“’X("*M
the setS?, where DY = Diag{cﬂ”“f/k, - cj'zwAuii/A’ GI2TAUE /A
) A A /J'QﬁAuerl/)\q‘”. /J'ZﬁAuer //\. /J'ZﬁAuer /A
=2 (v Y e (or )< S ST Y
A A 27 € c(PJr O (p+2q) (3.10)

v € Z, ‘_ < v+ ﬂ)‘ < 1} (3.5) (See the paragraph after (2.3) for the physical meaningé()ijgf)k

5= {S (v 42) \
' andv(gf’)k.) Although the analysis presented in [10] is carried out based
Z is the set of all integers, andf, and Zg; are the principal on the CP signal model, we will show that it is basically valid for
arguments off, and g., respectively. A set ofow variance but the model given by (3.9)—(3.10).

ambiguousPV estimates for théth signal is then given by 2) A Crucial AssumptionWe first consider the case where all the
iy et . v 2 2 signals are CP. As a matter of fact, ESPRIT2 computes a set
Se={(a,b.£V1—a? = %) |a € 5i;,b € 5f.a” + 5" < 1} of “unambiguous” PV estimates via the cross-product technique

(3.6) given by (3.8). However, such PV estimates may be erroneous
if Assumption 7) (stated below) is not satisfied. Indeed, we will
establish in Appendix A that, upon determination of the PV estimates
via the cross-product technique, Assumption 7) is a necessary and
sufficient condition for ensuring that each PV estimate obtained
Sndeed corresponds to an incoming signal.

Assumption 7) uy # ui +i\/A for all k,1 € {1,---.n}, where
A, 2 E.\F (3.7) k # I, and for all integers.

(Note that the pairing of the eigenvalues B¥ and I'Y can be
accomplished using the method suggested in [10].)

Assume than;f,l is a scalar multiple of théth column ofT, as in
(2.6), fork = 1,---,n. Then, it can be deduced from (2.6) that the
kth column ofA, is a scalar multiple of théth column of the matrix
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Remarks: and (p + 2k)th diagonal elements oD” are identical fork =

1) Assumption 7) imposes some constraints on the DOA’s of te" ¢ since they are associated with an IP signal that can be
signals. For example, if there exist two incoming signals whoséewed as one comprising two incoherent CP signals with the same
DOA's are reflection of each other with respect to the plan@OA. Thus, we can obtain from (3.11) thahior—1 = fpr2k
containing the three sensors of the array, then Assumptionf@y & = 1,---,¢. Moreover, by Assumption 7)fi, fa, -+, fp,
is no longer valid. Moreover, the larger the intersensor spacitg+2 fp+4: - fp+24 are all distinct. Hence, theeigenvalues from
(i.e., A) is, the larger the set of DOA’s leading to invalidity /1. - -, fp+24 that appear exactly once offer sensible estimates of
of Assumption 7). the firstp diagonal elements oD (the eigenvalues aré,, - - -, fp

2) A, can also be estimated bE. G instead of the expres- according to our formulation and correspond to th€P signals),
sion given by (3.7), wher& = [g,,---,g,]. In this case, and they distinct eigenvalues fronfi,---. f,12, that appear exactly
Assumption 7) should be rewritten as® # u? + i\/A for twice offer estimates of thép + 2)th, (p + 4)th, .-+, (p + 2¢)th
all k,1 € {1,---,n}, wherek # [ and for all integers.” diagonal elements dD” (the eigenvalues arg+2, fpt4, - fo+2q;

Next, we will consider the case where CP and IP signals co-ex%?d correspond to the IP signals). Note that when the number

and assuming Assumptions 1)-6) are valid. We will show that ff snapshots is finite, the eigenvalugs -- -, fp12, will be quite

Assumption 7) is satisfied, then determination of PV estimates Wistinct, strictly speaking. Nevertheless, we may take two eigenvalues

the cross-product technique [given by (3.8)] adopted by EsprIfe be “identi_cal” _if the differenf:e l:_)etvveen them i; _sufficiently small.
is also applicable. Indeed, I&. (. E. . E. 3, I'". I, fi. fy. 4) DOA Estimation and Polarization State ClassificatioHere, we

g, andg,, k = 1,---, p + 2q, be defined in a way similar to thoseﬁrSt discuss estimation of a set dbw variance but ambiguous
mentioned in Section IlI-A. Then, it can be deduced from (2.6), (3.9'?,\/’5' Note that_ thekth _d|agonal elements oD” and D are fi
and Assumption 6) that (3.3) is still valid, where the matrif¥sand and gk, respectively. SinCefy2c—1 = fppax fOr k = L---.q,
DY are as defined in (3.10). Thus, it follows from (3.3) tifatand it can be deduced from (3.10) that the candidatesfpr where

gr are, respectively, equal to the diagonal element®bdfand DY, k=1,---.p+q, are given by the set
for k =1,---.p+ 2q. Without loss of generality, assume that . N [ Lf N [ Lf
S], = K 2_’T + p g 1
7

— 4+ qu
fo=di and gr=dl, fork=1.---.p+2¢  (3.11) 2r
wheredj, andd? are, respectively, théth diagonal elements dP* [ — k, if &€ [1,p], (3.14)
and DY. Now, let us denote T\ 2k—p, fREpP+Lp+q]- :

A weEZ,

- A .
Ao = E. . F (3:12) and the candidates fary, wherek = 1,--.,p + ¢, are given by
where F = [f,,---, fpi2q)- We will show that applying the cross- the set
product technique o, will yield correct PV estimates. Indeed, if - X [ Lg X [ Lg
Assumoti . - . SJ: — + v I/GZ./— + v Sl
ption 7) is satisfied, then it can be shown that (see [16]) k A\ ox A\ ox
AO = [,‘)50)7 e 7“570)71’(0)(@1)"!‘1)7 ’U(O) (¢P+l)v e I= { k, if ke [1,ﬂp]7 (3 15)
0 (F0). 0 (F 1) ]Dprg (3.13) 2k—p, fkelp+lptd [
where D, 2, is a(p + 2¢) by (p + 2¢) diagonal matrix¥@,x = Now, assume that the eigenvaluestfand those of ¥ are correctly

(Optis Oprics ptis Npti) ANAYpri = (Sptks Uprks Tp+k» Tp+k)  paired (this can be done by using the method adopted by ESPRIT1 or
are associated with the same DQ&y,+«. 0p+x), and (Y4, Np+x),  ESPRIT2). Then, a set dbw variance but ambiguouBV estimates

and (Yp++, 7p+k) are some unknown polarization parameters fofor the kth signal is given by the set

E=1-,q . : . .

Subsequently, two deductions can be made by comparing theSk = {(a.b, V1 — a2 —=b2)"|a € Si,b € S}, a” + b < 1}.
expression ofA, in (3.13) with that of A, in (3.10). First, for (3.16)
k=1,---,p, thekth column ofA,, which is associated with a CP  Next, from the two deductions made in the last paragraph of
signal, is a scalar multiple of theth column ofA., and consequently, Section I1-B2, ahigh variance but unambiguolRV estimate of the
the cross product of the normalized top and bottom 3 subvectors #th signal —a(¢.,6x) can be estimated by (3.17), shown at the
of the kth column of A, will yield an unambiguous PV estimate bottom of the next page, wherAEf)k, and A"} are, respectively,
of the kth signal. Second, fof = 1,---,q, the (p + 21 — 1)th and the top and bottom 3 1 subvectors of théith column of A,, as
(p + 20)th columns ofA,, which are associated with the same IRlefined in (3.12).
signal, are scalar multiples of a steering vector of a single VS with theFinally, the element in (3.16) whose Euclidean distance from
same DOA(¢,+1, 8,+1) but with some unknown polarization$,+:;, —u(¢x,8:) as given by (3.17) is the smallest, givedos variance
Np+1), @nd(Yp41, Np+1), respectively. Thus, fok = p+1,---,p+¢, and unambiguouPV estimate for théth signal. The DOA estimate
the cross product of the normalized top and bottom B subvectors of the kth signal (¢x, #x) can be simply extracted from the PV
of the (2k — p — 1)th (and (2k — p)th) column of A, will yield estimate. It will be classified as the DOA of a CP signal if it

an unambiguous PV estimate of tkesignal. In summary, the two is associated with an element i1, -, f,} but an IP signal if
deductions mean that with Assumption 7), we can ensure that tesociated with an element {41, -+, fo424}-
PV estimates obtained via the cross-product techniquedorare In conclusion, our analysis has shown that ESPRIT2, with As-

unambiguous for scenarios where CP and IP signals co-exist.  sumption 7) and the additional processing we have outlined in
3) Additional Processing:We will discuss some additional pro- Section 11I-B3, is applicable for scenarios where CP and IP signals

cessing (additional to that required by ESPRIT2 [10]) relevant wp-exist.

grouping of f;’s, which is necessary as far as classification of 5) Extension to Arbitrary Triangular Arrays:In practice, it may

polarizations states of signals (will be discussed in Section Ill-B4)ot be always possible to arrange three sensors in a right-triangular

is concerned. Indeed, from (3.10), it is clear that the+ 2k — 1)th  fashion suggested in [10] due to, for example, terrain constraint.
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Sensor 3 In fact, one of the subarrays igeferencesubarray, whereas the other

two are displacement versions of the reference subarray as shown
in Fig. 1(b). Note that the three-sensor arrangement as required by
the original ESPRIT2 as proposed in [10] may be taken as a special

Sensor 2 case of the sensor configuration we proposed here in the sense that
Sensor 1 ° the reference “subarray” is simply the first sensor, and the other two
<—> ; :
A sensors are the displacement versions.

@ Without loss of generality, assume that the reference subarray con-
tains the firstngs sensors of the array. Then, the array measurements
3rd subarray can be expressed as (3.9) and (3.10), except that the nfatiskould
O be replaced by

A A = [dl & 'UgO), e e;ip @ v](JO)’ ;ip-‘rl ® 'US)O) p+1°
2nd subarray &erl & ”((:)p-}_u s aJerq @ Ugs(),i,+qa dpiq & Ufaoiﬂ-q] (3.18)
Lst Q which characterizes the response of the reference subarray due to the
(reference) A incoming signals, wheré, = [e/27%rT1/} .. o2t Tmg s /AT
subarray contains the phase delays of the first,» sensors with respect to the
(b) origin. The whole estimation procedure presented in Sections IlI-B3

Fig. 1. (a) Three sensors inclined at an angléb) Three identical subarrays. &1 4 for three-sensor arrays is applicable except for two changes:
i) Assumption 6 should be replaced by Assumptton

Assumption6) The columns of the matrid are linearly indepen-
On the other hand, using only three sensors limits the number of dent, whered is as defined in (3.18).

identifiable signals (see Section IV for a more detailed discussion . y

of the identifiability issues). Hence, we will generalize ESPRIT2 to ) Now, the matricesI™ and I'V [defined in the paragraph

allow for three-sensor arrays without the right-triangular constralﬁp @. 1yl)] are those sat|sfy|ng, respectivelyy, | I = ..

here as well as to allow for arrays with more than three sensorsdfd Bs 1T = E. 3, where E, ;. is ams-row submatrix ofE,

Section I11-B6. We will cover the desired sensor geometry as well SOC.'ated with théth subarray (fork = 1,2 3),.and each row of

the relevant modification of some settings for ESPRIT2. Note thats: * is extracted from a row of, corresponding to a sensor of

the possibility of extending ESPRIT2 to include rectangular arra e kth subarray.

with more than three sensors has been briefly mentioned in [10], bu emark: If the three subarrays are not inclined at right angle,

no further details are presented. then the modification required for arbitrary triangular arrangements
Now, let us consider a three-sensor array as shown in Fig. 1(3?. discussed in Section 11l-B5 should also be carried out.

The data model is still of the form given by (3.9) and (3.10) but with

the variable: of DY in (3.10) being replaced Hy:j; cose+u} sin <] IV. IDENTIFIABILITY ISSUES

(which is effectively the projection of the PV of theh signal onto  gjnce identifiability is a subject by itself and not the only issue

the vector joining Sensors 1 and 3) and the variablef D* andD*  of this correspondence, we will present only the relevant results

in (3.10) being replace by, respectivel, andA,. Subsequently, pere while putting detailed analysis in the Appendix. For ease of

the whole estimation procedure presented in Sections I11-B3 and 4d§§cu55|on we introduce a tight bound (tight in the sense that it is

applicable, except that the variahteof 57 in (3.14) will be replaced rejatively tlghter than the loose bound that we will shortly dlscuss)

by Ay, and the sefs} in (3.15) will be replaced by denoted as:<p and a loose boundksp, wherentgp and nkep
X [ Lla B are both positive integers, and.sp > nisp. We will first discuss
A Ay \on T v ) —ugcose N the implications of{sp andnksp and later on present their values.
y = S e veEZug €Syl <1 Indeed, our investigation reveals that whees p+ ¢ < nsp, Where

n is the total number of signalg,is the number of CP signals, ands

the number of IP signals, the DOA estimates obtained with ESPRIT2

will be unique and valid (valid here means that it is indeed the DOA

of an incoming signal if all desired assumptions [i.e., Assumptions

1)-7)] are satisfied). In the case wherbsp < n < nkgp, some

of the DOA estimates could be invalid depending the DOA’s of the
6) Extension to Arrays with More Than Three Senso@onsider  incoming signals. Beyonalsp, none of the estimates would be

the case of arrays containing more than three sensors. The constnzafit.

is that the array must contain three identieat A -sensor subarrays  Our study first establishes thal,gp = 2 andni.sp = 6msa — g,

(with no restriction on the value ofiss), which can be overlapped. where ¢ € [0,3msa], and msa is the number of VS’s in each

= k, if ke€[L,p]
2k—p, fkEp+1,p+q.

ne] ACk (AT -
e — 4 WA AT S 1 v b
’ 1 AY, @AM, 1 AV, L, @l o L
3 AG) X S —3R © ™ » fk=p+l-pty
2 A, 1A, 2 A, 1A%,

(3.17)
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subarray (see Appendix B). Clearly, the loose bouhdr depends 3.5
on ¢, which is the number of IP signals. Indeed, it can be verified that <-----DOP=0or1
it takes one extreme valuianss wheng = 0 (which corresponds to 31 it |—-—-DoP=0.9
the case where there is no IP signals) and the other extreme value 7 |—-—— DoP=0.7
3msa Wheng = 3mgsa (which corresponds to the case where there !
is no CP signals).

Remarks:

1)

2)

3)

We present numerical examples to demonstrate the effectiven
of ESPRITZ. In each example, we generate 100 Monte Carlo runs
and for each run, 100 snapshots are generated. The default values,o
the signal-to-noise ratios (SNR’s) are 10 dB, unless otherwise stat&d.
The array comprises three VS’s with coordinates (0, 0,(®), O,
0) and (0,A, 0), whereA = 2\. We compare the performance
of ESPRIT2 with a form of CRB, RMSAERg,! which is defined
as RMSAER = \/cos? § CRB(¢) + CRB(#), where CRB¢) and
CRB(¢) are the CRB’s for the azimuth and elevation, respectivelS
(see [2, (3.4)]). In fact, RMSAE&r provides a lower bound for the
root-mean-square angular errors (RMSAE’s) of DOA (azimuth ar}ga
elevation) estimates.

Before we proceed, we will introduce the degree of polar:
ization (DOP) of a signal. The covariance matrix of tli¢h
signal R,  can be expressed as; (plI2/2 + oi cplcos i,
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From the loose boundéisp = 6msa — ¢, we can deduce
that by increasing the number of sensorky,> increases, and
ESPRITZ can potentially handle more signals. For example,
consider the case where all the signals are CP. Then, for a
three-sensor array, ESPRIT2an handle up to six signals.

RMSAE (deg)

On the other hand, for a six-sensor array comprising three 90 60  -30 0 30 60 90
subarrays with each subarray having two sensors arranged in a 6 (deg)
way described in Section 11I-B6, ESPRIT2an handle up to

Fig. 2. RMSAE's of the estimates of ESPR(T2nd RMSAE:r for

12 signals. cenarios of one signal. The signal parameters (@fe, ¢ n)
. 5 U1, Y1, T =
If the number of signals is between the loose and tight boun(i 5°,61,0°,0°), where 6, is varied from—90 to 90, and the DOP is

there is a set of DOA’s, whereby Assumpti@) or 7) iS varied from 0 to 1. (Note that RMSAR is the CRB for the case DOR
violated, leading to some ambiguous estimates. However, suthand the RMSAE for DOP-= 0 is almost identical to that when DGP 1.)

a set of DOA’s is of measure zero, i.e., there would be

practically no ambiguity when the SNR is sufficiently high. In

addition, by increasing the number of sensors, we can redugg ;'] [cos v, sin vee™""*], where o} vp.oi cp € R,

the size of the ambiguity since fewer DOA combinations would,. ¢ [0,7/2], 5 € (—=, 7], and I» is the (2 x 2) identity

lead to invalidity of Assumptior6). matrix [15] The first term is the unpolarized (UP) component with
Itis also possible to eliminate ambiguities arise due to V|0Iat|of§bwer o} up, and the second is the CP component with power
of Assumption 7) [assuming Assumptions 1)-5) di)dare 47 ... The DOP of the signal is defined as the ratio between the
satisfied]. Here, we will briefly outline a method exploitingpower of the CP component and the total power of the signal, i.e.,
the fact that the signal subspace is orthogonal to the nois& /(o vp + a7 cp). Note that the value of DOP ranges from 0
subspace. Indeed, to obtain unique DOA estimates, we fitst1, with the DOP of a CP signal being 1, and that of an IP signal
carry out the first part of ESPRIT2nvolving the computation being less than 1. A special case of an IP signal that has no CP
of a set oflow variance but ambiguouBV estimatesS;, for component is called a UP signal, and its DOP is 0.

k = 1,---,p + ¢, which are given by (3.16). To remove |n the first example, we assess the performance of ESPRIT2
amblguous PV estimates, we will not proceed with the secone presence of one signal. We simulate one signal with parameter
part of ESPRIT2 involving the computation of thehigh @, = (45°,6,,0°,0°), where the elevatio#i; is varied from—90°
variance but unambiguou®V estimates [given by (3.17)] to 9C° in steps of 5. The DOP of the signal under investigation
but carry out the procedure as follows. Let us first denot@inges from 0 to 1. The results are shown in Fig. 2. When BOP
the set of DOAs associated Wlth the set of PV estimate® or 1, the RMSAE of the DOA estimates is close to RMSAEf

in Sy as Q = 2 {(6.0)]¢ = tan~'(y/x), § = sin~'(2), |6] > 10° (i.e.,# < —10° or § > 10°). The large value of the RMSAE
(z,y.z) € Si}. Now, using the fact that the signal subspacat low elevation (i.e.|6| < 10°) is due to the fact that all the three

is orthogonal to the noise subspace, the DQA, 6x) as- sensors lie in the-y plane (better results can be expected if there are
sociated with thek signal can be uniquely determined viasensors not confined in they plane). When we vary the DOP of the
argmin g gyeo, Amin([v6(0.0), vo(0,0)]" B, Ef [vs(6,6), signal from 0 to 1 in steps of 0.1, the RMSAE of the DOA estimates
vo(0,6)]), whereAwin (X) denotes the smallest eigenvalue oincreases gradually as the DOP of the signal increases from 0 to 0.9.

X, and E,, is the noise subspace defined in (2.5). Interestingly, as the DOP increases further from 0.9 to 1, the RMSAE
decreases from the maximum value attained at DOP equal to 0.9 to
V. SIMULATION RESULTS a value close to that when the DOP is 0. The above observations

g@cate that ESPRIT2works best at the two extreme polarizations,

, CP or UP, but not in between.
ri]the second example, we are concerned with the dependence
the performance on the angular separation of two signals. We
simulate two uncorrelated signals of which the first is CP with
parameters fixed ak; = (45°, —65°,0°,0°), and the second is UP
with parameter®, = (45°, —65° —1— b, 900,00), whereé is varied
from 0 to 155 in steps of 5. The result associated with the first
ignal is shown in Fig. 3. Clearly, the RMSAE of the DOA estimates
decreases with an increase in angular separation, except for the case
where§ = 130° (the violation of Assumption 7 wheA = 13C°
s led to large RMSAE). As to the case whére- 130°, we can
apply the processing proposed in Remark iii) of Section IV to obtain
an estimate with RMSAE being close to RMSAE Note that we
also show in Fig. 3 (and in Fig. 4 as well for the next example)
the RMSAE of the high variance DOA estimates obtained from

of

1RMSAECr is based on the mean-square angular error as defined in [2]3.17). Apparently, the RMSAE of the high variance estimates is
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Fig. 3. RMSAE of the DOA estimates of the first signal versus DOA angular
separation for scenarios where 1 CP and 1 UP signals co-exist. The param-
eters of the CP signal are fixed @b1,61,71,71) = (45°,—65°,0°,0°),
and those of the UP signal af@-, 02, v2, n2) = (45°, —65° + 6,90°,0°).

“ESPRIT_HV” in the legend corresponds to high variance estimate of

ESPRITZ.

------ ESPRIT 2’
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much higher than that obtained through the combination of both the
high-variance and low-variance estimates.

In the third example, we investigate the dependence of the per-
formance on SNR in the presence of two signals. We simulate two 7 10 13 16 19
uncorrelated signals of which the first is CP with parameters fixed SNR (dB)
at¥, = (45°,—-60°, 0°, 0°), and the second is UP with parameters (b)
fixed atw, = (45, -30°, 90, O )..The SNR's of the. two signals Fig. 4. (a) RMSAE of the DOA estimates of the first signal versus SNR
are equal and are con_current_ly varle_d frerfd to 20 dB in steps of 1 ¢/ scenarios of two signals. The first signal is CP withy, 61,71, 71)
dB. The results associated with the first and second signals are shewnas°, —60°,0°,0°), and the second is UP witligo, 62,72, 12) =
in Fig. 4(a) and (b), respectively. We observe that the RMSAE of thg5°, —30°,90°,0°). (b) As in Fig. 4(a), but this figure shows the RMSAE
DOA estimates increases with a decrease in SNR, and moreoveffithe DOA estimates of the second signal.
is close to RMSAER.

Next, we discuss the ability to accurately determine which of the TABLE |
signals are CP and which are not. Tables | and Il show the percentage&RONEOUS CLASSIFICATION (EC) OF POLARIZATION STATES IN THE SECOND
of erroneous classifications that have occurred for the second and thirdEXAMPLE FOR DOA ANGULAR SEPARATION, &. (ANGULAR SEPARATIONS

. . [P THAT ARE NOT SHOWN Do NoT HAVE ERRONEOUS CLASSIFICATIONS)

examples, respectively. We observe that incorrect classifications often
occur when angular separation between signals is small or SNR is §(deg) | 0 5 10 | 130
low. We also notice that very often, when there is a large percentage
of incorrect classifications, the DOA estimates are all quite poor
(see Figs. 3 and 4). Incidentally, there was no incident of incorrect
classification in the entire process of Example 1. One main reason
is that Example 1 involves only one signal, and the SNR value is TABLE II

ERRONEOUS CLASSIFICATION (EC) OF POLARIZATION

considerably high. STATES IN THE THIRD EXAMPLE. (SNR’s THAT Are NoT
SHOwN Do NoT HAvE ERRONEOUS CLASSIFICATIONS)

3
N
-
E-3

EC(%) | 100 | 62 | 16 | 100

VI. SUMMARY SNR@B) | -2 | -1 0 i 2 3

We addressed DOA estimation with EM VS's for scenarios where
CP and IP signals co-exist. Although there had been existing methods
for estimating the DOA’s of multiple signals with an array of EM

VS's, they had been designed either for only CP signals or for Onz|1¥bitrary number of EM VS’s. We also acquired some useful insights

IP signals. The fact that a method suitable for CP (IP) signals ma . I )
fail completely in the presence of IP (CP) signals motivated Olljrr}fo the identifiability issues concerning our proposed ESPRIT.

investigation into the applicability of ESPRIT2 [10] that was designed
based on CP signal model for scenarios where the two types of signals
co-exist.

Our investigation showed that ESPRIT2, with an additional as- We will first establish a useful lemma.
sumption and some extra processing, is capable of yielding reasonablyemma A.1: Let v (¢4, 84, v, ) and -v(°)(<,b,, 01, v,m) be
good estimates of the DOA’s of both CP and IP signals and bfo steering vectors of a single VS associated with two CP sig-
offering sensible classification of the signal types. Since ESPRITals, wherev®) is as defined in (2.3). 16,2 (1, 05, vi. 71) +
was originally designed for use with a specific three-sensor arré,yJ(O)(gb,,el,m,v”) = év(O)((;’)k,Hk,v, n) for some polarizatior{-,
[10], we carried out an appropriate generalization to include mong and 6, ;. 6 € C\{0}, then the two DOA’'S(¢y, 05) and (¢,
general types of three-sensor arrays and a class of array withéan are identical.

EC(%) | 100 | 100 | 54 | 42 19 13

APPENDIX A
THE SIGNIFICANCE OF ASSUMPTION 7
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Proof of Lemma A.L:If 6,0 (¢5. 05, iy me) + 82 (é1,6;, that in (3.17) is identical to the PV of the incoming signal. This
v, m1)= 60'°)(éx, 81, . n) for some polarization. n) andéy. 6, establishesilgp = 2.
§ € C\{0}, then we can rewrite the equation @8 (¢, 6., v, 1) Next, we will show thatlsp = 6msa — ¢, whereq € [0, 3msa]
= 60 (¢, 0k, 7. 1) — 650 (Gk, Ok yis i) = 50 (64,65, 9.9) for an array receivingy CP signals and; IP signals. Indeed, we
for somes € [0,7/2]. 4 € (—=. 7], andd € C\{0}. Now, using the first note that if Assumptiors) is violated, then (3.3) is no longer
fact that every two steering vectors of one VS associated with twalid. Consequently, none of the PV estimates in (3.16) is equal to
CP signals having distinct DOA’s are linear independent (see Lemitiee PV’s of the incoming signals. Thus, it suffices to establish that
1 of [3]), the DOA’s (¢, 6%) and(¢;, 8;) must be identical. = if the number of incoming signals is greater thamsa — ¢, then
Now, we are ready to show that Assumption 7) is a necessakgsumption6) is violated, regardless of the DOA’s of the incoming
and sufficient condition for the cross-product method given by (3.8)gnals. Indeed, if. > 6msa — ¢, then the number of columns of the
yielding correct PV estimates. We begin by showing the sufficieneyatrix A (associated with the reference subarrayy; 24, is greater
part, i.e., if Assumption 7) is satisfied, then (3.8) will give correcthan its number of rowsims,. Consequently, the columns df are
PV estimates. Indeed, if Assumption 7) is satisfied, then the diagofiakarly dependent, and Assumptié is violated regardless of the
elements ofD”, as defined in (3.2), are all distinct. Thus, it followsDOA'’s of the incoming signals.
from (3.4) that the eigenvalues d@” (i.e., fx, for k = 1,---,n)
must be all distinct. This in turn implies thgt, is a scalar multiple
of the kth column ofT’, as defined in (2.6). Consequently, it can be
verified from (2.6) and (3.7) that theth column of Ao, as defined e thank the reviewers for their insightful comments that have
in (3.7), is indeed a scalar multiple of thi¢h column of A.. Since peen very useful in strengthening the paper.
the kth column of A, is a steering vector of a single VS with DOA
identical to that of thetth signal, the cross-product technique in (3.8)
will yield a correct PV estimate of thith signal. REFERENCES
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