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Voigt function, we propose an analytically tractable family which
includes the cosine bell and logistic profiles as special cases. Take

1
o(w) = —en (=, k)dn (= k
2wp wp wp

@7 1(2) = sn(t, k) (20)

where cn, dn, and sn are the Jacobian elliptic functions with mod-
ulus 0 < k < 1. Then [8, p. 18]

(19)

so that

e(1) S sn~'(t, k) dt

tsn” (1, k) = %log (VT = k%% — kN1 -2} (21)

Consistent with the cosine bell profile, we define (19) over one half
period of the elliptic cosine, and so the profile is defined for |l
< wpK (k), where K (k) is the complete elliptic integral of the first
kind. Since [9, 16.6] cn(t, 0) = cos ¢, dn(t, 0) = 1, K(0) =
w/2and cn(t, 1) = sech t, dn(t, 1) = sechz, K(1) = o, it will
be seen that (19) properly includes the cosine bell and logistic pro-
files, as they are written in Table I, at k = 0 and k = 1, respec-
tively. For intermediate values of k, the elliptic distribution (19)
describes appropriately intermediate profiles. An interesting fea-
ture of this distribution is that it provides a smooth transition be-
tween profiles of finite and infinite bandwidth.
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Asymptotic Cramér-Rao Bounds for Estimation of
the Parameters of Damped Sine Waves in Noise

Torbjorn Wigren and Arye Nehorai

Abstract—The problem of estimating the parameters of a signal com-
posed of several damped sine waves in noise has applications, for ex-
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ample, in transient signal analysis. In this correspondence, explicit,
closed form expressions are derived for the Cramér-Rao bound (CRB)
of this problem in the case of low damping, low spectral interference
between the signal components, and a sufficiently large number of sam-
ples. Several conclusions are drawn from the expressions.

1. INTRODUCTION

Several important problems in signal processing rest upon the
estimation of parameters of superimposed sinusoidal signals in
noise. This correspondence deals with damped sine waves in noise.
The discussion is based on the following model that describes su-
perimposed, real, damped sine waves in noise:

y(1) = 2 oge P sin (wyr + @) +e(r) t=1,--,N
k=1

(1.1)

In (1.1), e(r) is an additive disturbance, y (1) is the noisy (scalar)
measurement and the unknown parameter vector is given by

(1.2)

The model (1.1) describes transient phenomena occurring, for ex-
ample, in seismic and passive sonar signal processing. It can also
describe the noise corrupted impulse response of a finite dimen-
sional linear system.

The purpose of this correspondence is to study the Cramér-Rao
bound (CRB) on 6 for the model (1.1), (1.2). An explicit, closed-
form expression is derived for the CRB under the assumptions of
low damping, low spectral interference between the signal com-
ponents and a sufficiently large number of samples. The case of
complex, superimposed sine waves in noise is also treated.

Previous literature related to the problem considered here can be
found in [1]-[6]. Rife and Boorstyn [1] derived the CRB for su-
perimposed, undamped sine waves in white noise. That result was
extended to harmonic signals in noise in [2], and to the case of
colored noise in [3]. Algorithms for estimation of damped, sinu-
soidal signals in noise have been described, for example, in [4]-
[6].

In Section II of this correspondence, the assumptions are stated
and the CRB is derived. The conclusions are summarized in Sec-
tion III.

T
0:[%310’1‘/’1‘12"'%,]-

II. AssumpTioNs AND THE CRB

Introduce the notation
Awy = min (Jo, — @, [ex + @f)
k+ 1

The assumptions on the signal model (1.1), (1.2) are as follows:

fork,l =1, ,n,

Al Ee(t) =0, Ee(t) e(s) = 028, , and e(r) is Gaussian dis-

tributed.

A2 Nis such that N2e™#¥ << 1 fork =1, - -+, n.

A3 wel-m+em—¢€lfork= 1, - - -, n and for some
small e > 0.

A4 By /o] << tfork=1,-"-,n

A5 (B + B)/Awy| << Lfork, I = - ,nk#1L

Assumption A2 means that the signal is measured until it has faded
away, i.c., the number of samples should be sufficiently high. A3
ensures that w, is less than the Nyquist frequency for all k. A4 and
A5 express the assumptions of low damping and low spectral in-
terference between the signal components. The interpretation of A5
is explained in Appendix A.

Next, the CRB is derived when A1-AS5 are valid. The log like-
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lihood function for the estimation problem (1.1), (1.2) is

N
log p(Y|6) = —Elog (27) — Nlog (o)

1

262r

2
N n
(2.1)

Differentiation of (2.1) with respect to the elements of 8 gives

dlog p(Y|6) _

6ak

dlogp(Y[6)

9By -

dlog p(Y|6)

6wk

9 log p(¥]0)

d¢;

N
2 e P sin (wpr + or)e(r)

N
1
- E:l ate™ sin (wr + o)e(t)

N
1
= ':Zl oyte ™ cos (wpt + o)e(r)

N
1
= 2 B e cos (wt + )e(n). (22)

The following expression results from (2.2) and the definition of
the CRB (see, for example, [7]):

o dlog p(Y|6) !
] (2

3 log p(¥(6)
a0

(2.3)

7% are 4 x 4 matrix blocks whose elements are the expectations of
products between the derivatives (2.2). The following lemma will
be useful to calculate the 7%

Lemma: Assume that the real numbers b, w, ¢ and the positive
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1

=0 —
<|w|2
= 0(#) w# 0. (2.4f)

Proof: See Appendix B. [
The 16 elements of 7%/ can now be calculated. From (2.2) it is
clear that the 11-element of 7% is
N

Tﬁ = g2 Z e*(ﬁr*ﬁ/)'
=1

—bt+i(wr+c)

M=

te
'

> w#0 (2.4¢)

M=

tze*bl'#i(wl-t-r)

!

sin (wf + @) sin (w7 + ¢))

Il
M=

|9

exp {_(Bk + B+ i[(w — w)t + o — ‘P[]}

+
S
™M=

exp {= (B + Bt — i[(wx — @)t + ¢ — o]}

|

exp {_(Bk B+ (@ + @)t + @ + 50/]}

»S »% »9
Mz iM= 1

exp {‘(51( + 80t — i[(w + )t + o + <P1]}-

Assumptions A2-A5 imply the applicability of the lemma for the
sums above. In the case where k = [ (2.4a) and (2.4d) are used,
and in the case where k # 1 (2.4d) is used in order to conclude that

1

=o'+ ol
4= 0%0(| Awy| ).

n
The rest of the elements are calculated similarly. Inserting the re-
sult in (2.3) gives

integer N fulfill 1 _a o, 7
Ll: N% ™™ << 1. 4B 86
L2: we[—-27 + ¢, 27 — €] for some small e > 0. @ ol
L3: Ifw =0 then |b] << I. —87;2 g © °
. 'k 'k
L4: Ifw # Othen |b/w| << 1. CRB-' = izblockdiagkzL....,, 2
Then the following results hold true: e 0 0o X %
867 867
N 1 k 'k
bt __
e =1+ 0(1) (24a) 0 o o o
N | 86 46,
Z. te™ = 52+ o) (2.4b) L .
f=
N 1 tn
2 0 ... 0
2,-bt _ < B .
El 12 ;30w (2.4¢) N iz : o (2.5)
N l g Onl e Onn
z] e btritmrol 0<'__|> w#0 (2‘4d)
1= w
where O* are 4 X 4 matrix blocks given by
Ol ™) @wO(lal™) «0(al”) wO(lwl™)
-2 -3 -3 -2
o — aO(Jo| ) afO(le]™) @io(lw| ) aio(|wl™)
) — . -3 -2
40(|w] ™) aio(lwl ") aio(le|”) aio(lwl )
-1 -2 -2 —-1
aO(|a| ) afO(la] ™) @io(lw|™) aio(lw| ™)
O(|awu|™)  «O(law]|”)  @O(|awy|”)  @0(|aw,|)
- -3 -3 -2
oM = akO(|Awk,| 2) aka,O({Awk,| ) aka,O(lAwk,l ) aka,0(|Awk,| )

akO(|Awk,|_2) aka,0(|Awk,|‘3)
- -2
akO((Awk,| ]) aka,O( )

o O(| Awy| %)
-1
aka,0(|Awk,| )

aka,O(|Awk,|‘3)
-2
o, O(| Awy| 7)
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A rearrangement of (2.5) results in

1 P
CRB™' =?A(D+A '0A7")A (2.6)
where the matrices A, D, and O are given by
B2 0 0 0
o, B3 0 0
A = blockdiag,_ ... . K ,
0 o83 0
0 0 B\
i3 00
_1 L 00
D = blockdiag_, ..., oo
0 0 ;1
o' ... 0"
o=\ : "
Onl e Onn

An examination of the elements in the second term within paren-
thesis in (2.6) shows that all these elements are much smaller than
1, in the limit where A4 and A5 hold. Therefore, they can be ne-
glected and the following result holds true. )

Theorem: Assuming that A1-AS5 hold, then the CRB for the es-
timation problem (1.1), (1.2) is given by

S
88, & o o ]
Oy
2 3
o,
[27 [¢3
CRB = o? blockdiage—y ... | =
0 166, 86
af  of
82
oo o
o ay
L -
(2.7)

O
Remark: A similar analysis can be performed for the complex
valued signal model

n .

y(t) = El ay exp (=Bt + it + igy) + e(t)

t=1,-+,N

T (2.8)

0=[a; 8w e ¢l
where e(t) is complex, white Gaussian noise. With this modifi-
cation of the assumption A1, the CRB for the estimation problem
(2.8) is given by the Theorem, with the bound (2.7) divided by 4.

III. CONCLUSIONS

The Cramér-Rao bound has been derived for the problem of es-
timating the parameters of superimposed, damped sine waves in
white Gaussian noise in the limit of low damping, low spectral
interference between the signal components and a sufficiently large
number of samples. It is only when a large number of samples is
used and the damping is low that the CRB is applicable, since a
quickly decaying signal with high damping factors generally results

in biased estimates. This bias is likely to dominate the estimation
error.

Some further comments on the result (2.7) can be given. The
obtained expression for the CRB is block diagonal, which means
that the achievable estimation accuracies for different signal com-
ponents are decoupled. The bounds on the estimation accuracy for
amplitude (o) and damping factor (8,) are decoupled from the
bounds corresponding to frequency (w;) and phase (¢;). This is
intuitively clear, since amplitude and damping factor control the
size of the signal, while frequency and phase control the oscilla-
tion.

The achievable estimation accuracy is much better for damping
factor and frequency ( ~ ;) than for amplitude and phase ( ~ ;).
The explanation is that damping factor and frequency are multi-
plied with the time in the signal model. Small errors in these pa-
rameters therefore give rise to signal model errors that grow when
time increases. The estimation problem is consequently much more
sensitive to errors in damping factor and frequency than to errors
in amplitude and phase.

The constant 1/8; can be thought of as the effective duration of
the kth damped sine wave component. This interpretation clarifies
the change from what used to be N in the information matrix of the
undamped sine wave parameters in [1] and [8], to 1 /By in the pres-
ent case. Furthermore, observe that (2.7) is independent of N. This
is due to the assumption A2 that the signal is measured until it has
faded away.

When the 8, tend to zero, also the CRB approaches zero. This
is consistent with the undamped case, where the CRB tends to zero
when N approaches infinity. The correspondence is explained by
A2, since 8; — 0 then implies N = oo.

APPENDIX A
AN INTERPRETATION OF THE ASSUMPTION A5

For reasons of simplicity, consider the continuous time signal
Yi(t) = e sin (@it + @)

Using the Fourier transform of this signal, it is straightforward to
establish that the bandwidth is equal to 28, provided that A4 holds.
Two spectral peaks corresponding to the frequencies w; and will
therefore be well separated when

|wk - wll > B+ B = “31( + B:l

which implies

B + B

Wy — Wy

<< 1.

Since A3 allows negative frequencies as well as positive, A5 is
formulated as

Bi + B

<< 1.
Ay y

APPENDIX B
PROOF OF THE LEMMA

The geometric series in (2.4d) is easily summed

IV =

exp [—bt + i(wt + ¢)]

=1

1 — exp [(=b + iw)N]

= exp [—b + l(W + C)] 1 —exp (-b + lW)

(B.1)

The two sums in (2.4e), (2.4f) can then be evaluated b% differen-
tiation of (B.1) with respect to b. The fact that N2 << 1is
also used. This implies that Ne N << 1 and that e™®Y << 1. The
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expressions obtained for the sums (2.4d)-(2.4f) then simplify to

exp [~b + i(w + )]

2:1 exp [—br + i(wt + ¢)] =

1 —exp[-b + iw] (B.2)
N
,;, rexp [~bt + i(wt + )]
_exp [-b +i(w+ )] (B3)

(1 —exp (—b + iw))2
El t*exp [=bt + i(wr + ¢)]

_exp[=b +i(w + c)] + exp [<2b + i(2w + ¢)]

(1 —exp(—b + iw))3

(B.4)
The cases where w = 0, ¢ = 0, and where w # 0 are treated
separately .
When w = 0 and ¢ = 0, (B.2) becomes
N b
Z ~bt _
=1 € 1 —e®

and since b| << 1 when w = 0, a Taylor series expansion gives
(2.4a). The equations (2.4b), (2.4c) are proved similarly.

When w # 0, only estimates of the sums are required. Beginning
with (B.2), the following equality results:

N —b

. = e
E:I exp [—=bt + i(wr + ¢)] Nwes

— 2¢7? cos (w)

Since w € [—27 + ¢, 271 — €} by L2, the above expression is
bounded by a constant depending only on ¢ except when w ap-
proaches zero. When w is close to zero also b is close to zero by
L4 and a Taylor series expansion gives

1+ e —2¢ b cos (w) = b + w? = w2,
. It can therefore be concluded that

N

21 exp [~br + i(wt + ¢)]| = O !
P

[wl
which is (2.4d). Equations (2.4¢)-(2.4f) are proved similarly. This
completes the proof of the Lemma.

REFERENCES

{11 D. C. Rife and R. R. Boorstyn, **Multiple tone parameter estimation
from discrete-time observations,”’ Bell Syst. Tech. J., vol. 55, ppP.
1389-1410, Nov. 1976.

[2] A. Nehorai and B. Porat, ‘‘Adaptive comb filtering for harmonic signal
enhancement,’” IEEE Trans. Acoust., Speech, Signal Processing, vol.
ASSP-34, pp. 1124-1138, Oct. 1986.

[3] P. Stoica and A. Nehorai, *‘Statistical analysis of two nonlinear esti-
mators of sine wave parameters in the colored noise case,’” Circ. Syst.
Signal Proc., vol. 8, no. 1, pp. 3-15, 1989.

[4] R. Kumaresan and D. W. Tufts, ‘‘Estimating the parameters of ex-

ponentially damped sinusoids and pole-zero modeling in noise,”” IEEE

Trans. Acoust., Speech, Signal Processing, vol. ASSP-30, pp. 833-

840, Dec. 1982.

B. Porat and B. Friedlander, ‘‘On the accuracy of the Kumaresan-~

Tufts method for estimating complex damped exponentials,”” IEEE

Trans. Acoust., Speech, Signal Processing, vol. ASSP-35, pp. 231-

235, Feb. 1987.

5

—

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 39, NO. 4, APRIL 1991

[6] J. A. Cadzow and M.-M. Wu, ‘‘Analysis of transient data in noise,”
Proc. Inst. Elec. Eng., vol. 134, pt. F, pp. 69-78, Feb. 1987.

[7] T. Soderstrom and P. Stoica, System Identification. Hemel Hemp-
stead: Prentice-Hall, 1989.

[8] P. Stoica, R. Moses, B. Friedlander, and T. Séderstrom, ‘‘Maximum
likelihood estimation of the parameters of multiple sinusoids from noisy
measurements,”’ IEEE Trans. Acoust., Speech, Signal Processing, vol.
ASSP-37, pp. 378-392, Mar. 1989.

Single-Modulus RNS Implementation of Wigner-Ville
Time-Varying Spectral Estimations

JoEllen Wilbur and Fred J. Taylor

Abstract—In this correspondence, a dular arithmetic system,
called the single modulus quadratic residue number system (SM-
QRNS), is used to implement a fast, high-resolution complex multiply
intensive spectral estimator based on the Wigner distribution (WD).
The presented SM-QRNS DWD processor is shown to achieve a high

real-time bandwidth.

I. INTRODUCTION

The time-frequency representation of signal is a field of growing
interest. The traditional time-frequency tool is the short-term dis-
crete Fourier transform (STDFT). An alternative, known as the
discrete Wigner distribution (DWD), is gaining increased recog-
nition as being superior to the STDFT in highly dynamic time-
varying spectral environments [1]. A popular implementation of
the DWD is the pseudo-DWD, denoted simply pDWD or DWD,
and is defined to be

N/2-1

Wi k)= X

2 .
t+ * (1 — h —j2mnk /(N = 1)
n=~N/2+IX( n)x ( n)| (n)’ ¢

(1)

where h(n) is a specified window function. Processing of an ana-
lytic signal has been shown to have certain advantages in DWO
processing [2]. Regardless of the DWD version, it can be seen that
the algorithm is complex multiply intensive since it can be seen that
intrinsic to the DWD is a DFT operating on a windowed inner
product kernel. Therefore, for the DWD to be a viable instrument
for real-time applications, it must be implemented with a processor
capable of performing complex arithmetic at very high data rates.

II. CoMPLEX ARITHMETIC DATA PROCESSING

Traditional methods of performing complex arithmetic are both
hardware intensive and suffer from long latency. The modular
arithmetic system referred to as the residue number system (RNS)
has been actively researched as an alternative [3]. The application
of residue number systems to high-speed complex airthmetic data
processing is now well established [6], [7], [10]. An alternative is
the quadratic residue numbering system (QRNS) [4], [5]. In the
QRNS, integers are isomorphically mapped to a two-tuple repre-
sentation of the form (z, z*) = ((a + jb) mod p, (a — jb) mod
pijii=—lmodp,p=2"+1 where j € Z, and is a quadratic
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