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Abstract—We are concerned with direction-of-arrival estimation and
signal classification with electromagnetic vector sensors for scenarios
where completely and incompletely polarized signals may co-exist. We
propose an efficient ESPRIT-based method, address the identifiability of
the proposed method, and compare its performance against CRB.

Index Terms—Array signal processing, direction-of-arrival estimation,
electromagnetic waves, polarization, vector sensors.

I. INTRODUCTION

Electromagnetic (EM) vector sensors (VS’s), which measure the
complete electric and magnetic fields induced by EM signals at
a point, have been shown to be very useful and effective for
direction-of-arrival (DOA) estimation [1]–[8]. When the EM VS
was first introduced, a cross-product-based DOA estimation method
applicable to single-source scenarios was proposed (see [1] and [2]).
Subsequently, three different ESPRIT-based methods for estimating
the DOA’s of multiple signals with an array of EM VS’s have been
developed separately via the work reported in [9]–[11], which we
will refer to as ESPRIT1, ESPRIT2, and ESPRIT3, respectively. As
a matter of fact, each of these three methods is applicable only to a
specific type of EM signals: ESPRIT1 and ESPRIT2 are designed for
only completely polarized (CP) signals, whereas ESPRIT3 for only
incompletely polarized (IP) signals. (The polarization state of a CP
signal is constant, whereas that of an IP signal varies with time.)
However, in some practical applications, such as DOA estimation on
an airborne platform, both CP and IP signals may be encountered.
Therefore, it is of theoretical interest and practical importance to
develop DOA-estimation methods for scenarios where CP and IP
signals co-exist.

Basically, an IP signal comprises two incoherent CP signals having
the same DOA. Therefore, it is commonly thought that a DOA-
estimation method designed for CP signals can be directly applied for
scenarios where CP and IP signals co-exist—for each IP signal, the
method would simply give two DOA estimates having the same value,
each of which corresponds to a CP signal belonging to the IP signal
of concern. However, this common perception is not always true. In
fact, it has been established analytically in [12] that the estimates
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obtained with ESPRIT1 would be practically unusable as long as an
IP signal exists. Interestingly, ESPRIT3, which was customized for
IP signals, would also produce unreliable results in the presence of
CP signals.

Hence, we cannot take it for granted that a method devised based
on CP (IP) signal model is automatically applicable to IP (CP)
signals. On the contrary, a dedicated analysis must be devoted to
investigating its applicability to the other types of signals. In this
connection, we investigate whether ESPRIT2 can be used for DOA
estimation in cases where both CP and IP signals co-exist. Our
investigation indicates that ESPRIT2, with an additional assumption
(additional in the sense that it was not mentioned in [10]) and some
extra processing, can be used in the presence of both CP and IP
signals. Actually, ESPRIT2 is customized for use with a specific
three-sensor array. This motivates us to carry out an appropriate
generalization so that ESPRIT2, with some appropriate modifications
we will introduce later on, becomes applicable to more types of three-
sensor arrays, as well as a class of arrays with arbitrary number
of sensors. For convenience, we will refer to ESPRIT2 with the
additional assumption, processing, and modifications we introduce
as ESPRIT2.

We also present a fairly thorough analysis of the identifiability
of ESPRIT2 and assess its performance via a comparison of the
root-mean-square errors of the estimates with a Cram´er-Rao bound
(CRB) related expression.

II. PRELIMINARY DISCUSSION

A. Data Model

Ferrara and Parks [14] have studied the use of diversely polarized
sensors (cross dipoles in particular) for estimating the DOA’s of CP
signals. Here, we will use the notation of Ferrara and Parks [14]
with an appropriate modification so that it is applicable to EM VS’s
receiving both CP and IP signals. The modification is basically on
the expression of the steering vectors—we adopt the one proposed in
[1], which is suitable for both CP and IP signals.

Consider an array ofm EM VS’s receivingn EM signals at timet,
and let the azimuth and elevation of thekth signal be�k 2 (��; �]
and �k 2 [��=2; �=2], respectively. The measurement received at
the array can be model as

yyy(t) = AAA���(t) + eee(t) (2.1)

whereyyy(t) andeee(t) are6m�1 complex vectors, respectively, given
by

yyy(t) = [yyy(1)e (t); yyy
(1)
h (t); � � � ; yyy(m)

e (t); yyy
(m)
h (t)]T 2 C6m�1

eee(t) = [eee(1)e (t); eee
(1)
h (t); � � � ; eee(m)

e (t); eee
(m)
h (t)]T 2 C6m�1

AAA = [vvv�(�1; �1); vvv�(�1; �1); � � � ; vvv�(�n; �n)

vvv�(�n; �n)] 2 C6m�2n

vvv�(�k; �k) = ddd(�k; �k)
 vvv
(�)
� (�k; �k) 2 C6m�1

vvv�(�k; �k) = ddd(�k; �k)
 vvv
(�)
� (�k; �k) 2 C6m�1

vvv
(�)
� (�k; �k) = [� sin�k; cos�k; 0;� cos�k sin �k

� sin�k sin �k; cos �k]
T
2 <

6�1
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vvv
(�)
� (�k; �k) = [� cos�k sin �k;� sin�k sin �k

cos �k; sin�k;� cos�k; 0]
T
2 <

6�1

ddd(�k; �k) = [ej2�uuu(� ; � )�rrr =�; � � �

ej2�uuu(� ; � )�rrr =�]T 2 Cm�1

uuu(�k; �k) = [uxk; u
y
k; u

z
k]
T

= [cos�k cos �k; sin�k cos �k; sin �k]
T
2 <

3�1

���(t) = [���T1 (t); � � � ; ���
T
n (t)]

T
2 C2n�1

���k(t) = [��(
k; �k; t); ��(
k; �k; t)]
T
2 C2�1:

Here


 Kronecker product operator;
� dot product operator;
T transpose operator.

The vectorsyyy(l)e (t) 2 C1�3 and�yyy(l)h (t)=r 2 C1�3 are, respectively,
the three-component measurements of the electric and magnetic fields
at the lth sensor at timet, where r is the intrinsic impedance
of the medium, andeee(l)e (t) 2 C1�3 and eee

(l)
h (t) 2 C1�3 are,

correspondingly, the noise components in the measurements. The
vectorsvvv�(�k; �k) and vvv�(�k; �k) are the responses of the array
due to an EM wave coming from direction(�k; �k) with linear
polarizations along, respectively, the�-direction and the�-direction.
The vectorsvvv(�)� (�k; �k) andvvv(�)� (�k; �k) have the same meanings as
vvv�(�k; �k) andvvv�(�k; �k); respectively, except that they correspond
to responses of one EM VS. The two entries of the vector���k(t)
represent the complex envelopes of thekth transmitted signal, thelth
entry ofddd(�k; �k) denotes the phase delay of thekth signal at thelth
sensor with respect to the origin,� represents the wavelength of the
signals, andrrrl denotes the coordinates of thelth sensor. The vector
�uuu(�k; �k) is the normalized Poynting vector (PV) of thekth signal.

The rank of the covariance matrix of thekth signal
RRR���

�
= E(���k(t)���

H
k (t)) is related to the polarization state of

the kth signal, where ‘E’ and ‘H ’ are, respectively, the expectation
and hermitian operators (see [15]). Indeed, ifRRR��� is of full rank,
then the signal is IP, and its polarization varies with time. On the
other hand, ifRRR��� is rank deficient, then the signal is CP, and it
has constant polarization. Note that for CP signal,���k(t) can be
expressed as[cos 
k; sin 
kej� ]T sk(t), where 
k 2 [0; �=2] and
�k 2 (��; �] are polarization parameters referred as the auxiliary
polarization angle and polarization phase difference, respectively,
andsk(t) the complex envelope of thekth signal. Thus, the response
of the array due to a CP signal[vvv�(�k; �k); vvv�(�k; �k)]���k; can
be compactly expressed as

[vvv�(�k; �k); vvv�(�k; �k)]���k = vvv(			k)sk(t) (2.2)

where

vvv(			k) = ddd(�k; �k)
 vvv(�)(			k); 			k = (�k; �k; 
k; �k)

vvv(�)(			k)
�
= [vvv

(�)
� (�k; �k); vvv

(�)
� (�k; �k)]

cos 
k
sin 
ke

j� : (2.3)

The vectorvvv(			k) with parameter			k = (�k; �k; 
k; �k) is the
steering vector of the array associated with a CP signal coming
from the direction(�k; �k) with polarization(
k; �k), and the matrix
[vvv�(�k; �k); vvv�(�k; �k)] is the steering matrix of the array associated
with an IP signal with DOA(�k; �k): Note thatvvv(�)(			k) is the
steering vector of one EM VS associated with a CP signal with
parameter			k, and the matrix[vvv(�)� (�k; �k); vvv

(�)
� (�k; �k)] is the

steering matrix of one EM VS associated with an IP signal with
parameter(�k; �k):

Without loss of generality, assume that the firstp signals are CP,
and the remainingq signals are IP (thus the total number of signals

is n = p + q): Then, we obtain from (2.1) and (2.2) the array
measurements as follows:

yyy(t) = AAAzzz(t) + eee(t) (2.4)

where

AAA = [vvv(			1); � � � ; vvv(			p); vvv�(�p+1; �p+1)

vvv�(�p+1; �p+1); � � � ; vvv�(�p+q; �p+q)

vvv�(�p+q; �p+q)] 2 C6m�(p+2q)

zzz(t) = [s1(t); � � � ; sp(t); ���p+1(t); � � � ; ���p+q(t)]
T
2 C(p+2q)�1:

For convenience, we will hereafter usevvvk; vvv
(�)
k ; vvv�; k; vvv�; k;

vvv
(�)
�; k; vvv

(�)
�; k; dddk; and uuuk to denote, respectively,vvv(			k); vvv

(�)(			k);

vvv�(�k; �k); vvv�(�k; �k); vvv
(�)
� (�k; �k); vvv

(�)
� (�k; �k); ddd(�k; �k) and

uuu(�k; �k):

B. Basic Assumptions and Preliminary Discussion

Now, we will establish some useful relationships between the
eigenvectors of the array covariance matrix and the steering vectors
of the array for the case where CP and IP signals co-exist. First, we
make the following assumptions that are essential for ESPRIT2 and
ESPRIT2.

Assumption 1) The DOA’s(�1; �1); � � � ; (�n; �n) are pairwise
distinct.

Assumption 2) The signals are incoherent (i.e.,E(zzz(t)zzzH(t)) is
of full rank).

Assumption 3) The signals are uncorrelated with the noise.
Assumption 4) The noise covariance matrix is a constant multiple

of the identity matrix.
Assumption 5) The columns of the matrix[vvv(	̂		1); � � � ; vvv(	̂		n+1)]

are linearly independent for all distinct DOA’s
(�̂1; �̂1); � � � ; (�̂n+1; �̂n+1) and arbitrary polariza-
tions (
̂1; �̂1); � � � ; (
̂n+1; �̂n+1):

It follows from Assumptions 2)–4) and (2.4) that the array covari-
ance matrix can be expressed asRRRyyy = E(yyy(t)yyyH(t)) = AAARRRzzzAAA

H +
�2III6m, whereRRRzzz = E(zzz(t)zzzH(t)) is nonsingular, and�2 is the
noise power. Let the eigenvalues and the corresponding eigenvectors
of RRRyyy be �1; � � � ; �6m andhhh1; � � � ; hhh6m, respectively, and assume,
without loss of generality, that�1 � � � � � �6m: Then, it can be
shown that�1 � �2 � � � � � �p+2q >�p+2q+1 = � � � = �6m = �2

and that

AAAHEEEn = 0; where

EEEn = [hhhp+2q+1; � � � ; hhh6m] 2 C6m�(6m�p�2q): (2.5)

Moreover, there exists a unique nonsingular matrixTTT 2

C(p+2q)�(p+2q) such that

EEEsTTT = AAA; where

EEEs = [hhh1; � � � ; hhhp+2q] 2 C6m�(p+2q): (2.6)

Note that the columns ofEEEn are commonly referred to as noise
eigenvectors, whereas those ofEEEs signal eigenvectors.

III. A NALYSIS OF ESPRIT2AND DETAILS OF ESPRIT2

A. A Brief Discussion of ESPRIT2

We begin with a brief discussion of ESPRIT2 as proposed in [10]
since this will facilitate the discussion of ESPRIT2: In fact, ESPRIT2
makes use of a right-triangular array of three VS’s with coordinates
(0, 0, 0), (�; 0, 0) and (0,�; 0), where� can be larger than
half wavelength. Two sets of PV estimates for the signals are first
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obtained, one of which is oflow variance but ambiguous, whereas the
other ishigh variance but unambiguous. Subsequently, a set oflow
variance and unambiguousPV estimates is obtained by combining
the information extracted from the two sets. The DOA estimates of
the signals can then be extracted from the PV estimates.

Since the work reported in [10] is concerned with only CP signals,
the array measurement is given by (2.4) withp = n and q = 0:
Exploiting the fact that the array of concern is a three-sensor right-
triangular array, (2.4) can be rewritten as

yyy(t) = AAAzzz(t) + eee(t)

= [AAAT
� ; (DDD

x)TAAAT
� ; (DDD

y)TAAAT
� ]

T zzz(t) + eee(t) 2 C18�1

(3.1)

where

AAA� = [vvv
(�)
1 ; � � � ; vvv(�)p ] 2 C6�p

DDDx = Diagfej2��u =�; � � � ; ej2��u =�g 2 Cp�p

DDDy = Diagfej2��u =�; � � � ; ej2��u =�g 2 Cp�p: (3.2)

Now, we state a necessary assumption.

Assumption 6) The columns of the matrixAAA� are linearly inde-
pendent.

Let���x and��� y be the matrices satisfying, respectively,EEEs; 1���
x =

EEEs; 2 andEEEs; 1���
y = EEEs; 3, whereEEEs; 1; EEEs; 2; andEEEs; 3 are the

matrices comprising the first six rows, the second six rows, and the
last six rows ofEEEs, respectively. Then, it follows from (2.6), (3.1),
and Assumption 6 that

���x = TTTDDDxTTT�1 and ��� y = TTTDDDyTTT�1: (3.3)

Next, let the eigenvalues and a set of corresponding eigenvectors of
���x be ffkjk = 1; � � �ng and ffffkjk = 1; � � �ng, respectively, and
let the eigenvalues and a set of corresponding eigenvectors of��� y

be fgkjk = 1; � � �ng and fgggkjk = 1; � � �ng, respectively. Then, it
follows from (3.3) thatfk andgk, for k = 1; � � � ; n, are, respectively,
equal to the diagonal elements ofDDDx and DDDy: Without loss of
generality, assume that

fk = dxk and gk = dyk; for k = 1; � � � ; n (3.4)

wheredxk anddyk are, respectively, thekth diagonal elements ofDDDx

and DDDy:
It can then be deduced from (3.2) and (3.4) that the candidates for

uxk are given by the setSx
k , and the candidates foruyk are given by

the setSy
k , where

Sx
k =

�

�
�+

6 fk
2�

� 2 ZZZ;
�

�
�+

6 fk
2�

� 1

Sy
k =

�

�
� +

6 gk
2�

� 2 ZZZ;
�

�
� +

6 gk
2�

� 1 (3.5)

ZZZ is the set of all integers, and6 fk and 6 gk are the principal
arguments offk and gk, respectively. A set oflow variance but
ambiguousPV estimates for thekth signal is then given by

Sk = f(a; b;�
p
1� a2 � b2)T ja 2 Sx

k ; b 2 Sy
k ; a

2 + b2 � 1g:
(3.6)

(Note that the pairing of the eigenvalues of��� x and ��� y can be
accomplished using the method suggested in [10].)

Assume thatfffk is a scalar multiple of thekth column ofTTT , as in
(2.6), for k = 1; � � � ; n: Then, it can be deduced from (2.6) that the
kth column ofAAA� is a scalar multiple of thekth column of the matrix

ÂAA�
�
= EEEs; 1FFF (3.7)

whereFFF = [fff1; � � � ; fffn]: Now, let us denote the top 3� 1 subvectors
and the bottom 3� 1 subvectors of thekth column ofÂAA� asÂAA(e)

�; k

andÂAA(h)
�; k, respectively. Then, the cross product ofÂAA

(e)
�; k=kÂAA(e)

�; kk and

ÂAA
(h)
�; k=kÂAA(h)

�; kk (which are, respectively, the electric field vector and
magnetic field vector of thekth signal) yields the PV estimate for
the kth signal, which is ofhigh variance but unambiguous

�ûuu(�k; �k) = �RefÂAA(e)
�; k=kÂAA(e)

�; kk � (ÂAA
(h)
�; k)

�=kÂAA(h)
�; kkg (3.8)

where ‘�’ is the complex conjugate operator, and ‘�’ is the cross-
product operator.

Finally, the element in (3.6) whose Euclidean distance from
�ûuu(�k; �k), which is given by (3.8), is the smallest yields alow
variance and unambiguousPV estimate for thekth signal (see [10]
for justifications). An estimate for the DOA of thekth signal can
then be obtained directly from the PV estimate.

B. The Proposed Method—ESPRIT2

First, recall that the proposed ESPRIT2, which is capable of
handling both CP and IP signals, is a refinement of ESPRIT2.
Although ESPRIT2 makes use of basically all the computations
required by ESPRIT2 as proposed by Wong and Zoltowski [10],
we will identify a crucial assumption that was not mentioned in
[10], as well as some additional processing, and carry out necessary
generalization to include more types of arrays.

1) The Data Model for ESPRIT2: When CP and IP signals co-
exist, we should adopt the data model as given by (2.4), where
the values ofp and q are not necessarily zero. Furthermore, it is
worthwhile rewriting it as follows by exploiting the fact that the
array of concern is a three-sensor right-triangular array

yyy(t) = AAAzzz(t) + eee(t) = [AAAT
� ; (DDD

x)TAAAT
� ; (DDD

y)TAAAT
� ]

T

� zzz(t) + eee(t) 2 C18�1 (3.9)

where

AAA� = [vvv
(�)
1 ; � � � ; vvv(�)p ; vvv

(�)
�; p+1; vvv

(�)
�; p+1; � � �

vvv
(�)
�; p+q; vvv

(�)
�; p+q] 2 C6�(p+2q)

DDDx = Diagfej2��u =�; � � � ; ej2��u =�; ej2��u =�

ej2��u =�; � � � ; ej2��u =�; ej2��u =�g
2 C(p+2q)�(p+2q)

DDDy = Diagfej2��u =�; � � � ; ej2��u =�; e
j2��u =�

e
j2��u =�

; � � � ; ej2��u =�
; e

j2��u =�g
2 C(p+2q)�(p+2q): (3.10)

(See the paragraph after (2.3) for the physical meanings ofvvv
(�)
k ; vvv

(�)
�; k

andvvv(�)�; k:) Although the analysis presented in [10] is carried out based
on the CP signal model, we will show that it is basically valid for
the model given by (3.9)–(3.10).

2) A Crucial AssumptionWe first consider the case where all the
signals are CP. As a matter of fact, ESPRIT2 computes a set
of “unambiguous” PV estimates via the cross-product technique
given by (3.8). However, such PV estimates may be erroneous
if Assumption 7) (stated below) is not satisfied. Indeed, we will
establish in Appendix A that, upon determination of the PV estimates
via the cross-product technique, Assumption 7) is a necessary and
sufficient condition for ensuring that each PV estimate obtained
indeed corresponds to an incoming signal.

Assumption 7) uxk 6= uxl + i�=� for all k; l 2 f1; � � � ; ng; where
k 6= l; and for all integersi:



2848 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 47, NO. 10, OCTOBER 1999

Remarks:

1) Assumption 7) imposes some constraints on the DOA’s of the
signals. For example, if there exist two incoming signals whose
DOA’s are reflection of each other with respect to the plane
containing the three sensors of the array, then Assumption 7)
is no longer valid. Moreover, the larger the intersensor spacing
(i.e., �) is, the larger the set of DOA’s leading to invalidity
of Assumption 7).

2) ÂAA� can also be estimated byEEEs; 1GGG instead of the expres-
sion given by (3.7), whereGGG = [ggg1; � � � ; gggn]: In this case,
Assumption 7) should be rewritten as “uyk 6= uyl + i�=� for
all k; l 2 f1; � � � ; ng, wherek 6= l and for all integersi:”

Next, we will consider the case where CP and IP signals co-exist
and assuming Assumptions 1)–6) are valid. We will show that if
Assumption 7) is satisfied, then determination of PV estimates via
the cross-product technique [given by (3.8)] adopted by ESPRIT2
is also applicable. Indeed, letEEEs; 1; EEEs; 2; EEEs; 3; ���

x; ��� y; fk; fffk;
gk; andgggk; k = 1; � � � ; p+ 2q; be defined in a way similar to those
mentioned in Section III-A. Then, it can be deduced from (2.6), (3.9),
and Assumption 6) that (3.3) is still valid, where the matricesDDDx and
DDDy are as defined in (3.10). Thus, it follows from (3.3) thatfk and
gk are, respectively, equal to the diagonal elements ofDDDx andDDDy;
for k = 1; � � � ; p+ 2q: Without loss of generality, assume that

fk = dxk and gk = dyk; for k = 1; � � � ; p+ 2q (3.11)

wheredxk anddyk are, respectively, thekth diagonal elements ofDDDx

andDDDy: Now, let us denote

~AAA�
�
= EEEs; 1

~FFF (3.12)

where ~FFF = [fff1; � � � ; fffp+2q]: We will show that applying the cross-
product technique on~AAA� will yield correct PV estimates. Indeed, if
Assumption 7) is satisfied, then it can be shown that (see [16])

~AAA� = [vvv
(�)
1 ; � � � ; vvv(�)p ; vvv(�)(	̂		p+1); vvv

(�)(~			p+1); � � �
vvv(�)(	̂		p+q); vvv

(�)(~			p+q)]DDDp+2q (3.13)

whereDDDp+2q is a (p + 2q) by (p + 2q) diagonal matrix,	̂		p+k =
(�p+k; �p+k; 
̂p+k; �̂p+k) and ~			p+k = (�p+k; �p+k; ~
p+k; ~�p+k)
are associated with the same DOA(�p+k; �p+k), and(
̂p+k; �̂p+k);
and (~
p+k; ~�p+k) are some unknown polarization parameters for
k = 1; � � � ; q:

Subsequently, two deductions can be made by comparing the
expression of~AAA� in (3.13) with that ofAAA� in (3.10). First, for
k = 1; � � � ; p, thekth column of ~AAA�, which is associated with a CP
signal, is a scalar multiple of thekth column ofAAA�, and consequently,
the cross product of the normalized top and bottom 3� 1 subvectors
of the kth column of ~AAA� will yield an unambiguous PV estimate
of the kth signal. Second, forl = 1; � � � ; q, the (p + 2l � 1)th and
(p + 2l)th columns of ~AAA�, which are associated with the same IP
signal, are scalar multiples of a steering vector of a single VS with the
same DOA(�p+l; �p+l) but with some unknown polarizations(
̂p+l;
�̂p+l); and(~
p+l; ~�p+l); respectively. Thus, fork = p+1; � � � ; p+q;
the cross product of the normalized top and bottom 3� 1 subvectors
of the (2k � p � 1)th (and (2k � p)th) column of ~AAA� will yield
an unambiguous PV estimate of thek signal. In summary, the two
deductions mean that with Assumption 7), we can ensure that the
PV estimates obtained via the cross-product technique on~AAA� are
unambiguous for scenarios where CP and IP signals co-exist.

3) Additional Processing:We will discuss some additional pro-
cessing (additional to that required by ESPRIT2 [10]) relevant to
grouping of fk’s, which is necessary as far as classification of
polarizations states of signals (will be discussed in Section III-B4)
is concerned. Indeed, from (3.10), it is clear that the(p+ 2k � 1)th

and (p + 2k)th diagonal elements ofDDDx are identical fork =
1; � � � ; q since they are associated with an IP signal that can be
viewed as one comprising two incoherent CP signals with the same
DOA. Thus, we can obtain from (3.11) thatfp+2k�1 = fp+2k
for k = 1; � � � ; q: Moreover, by Assumption 7),f1; f2; � � � ; fp;
fp+2; fp+4; � � � ; fp+2q are all distinct. Hence, thep eigenvalues from
f1; � � � ; fp+2q that appear exactly once offer sensible estimates of
the firstp diagonal elements ofDDDx (the eigenvalues aref1; � � � ; fp
according to our formulation and correspond to thep CP signals),
and theq distinct eigenvalues fromf1; � � � ; fp+2q that appear exactly
twice offer estimates of the(p + 2)th, (p + 4)th, � � �, (p + 2q)th
diagonal elements ofDDDx (the eigenvalues arefp+2; fp+4; � � � ; fp+2q;
and correspond to theq IP signals). Note that when the number
of snapshots is finite, the eigenvaluesf1; � � � ; fp+2q will be quite
distinct, strictly speaking. Nevertheless, we may take two eigenvalues
to be “identical” if the difference between them is sufficiently small.
4) DOA Estimation and Polarization State Classification:Here, we
first discuss estimation of a set oflow variance but ambiguous
PV’s. Note that thekth diagonal elements ofDDDx andDDDy are fk
and gk, respectively. Sincefp+2k�1 = fp+2k for k = 1; � � � ; q,
it can be deduced from (3.10) that the candidates foruxk, where
k = 1; � � � ; p + q, are given by the set

~Sx
k =

�

�

6 fl
2�

+ � � 2 ZZZ;
�

�

6 fl
2�

+ � � 1

l =
k; if k 2 [1; p];
2k � p; if k 2 [p+ 1; p+ q]:

(3.14)

and the candidates foruyk, wherek = 1; � � � ; p + q; are given by
the set

~Sy

k =
�

�

6 gl
2�

+ � � 2 ZZZ;
�

�

6 gl
2�

+ � � 1

l =
k; if k 2 [1; p];
2k � p; if k 2 [p+ 1; p+ q]:

: (3.15)

Now, assume that the eigenvalues of���x and those of��� y are correctly
paired (this can be done by using the method adopted by ESPRIT1 or
ESPRIT2). Then, a set oflow variance but ambiguousPV estimates
for the kth signal is given by the set

~Sk = f(a; b;�
p
1� a2 � b2)T ja 2 ~Sx

k; b 2 ~Sy

k; a
2 + b2 � 1g:

(3.16)
Next, from the two deductions made in the last paragraph of

Section III-B2, ahigh variance but unambiguousPV estimate of the
kth signal �~uuu(�k; �k) can be estimated by (3.17), shown at the
bottom of the next page, where~AAA(e)

�; k, and ~AAA
(h)
�; k are, respectively,

the top and bottom 3� 1 subvectors of thekth column of ~AAA�, as
defined in (3.12).

Finally, the element in (3.16) whose Euclidean distance from
�~uuu(�k; �k) as given by (3.17) is the smallest, gives alow variance
and unambiguousPV estimate for thekth signal. The DOA estimate
of the kth signal (�k; �k) can be simply extracted from the PV
estimate. It will be classified as the DOA of a CP signal if it
is associated with an element inff1; � � � ; fpg but an IP signal if
associated with an element inffp+1; � � � ; fp+2qg:

In conclusion, our analysis has shown that ESPRIT2, with As-
sumption 7) and the additional processing we have outlined in
Section III-B3, is applicable for scenarios where CP and IP signals
co-exist.

5) Extension to Arbitrary Triangular Arrays:In practice, it may
not be always possible to arrange three sensors in a right-triangular
fashion suggested in [10] due to, for example, terrain constraint.
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(a)

(b)

Fig. 1. (a) Three sensors inclined at an angle": (b) Three identical subarrays.

On the other hand, using only three sensors limits the number of
identifiable signals (see Section IV for a more detailed discussion
of the identifiability issues). Hence, we will generalize ESPRIT2 to
allow for three-sensor arrays without the right-triangular constraint
here as well as to allow for arrays with more than three sensors in
Section III-B6. We will cover the desired sensor geometry as well as
the relevant modification of some settings for ESPRIT2. Note that
the possibility of extending ESPRIT2 to include rectangular arrays
with more than three sensors has been briefly mentioned in [10], but
no further details are presented.

Now, let us consider a three-sensor array as shown in Fig. 1(a).
The data model is still of the form given by (3.9) and (3.10) but with
the variableuyk of DDDy in (3.10) being replaced by[uxk cos "+u

y
k sin "]

(which is effectively the projection of the PV of thekth signal onto
the vector joining Sensors 1 and 3) and the variable� of DDDx andDDDy

in (3.10) being replace by, respectively,�1 and�2: Subsequently,
the whole estimation procedure presented in Sections III-B3 and 4 is
applicable, except that the variable� of ~Sx

k in (3.14) will be replaced
by �1, and the set~Sy

k in (3.15) will be replaced by

y
�
=

�

�2

6 gl

2�
+ � � uxk cos "

sin "
� 2 ZZZ; u

x
k 2 ~Sx

k; jyj � 1

l =
k; if k 2 [1; p]
2k � p; if k 2 [p+ 1; p+ q]:

:

6) Extension to Arrays with More Than Three Sensors:Consider
the case of arrays containing more than three sensors. The constraint
is that the array must contain three identicalmSA-sensor subarrays
(with no restriction on the value ofmSA), which can be overlapped.

In fact, one of the subarrays is areferencesubarray, whereas the other
two are displacement versions of the reference subarray as shown
in Fig. 1(b). Note that the three-sensor arrangement as required by
the original ESPRIT2 as proposed in [10] may be taken as a special
case of the sensor configuration we proposed here in the sense that
the reference “subarray” is simply the first sensor, and the other two
sensors are the displacement versions.

Without loss of generality, assume that the reference subarray con-
tains the firstmSA sensors of the array. Then, the array measurements
can be expressed as (3.9) and (3.10), except that the matrixAAA� should
be replaced by

�AAA = [�ddd1 
 vvv
(�)
1 ; � � � ; �dddp 
 vvv

(�)
p ; �dddp+1 
 vvv

(�)
�; p+1;

�dddp+1 
 vvv
(�)
�; p+1; � � � ;

�dddp+q 
 vvv
(�)
�; p+q;

�dddp+q 
 vvv
(�)
�; p+q] (3.18)

which characterizes the response of the reference subarray due to the
incoming signals, where�dddk = [ej2�uuu �rrr =�; � � � ; ej2�uuu �rrr =�]T

contains the phase delays of the firstmSA sensors with respect to the
origin. The whole estimation procedure presented in Sections III-B3
and 4 for three-sensor arrays is applicable except for two changes:

i) Assumption 6 should be replaced by Assumption6̂.

Assumption6̂) The columns of the matrix�AAA are linearly indepen-
dent, where�AAA is as defined in (3.18).

ii) Now, the matrices���x and ��� y [defined in the paragraph
above (3.11)] are those satisfying, respectively,�EEEs; 1���

x = �EEEs; 2

and �EEEs; 1���
y = �EEEs; 3, where �EEEs; k is a mSA-row submatrix ofEEEs

associated with thekth subarray (fork = 1; 2; 3), and each row of
�EEEs; k is extracted from a row ofEEEs corresponding to a sensor of
the kth subarray.

Remark: If the three subarrays are not inclined at right angle,
then the modification required for arbitrary triangular arrangements
as discussed in Section III-B5 should also be carried out.

IV. I DENTIFIABILITY ISSUES

Since identifiability is a subject by itself and not the only issue
of this correspondence, we will present only the relevant results
here while putting detailed analysis in the Appendix. For ease of
discussion, we introduce a tight bound (tight in the sense that it is
relatively tighter than the loose bound that we will shortly discuss)
denoted asntESP and a loose boundnlESP, wherentESP and nlESP
are both positive integers, andnlESP>ntESP: We will first discuss
the implications ofntESP andnlESP and later on present their values.
Indeed, our investigation reveals that whenn = p+q <ntESP, where
n is the total number of signals,p is the number of CP signals, andq is
the number of IP signals, the DOA estimates obtained with ESPRIT2
will be unique and valid (valid here means that it is indeed the DOA
of an incoming signal if all desired assumptions [i.e., Assumptions
1)–7)] are satisfied). In the case wherentESP � n � nlESP, some
of the DOA estimates could be invalid depending the DOA’s of the
incoming signals. BeyondnlESP, none of the estimates would be
valid.

Our study first establishes thatntESP = 2 andnlESP = 6mSA � q,
where q 2 [0; 3mSA], and mSA is the number of VS’s in each

�~uuu(�k; �k) =

�Re
~AAA
(e)
�; k

k~AAA
(e)
�; kk

�
(~AAA

(h)
�; k)

�

k~AAA
(h)
�; kk

; if k = 1; � � � ; p

�
1

2
Re

~AAA
(e)
�; 2k�p

k~AAA
(e)
�; 2k�pk

�
(~AAA

(h)
�; 2k�p)

�

k~AAA
(h)
�; 2k�pk

�
1

2
Re

~AAA
(e)
�; 2k�1�p

k~AAA
(e)
�; 2k�1�pk

�
(~AAA

(h)
�; 2k�1�p)

�

k~AAA
(h)
�; 2k�1�pk

; if k = p+ 1; � � � ; p+ q

(3.17)
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subarray (see Appendix B). Clearly, the loose boundnlESP depends
on q, which is the number of IP signals. Indeed, it can be verified that
it takes one extreme value6mSA whenq = 0 (which corresponds to
the case where there is no IP signals) and the other extreme value
3mSA whenq = 3mSA (which corresponds to the case where there
is no CP signals).

Remarks:

1) From the loose boundnlESP = 6mSA � q, we can deduce
that by increasing the number of sensors,nlESP increases, and
ESPRIT2 can potentially handle more signals. For example,
consider the case where all the signals are CP. Then, for a
three-sensor array, ESPRIT2can handle up to six signals.
On the other hand, for a six-sensor array comprising three
subarrays with each subarray having two sensors arranged in a
way described in Section III-B6, ESPRIT2can handle up to
12 signals.

2) If the number of signals is between the loose and tight bounds,
there is a set of DOA’s, whereby Assumption̂6) or 7) is
violated, leading to some ambiguous estimates. However, such
a set of DOA’s is of measure zero, i.e., there would be
practically no ambiguity when the SNR is sufficiently high. In
addition, by increasing the number of sensors, we can reduce
the size of the ambiguity since fewer DOA combinations would
lead to invalidity of Assumption̂6):

3) It is also possible to eliminate ambiguities arise due to violation
of Assumption 7) [assuming Assumptions 1)–5) and6̂) are
satisfied]. Here, we will briefly outline a method exploiting
the fact that the signal subspace is orthogonal to the noise
subspace. Indeed, to obtain unique DOA estimates, we first
carry out the first part of ESPRIT2involving the computation
of a set of low variance but ambiguousPV estimates~Sk for
k = 1; � � � ; p + q, which are given by (3.16). To remove
ambiguous PV estimates, we will not proceed with the second
part of ESPRIT2 involving the computation of thehigh
variance but unambiguousPV estimates [given by (3.17)]
but carry out the procedure as follows. Let us first denote
the set of DOA’s associated with the set of PV estimates
in ~Sk as 
k

�
= f(�; �)j� = tan�1(y=x); � = sin�1(z);

(x; y; z) 2 ~Skg: Now, using the fact that the signal subspace
is orthogonal to the noise subspace, the DOA(�k; �k) as-
sociated with thek signal can be uniquely determined via
argmin(�; �)2
 �min([vvv�(�; �); vvv�(�; �)]

HEEEnEEE
H
n [vvv�(�; �);

vvv�(�; �)]), where�min(XXX) denotes the smallest eigenvalue of
XXX, andEEEn is the noise subspace defined in (2.5).

V. SIMULATION RESULTS

We present numerical examples to demonstrate the effectiveness
of ESPRIT2: In each example, we generate 100 Monte Carlo runs,
and for each run, 100 snapshots are generated. The default values of
the signal-to-noise ratios (SNR’s) are 10 dB, unless otherwise stated.
The array comprises three VS’s with coordinates (0, 0, 0),(�; 0,
0) and (0,�; 0), where� = 2�: We compare the performance
of ESPRIT2 with a form of CRB, RMSAECR,1 which is defined
as RMSAECR

�
= cos2 �CRB(�) + CRB(�), where CRB(�) and

CRB(�) are the CRB’s for the azimuth and elevation, respectively
(see [2, (3.4)]). In fact, RMSAECR provides a lower bound for the
root-mean-square angular errors (RMSAE’s) of DOA (azimuth and
elevation) estimates.

Before we proceed, we will introduce the degree of polar-
ization (DOP) of a signal. The covariance matrix of thekth
signal RRR��� can be expressed as�2k;UPIII2=2 + �2k;CP[cos 
k;

1RMSAECR is based on the mean-square angular error as defined in [2].

Fig. 2. RMSAE’s of the estimates of ESPRIT2and RMSAECR for
scenarios of one signal. The signal parameters are(�1; �1; 
1; �1) =
(45�; �1; 0�; 0�); where �1 is varied from�90 to 90�; and the DOP is
varied from 0 to 1. (Note that RMSAECR is the CRB for the case DOP=
0, and the RMSAE for DOP= 0 is almost identical to that when DOP= 1.)

sin 
ke
i� ]T [cos 
k; sin 
ke

�i� ], where �2k;UP; �
2
k;CP 2 <;


k 2 [0; �=2]; �k 2 (��; �], and III2 is the (2 � 2) identity
matrix [15]. The first term is the unpolarized (UP) component with
power �2k;UP, and the second is the CP component with power
�2k;CP: The DOP of the signal is defined as the ratio between the
power of the CP component and the total power of the signal, i.e.,
�2k;CP=(�

2

k;UP+�2k;CP): Note that the value of DOP ranges from 0
to 1, with the DOP of a CP signal being 1, and that of an IP signal
being less than 1. A special case of an IP signal that has no CP
component is called a UP signal, and its DOP is 0.

In the first example, we assess the performance of ESPRIT2in
the presence of one signal. We simulate one signal with parameter
			1 = (45�; �1; 0

�; 0�), where the elevation�1 is varied from�90�

to 90� in steps of 5�: The DOP of the signal under investigation
ranges from 0 to 1. The results are shown in Fig. 2. When DOP=
0 or 1, the RMSAE of the DOA estimates is close to RMSAECR if
j�j> 10� (i.e.,� <�10� or � > 10�): The large value of the RMSAE
at low elevation (i.e.,j�j � 10�) is due to the fact that all the three
sensors lie in thex-y plane (better results can be expected if there are
sensors not confined in thex-y plane). When we vary the DOP of the
signal from 0 to 1 in steps of 0.1, the RMSAE of the DOA estimates
increases gradually as the DOP of the signal increases from 0 to 0.9.
Interestingly, as the DOP increases further from 0.9 to 1, the RMSAE
decreases from the maximum value attained at DOP equal to 0.9 to
a value close to that when the DOP is 0. The above observations
indicate that ESPRIT2works best at the two extreme polarizations,
i.e., CP or UP, but not in between.

In the second example, we are concerned with the dependence
of the performance on the angular separation of two signals. We
simulate two uncorrelated signals of which the first is CP with
parameters fixed at			1 = (45�;�65�; 0�; 0�), and the second is UP
with parameters			2 = (45�;�65� + �; 90�; 0�), where� is varied
from 0 to 155� in steps of 5�: The result associated with the first
signal is shown in Fig. 3. Clearly, the RMSAE of the DOA estimates
decreases with an increase in angular separation, except for the case
where � = 130� (the violation of Assumption 7 when� = 130�

has led to large RMSAE). As to the case where� = 130�, we can
apply the processing proposed in Remark iii) of Section IV to obtain
an estimate with RMSAE being close to RMSAECR: Note that we
also show in Fig. 3 (and in Fig. 4 as well for the next example)
the RMSAE of the high variance DOA estimates obtained from
(3.17). Apparently, the RMSAE of the high variance estimates is
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Fig. 3. RMSAE of the DOA estimates of the first signal versus DOA angular
separation� for scenarios where 1 CP and 1 UP signals co-exist. The param-
eters of the CP signal are fixed at(�1; �1; 
1; �1) = (45�;�65�; 0�; 0�),
and those of the UP signal are(�2; �2; 
2; �2) = (45�;�65�+ �; 90�; 0�):
“ESPRIT_HV” in the legend corresponds to high variance estimate of
ESPRIT2:

much higher than that obtained through the combination of both the
high-variance and low-variance estimates.

In the third example, we investigate the dependence of the per-
formance on SNR in the presence of two signals. We simulate two
uncorrelated signals of which the first is CP with parameters fixed
at 			1 = (45�;�60�; 0�; 0�), and the second is UP with parameters
fixed at			2 = (45�;�30�; 90�; 0�). The SNR’s of the two signals
are equal and are concurrently varied from�2 to 20 dB in steps of 1
dB. The results associated with the first and second signals are shown
in Fig. 4(a) and (b), respectively. We observe that the RMSAE of the
DOA estimates increases with a decrease in SNR, and moreover, it
is close to RMSAECR:

Next, we discuss the ability to accurately determine which of the
signals are CP and which are not. Tables I and II show the percentage
of erroneous classifications that have occurred for the second and third
examples, respectively. We observe that incorrect classifications often
occur when angular separation between signals is small or SNR is
low. We also notice that very often, when there is a large percentage
of incorrect classifications, the DOA estimates are all quite poor
(see Figs. 3 and 4). Incidentally, there was no incident of incorrect
classification in the entire process of Example 1. One main reason
is that Example 1 involves only one signal, and the SNR value is
considerably high.

VI. SUMMARY

We addressed DOA estimation with EM VS’s for scenarios where
CP and IP signals co-exist. Although there had been existing methods
for estimating the DOA’s of multiple signals with an array of EM
VS’s, they had been designed either for only CP signals or for only
IP signals. The fact that a method suitable for CP (IP) signals may
fail completely in the presence of IP (CP) signals motivated our
investigation into the applicability of ESPRIT2 [10] that was designed
based on CP signal model for scenarios where the two types of signals
co-exist.

Our investigation showed that ESPRIT2, with an additional as-
sumption and some extra processing, is capable of yielding reasonably
good estimates of the DOA’s of both CP and IP signals and of
offering sensible classification of the signal types. Since ESPRIT2
was originally designed for use with a specific three-sensor array
[10], we carried out an appropriate generalization to include more
general types of three-sensor arrays and a class of array with an

(a)

(b)

Fig. 4. (a) RMSAE of the DOA estimates of the first signal versus SNR
for scenarios of two signals. The first signal is CP with(�1; �1; 
1; �1)
= (45�;�60�;0�; 0�); and the second is UP with(�2; �2; 
2; �2) =
(45�;�30�; 90�; 0�): (b) As in Fig. 4(a), but this figure shows the RMSAE
of the DOA estimates of the second signal.

TABLE I
ERRONEOUSCLASSIFICATION (EC) OF POLARIZATION STATES IN THE SECOND

EXAMPLE FOR DOA ANGULAR SEPARATION, �: (ANGULAR SEPARATIONS

THAT ARE NOT SHOWN DO NOT HAVE ERRONEOUSCLASSIFICATIONS)

TABLE II
ERRONEOUSCLASSIFICATION (EC) OF POLARIZATION

STATES IN THE THIRD EXAMPLE. (SNR’S THAT Are NOT

SHOWN DO NOT HAVE ERRONEOUSCLASSIFICATIONS)

arbitrary number of EM VS’s. We also acquired some useful insights
into the identifiability issues concerning our proposed ESPRIT.

APPENDIX A
THE SIGNIFICANCE OF ASSUMPTION 7

We will first establish a useful lemma.
Lemma A.1: Let vvv(�)(�k; �k; 
k; �k) and vvv(�)(�l; �l; 
l; �l) be

two steering vectors of a single VS associated with two CP sig-
nals, wherevvv(�) is as defined in (2.3). If�kvvv(�)(�k; �k; 
k; �k) +
�lvvv

(�)(�l; �l; 
l; �l) = �vvv(�)(�k; �k; 
; �) for some polarization(
;
�) and �k; �l; � 2 Cnf0g, then the two DOA’s(�k; �k) and (�l;

�l) are identical.
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Proof of Lemma A.1:If �kvvv
(�)(�k; �k; 
k; �k) + �lvvv

(�)(�l; �l;

l; �l)= �vvv(�)(�k; �k; 
; �) for some polarization(
; �) and�k; �l;
� 2 Cnf0g, then we can rewrite the equation as�lvvv(�)(�l; �l; 
l; �l)
= �vvv(�)(�k; �k; 
; �) � �kvvv

(�)(�k; �k; 
k; �k) = �̂vvv(�)(�k; �k; 
̂; �̂)

for some
̂ 2 [0; �=2]; �̂ 2 (��; �], and�̂ 2 Cnf0g: Now, using the
fact that every two steering vectors of one VS associated with two
CP signals having distinct DOA’s are linear independent (see Lemma
1 of [3]), the DOA’s (�k; �k) and(�l; �l) must be identical.

Now, we are ready to show that Assumption 7) is a necessary
and sufficient condition for the cross-product method given by (3.8)
yielding correct PV estimates. We begin by showing the sufficiency
part, i.e., if Assumption 7) is satisfied, then (3.8) will give correct
PV estimates. Indeed, if Assumption 7) is satisfied, then the diagonal
elements ofDDDx, as defined in (3.2), are all distinct. Thus, it follows
from (3.4) that the eigenvalues of���x (i.e., fk; for k = 1; � � � ; n)
must be all distinct. This in turn implies thatfff

k
is a scalar multiple

of the kth column ofTTT , as defined in (2.6). Consequently, it can be
verified from (2.6) and (3.7) that thekth column ofÂAA�, as defined
in (3.7), is indeed a scalar multiple of thekth column ofAAA�: Since
the kth column ofAAA� is a steering vector of a single VS with DOA
identical to that of thekth signal, the cross-product technique in (3.8)
will yield a correct PV estimate of thekth signal.

Next, we will establish the necessity part, i.e., if Assumption 7)
is violated, then (3.8) will give erroneous PV estimates. Indeed, if
Assumption 7) is violated, then there existuxk anduxl , wherek 6= l
such thatuxk = uxl + i�=� for some integeri: Without loss of
generality, we may assume thatk = 1 and l = 2: It can then be
deduced thatdx1 = dx2 , wheredx1 and dx2 are, respectively, the first
and second diagonal elements ofDDDx: It thus follows from (3.4) that
the eigenvaluesf1 andf2 of ���x are identical. This implies that both
the eigenvectorsfff1 andfff2 of ���x are linear combinations of the first
two columns ofTTT , i.e., fff1 = �1ttt1 + �2ttt2 andfff2 = �1ttt1 + �2ttt2 for
some�1; �2; �1; and�2 2 , wherettt1 andttt2 are the first and second
columns ofTTT , respectively. Now, we note that the probability offff1
or fff2 being scalar multiples ofttt1 or ttt2 (this happens when one of
�1 or �2 is zero and one of�1 or �2 is zero) iszero. Therefore, it is
reasonable to assume thatfff1 andfff2 are not scalar multiples ofttt1
or ttt2: With this, it can be verified from (2.6) and (3.7) that the first
(and second) column of̂AAA� is a linear combination, but not a scalar
multiple, of the first and second columns ofAAA�: Since the DOA’s
associated with the first and second columns ofAAA� are distinct (by
Assumption 1), it follows from Lemma A.1 that the first (and second)
column ofÂAA� is not a scalar multiple of a steering vector of a single
VS having the same DOA as the first signal [i.e.,(�1; �1)] or second
signal [i.e.,(�2; �2)]. Hence, the cross-product technique, as given
by (3.8), will yield erroneous PV estimates for the first and second
signals.

APPENDIX B
DERIVATION OF THE TIGHT & L OOSE BOUNDS FORESPRIT2

We will first show thatntESP = 2: Note that if the DOA’s of
two incoming signals are reflection of each other with respect to
the plane containing the two displacement vectors of the second and
third subarrays from the reference subarray, then Assumption 7) is
no longer valid. As a result, the DOA estimates are no longer correct
(see Appendix A for justifications). Thus, we have established that
ntESP � 2: Next, note that if there is only one signal, Assumptions
6̂) and 7) are clearly valid. Assumption̂6) being valid means that the
PV associated with the incoming signal is contained in the set of PV
estimates given by (3.16). On the other hand, Assumption 7) is valid
means that (3.17) will yield the correct PV estimate (see Appendix
A for justifications). Thus, the PV estimate of ESPRIT2, which is
obtained from finding the PV estimate in (3.16) that is closest to

that in (3.17) is identical to the PV of the incoming signal. This
establishesntESP = 2:

Next, we will show thatnlESP = 6mSA � q, whereq 2 [0; 3mSA]
for an array receivingp CP signals andq IP signals. Indeed, we
first note that if Assumption̂6) is violated, then (3.3) is no longer
valid. Consequently, none of the PV estimates in (3.16) is equal to
the PV’s of the incoming signals. Thus, it suffices to establish that
if the number of incoming signalsn is greater than6mSA � q, then
Assumption6̂) is violated, regardless of the DOA’s of the incoming
signals. Indeed, ifn> 6mSA� q, then the number of columns of the
matrix �AAA (associated with the reference subarray),p+ 2q, is greater
than its number of rows,6mSA: Consequently, the columns of�AAA are
linearly dependent, and Assumption̂6) is violated regardless of the
DOA’s of the incoming signals.
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