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Spherical-Harmonic Approximation to
the Forward Problem of Electrocardiology

R. Martin Arthur, PhD

Abstract— Forward-problem solutions were approximated us-
ing spherical-harmonic series on an adult-male torso model
with heart and lungs. These approximations were found using
only a knowledge of torso-model geometry and were not based
on a prior solution for surface potentials. Because these series
depend only on polar and azimuthal angles, they allow continuous
estimation of the forward problem solution over the torso
without further knowledge of the torso geometry. Compared to
the conventional method, potentials estimated from fifth-degree
series for eight distributed double-layer sources had an average
relative error (RE) of 0.036. REs were similar with and without
torso inhomogeneities. The fifth-degree series solution (36 terms)
was found four times faster than the conventional method and
provided a data reduction factor of about 20 in the 715-node
torso model studied. Spherical-harmonic series transform surface
potentials into an orthogonal basis set whose spatial-frequency
content increases with increasing degree. Consequently, these
series may provide a structure for the systematic study of the
effect on forward-problem solutions of both changes in torso
shape and inclusion of inhomogeneities.

Index Terms— Cardiac sources, forward problem, spherical
harmonics, torso model

I. INTRODUCTION

Numerical methods for solving the far-field forward prob-
lem of electrocardiology in realistic torso models are well
known. These techniques are based on Maxwell’s equations
which have been simplified because propagation, capacitive,
and inductive effects can be neglected in the human body at
frequencies observed in cardiac sources [1]. One of the most
commonly employed forward-problem techniques is based on
an integral formulation in which potentials are found directly
at each surface element due to a given source in or on the
heart [2], [3], [4].

Using the integral formulation, torso-surface potentials are
often found iteratively [1], [5], [6]. Typically, the initial values
for the surface potentials are those of the cardiac source of
interest in an infinite medium. Convergence of the conven-
tional, iterative process yields the bounded-medium potential
at each of the discrete elements of the torso model. Forward-
problem results can be used to specify transfer coefficients for
use in inverse solutions, which are aimed at finding cardiac-
equivalent generators. If the sites of the forward-problem solu-
tions do not coincide with electrocardiographic measurement
sites, however, then transfer coefficients must be interpolated
to find values at the electrode locations.

In this study the polar- and azimuthal-angle solutions for
Laplace’s equation in spherical coordinates, namely spherical
harmonics, were used as the basis functions for a series
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approximation to forward-problem solutions [7], [8], [9].
These spherical-harmonic series can be found without prior
knowledge of the conventional, iterative solution. Approxi-
mating forward-problem solutions with spherical harmonics
allows a list of potentials at discrete torso sites to be replaced
with a smaller set of coefficients from which the forward-
problem solution can be calculated everywhere on the torso
surface. Thus, only the azimuthal and polar angles at a site of
interest are needed to estimate the forward-problem solution
there. Furthermore, spherical-harmonic decomposition of the
forward problem may offer a suitable structure in which to
systematically study the influence of torso shape and inhomo-
geneities on torso potentials.

For this study, spherical-harmonic series were constructed
to approximate forward-problem solutions for both uniform,
double-layer sources and orthogonal, dipole and quadrupole
sources in an inhomogeneous, adult-male torso. Both dis-
tributed and discrete sources were used because any set
of distributed sources is arbitrary and necessarily incom-
plete. Discrete multipolar sources, however, can be combined
to characterize any distributed source. The quality of the
spherical-harmonic series was characterized by comparison
to conventional, iterative solutions. Spherical-harmonic series
were also examined for: 1) reduction in computation time, 2)
data reduction in representation, 3) use in interpolation, and
4) spatial-frequency decomposition of surface potentials.

II. FORWARD-PROBLEM SOLUTION ON THE SURFACE OF

AN INHOMOGENEOUS TORSO

The integral solution to potential distribution V (r) on
the surface of an inhomogeneous conductor in an insulating
medium (air) due to an internal source J i is given by [1], [2],
[3].
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where r′ is the position vector to volume element of integration
dv. The integral over volume v is the potential due to the
source in an infinite medium. The surface integral excludes
the point at which V (r) is determined.

A. Torso Model

The torso model used in this study was a version of an
adult-male model reported previously [6], with heart and
lungs added. Figure 1 shows the node locations of the in-
homogeneous torso model. The torso surface contained 715
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nodes in 23 contours of 31 nodes plus two caps. The heart
surface, estimated from x-ray silhouettes of the subject of
the torso study, contained 58 nodes in 7 contours of 8 nodes
plus two caps. Each lung surface, taken from computerized-
tomographic scans of an adult male, contained 110 nodes in 9
contours of 12 nodes plus two caps. Conductivity of the torso,
heart and lungs was set to 0.2, 0.6, and 0.05 S/m, respectively
[4]b,[10].

Fig. 1. Node locations of the surface elements of the inhomogeneous torso
model. The torso surface, which had 715 nodes, contained a 58-node heart
(upper panels) and 110-node lungs (lower panels). Conductivity of the torso,
heart and lungs was 0.2, 0.6, and 0.05 S/m, respectively.

B. Discrete Forward-Problem Solutions

In matrix notation the discrete analog to eq. 1 for V (r) in
a torso model with heart and lungs is [1], [5]:⎡
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where the subscripts t, h, and l designate the torso, heart, and
lung, respectively. Ω is solid angle, σ is conductivity, and Ψ
is infinite-medium potential.

The infinite-medium potential may be due to any source.
Here we consider both distributed and discrete sources. The
infinite-medium potential due to a double layer is [4]c:

ΨL(r) =
1

4πσ

∫
p dΩ , (3)

where p is double-layer strength and dΩ is the solid angle
it subtends. The infinite-medium potential due to a multipole
source through order N (N=2 is a dipole) is [9]

ΨN(r) = ΨN(r, θ, φ)

= 1
4πσr

∑N
n=1
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m=0
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1
r
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where P m
n (cos θ) is an associated Legendre polynomial of

degree n and order m [7], [8], [9]. For both distributed and
discrete sources, infinite-medium potentials were evaluated
using a 7-point numerical integral over each triangular surface
element [11]. Solid angles were calculated using the method of
Barnard and coworkers [5] as implemented by van Oosterom
and Strackee [12]. The solid-angle matrix was deflated to
remove its singularity [1], [13], [14].

Forward-problem solutions were found in the inhomoge-
neous torso model for eight uniform, double-layer sources. A
-1 ma/mm double-layer source of radius 32 mm was located
at a position corresponding to the x-ray center of the heart,
which was at (20,0) in the frontal plane and (-50,0) in the
sagittal plane. The double layer was aimed in five directions:
1) -Z (back-to-front), 2) X (right-to-left), 3) midway between
-Z and Y, 4) midway between X and Y, and towards the apex
of the heart. The double-layer disk was also moved towards
the apex of the heart along the heart axis at distances of 10,
19, and 29 mm from the heart center, where its radius was
reduced to 30, 26, and 14 mm, respectively. The forward-
problem solution for each of the disks is the same as any
double-layer configuration which forms a closed double-layer
surface with the disk, so that the solution for each disk is the
same as that for an infinite number of complementary double-
layer sources [4]c. Forward-problem solutions were also found
for unit-dipole and quadrupole sources. Discrete unit sources
were located at the heart center.

Torso-surface potentials were found for the eight distributed
sources and for the eight discrete sources by iterating eq. 2.
For both sets of sources the maximum ratio of RMS value of
the change in potential to the RMS value of the potential for
the set of sources reached -60 dB after 17 iterations. Torso-
surface potentials for three of the distributed sources are shown
in Figure 2.

III. SPHERICAL-HARMONIC APPROXIMATION TO THE

FORWARD PROBLEM

The infinite-medium potentials for the discrete primary
sources in the forward problem, eq. 4, are described by terms
in polar angle θ and azimuthal angle φ. These terms are
unnormalized spherical harmonics [7], [8], [9]. In addition
to the primary sources, whether distributed or discrete, sec-
ondary sources are established on the torso-model surfaces
to meet boundary conditions [1], [4]a. The potentials of both
primary and secondary sources may be described in terms of
spherical harmonics, which allow continuous reconstruction of
potentials over the torso-model surfaces. Spherical harmonics
are a suitable choice as basis functions for describing the
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Fig. 2. Conventional, iterative solution to the body-surface potentials in the
inhomogeneous torso. The source was a uniform double-layer of radius 32
mm located at the heart center. Its strength was 1 ma/mm. It was directed from
back-to-front (upper panel), towards the apex of the heart (middle panel), and
from right-to-left (lower panel). Equipotentials are given in millivolts.

bounded-medium potentials V (r) due to the combined effects
of primary and secondary sources, if the surface is single-value
function of angle θ and φ and if the harmonic series furnish
an efficient representation of surface potentials.

A finite-series approximation to V (r) in terms of normal-
ized spherical harmonics is given by:

V (r, θ, φ) =
N∑

n=0

n∑
m=0

anmY e
nm(θ, φ)+ bnmY o

nm(θ, φ) , (5)

where
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In matrix notation the spherical-harmonic approximation to
V (r) of eq. 5 is

[V ] = [Y e
nmY o

nm]
[
anm

bnm

]
. (8)

where the matrix containing asubnm and bsubnm is a column
vector.

A. Solid-Angle , Spherical-Harmonic (SASH) Series

A spherical-harmonic approximation to V (r) was found by
substituting the matrix form of the approximation given by eq.
8, into the conventional, iterative solution to V (r) (eq. 2). The
resulting spherical-harmonic coefficients were designated a sa

nm

and bsa
nm. They depend only on the infinite-medium potential

for the source and the solid-angle matrix for the torso surfaces.
These approximations to the forward problem were designated
as solid-angle, spherical harmonic or SASH series. Although
the torso-surface potentials were approximated, knowledge
of conventional forward-problem solutions was not used to
generate the SASH series.

Simplifying the matrix notation of eq. 2 for convenience:

[V ] = [A][V ] + [G] , (9)

or
([I] − [A])[V ] = [G] , (10)

and substituting eq. 8 for [V] yields

([I] − [A])[Y e
nmY o

nm]
[
asa

nm

bsa
nm

]
= [G] , (11)

where [I] is the identity matrix. With [H ] = ([I] − [A])
[Y e

nmY o
nm], eq. 11 becomes

[H ]
[
asa

nm

bsa
nm

]
= [G] . (12)

Solving for asa
nm and bsa

nm to minimize the mean-square error
of the approximation gives the result that[

asa
nm

bsa
nm

]
= ([H ]t[H ])−1[H ]t[G] . (13)

Torso-surface potentials predicted by fifth-degree SASH
series, which was based only on the infinite-medium potentials
and the solid-angle matrix, are shown in Figure 3 for the same
three double-layer sources depicted in Figure 2. The SASH-
series maps of Figure 3 are difficult to distinguish from the
iterative-solution maps of Figure 2 except in the region of the
shoulders. As part of the quantitative evaluations of the SASH
series, the SASH series were compared to series solutions
which resulted from least-squares-error fits of the conventional
forward-problem solutions. This comparison determined how
close the SASH series were to spherical-harmonic coefficients
found in the least-squares-error sense.

B. Least-Squares-Error (LSE) Series

The SASH approximations to the torso-surface potentials
presented in Figure 3 did not use a knowledge of the conven-
tional forward-problem solutions. If the conventional forward-
problem solutions V (r) are known, then they can also be
matched on a least-squares-error (LSE) basis using a spherical-
harmonic approximation.

The fit of the conventional, iterative solutions yields a set
of spherical-harmonic coefficients, a ls

nm and bls
nm. If

[Y e
nmY o

nm]
[
als

nm

bls
nm

]
= [V ] . (14)
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Fig. 3. Fifth-degree, spherical-harmonic series approximation to the body-
surface potentials in the inhomogeneous torso. Series coefficients were de-
termined from the solid-angle matrix for the torso and the infinite-medium
potentials. The conventional forward-problem solution was not used in deter-
mining the solid-angle, spherical-harmonic (SASH) series. Sources were the
same as those in the previous figure, namely a 32 mm, 1 ma/mm double-
layer directed from back-to-front (upper panel), towards the apex of the heart
(middle panel), and from right-to-left (lower panel). Equipotentials are given
in millivolts.

then[
als

nm

bls
nm

]
= ([Y e

nm Y o
nm]t[Y e

nmY o
nm])−1[Y e

nm Y o
nm]t[V ] .

(15)
Quantitative evaluations were performed on both SASH series
and LSE series as described in the next section.

IV. EVALUATION OF THE SPHERICAL-HARMONIC

APPROXIMATION

Torso-surface potentials on the inhomogeneous torso model
predicted by first- through tenth-degree SASH and LSE series
were compared to the conventional forward-problem solutions
for the eight distributed sources using two measures as shown
in Figure 4. Comparison were evaluated using the correlation
coefficient and relative error [15], whose mean and standard
deviation are shown for the eight sources. Note that the SASH
series, calculated without knowledge of the conventional solu-
tion, behaved almost identically to the LSE series, which was a
fit of the conventional solution. Most of the improvement in the
performance of either series approximation, with increasing
degree of the approximation, occurred around the fifth to
the seventh degree. Potentials calculated from fifth-degree
SASH series for all eight sources had an average correlation

Fig. 4. Performance of the solid-angle (SASH) and least-squares-error (LSE)
spherical harmonic approximations to the torso-surface potentials for double-
layer sources. The mean and standard deviation of correlation coefficients
and relative errors are shown for eight sources. Series approximations were
compared to the conventional, iterative solution in each case. The SASH
series, calculated without knowledge of the conventional solution, behaved
almost identically to the LSE series, which was a fit of the conventional
solution. Both series approximations appear to have reached an asymptote by
about the fifth harmonic.

coefficient and relative error of 0.9993 and 0.036, respectively.
Average values for those measures for tenth-degree SASH
series were 0.9997 and 0.026, respectively. Average values for
the same measures for tenth-degree LSE series were 0.9998
and 0.020, respectively.

Results presented so far apply to forward-problem solu-
tions on the torso surface. Approximations can be found,
however, on all surfaces of the torso model. Furthermore,
approximations can be found for potentials due to secondary
sources, as well as for the total potentials. Table I presents
the mean and standard deviation for fifth- and seventh-degree
LSE approximation on all four surfaces in the torso model
for both total and secondary-source potentials. Note that for
each surface the overall quality of the approximation for total
compared to secondary sources was similar. The degree of the
approximation can vary with each surface depending on the
accuracy desired and the number of nodes used. Because the
lungs were not single-valued functions of θ and φ, infinite-
medium potentials (eq. 4) were used instead of spherical
harmonics (eqs. 6 and 7) to define the basis functions. The
difference between the two basis sets is that radius is required
to calculate the approximation from the infinite-medium po-
tentials. In other words, the geometry of the lungs is needed to



FORWARD-PROBLEM APPROXIMATION 5

map the approximation values. In contrast, the geometry of the
torso and heart is not needed to map the spherical-harmonic
approximation to forward-problem solutions.

TABLE I

PERFORMANCE MEASURES FOR UNIFORM DOUBLE-LAYER SOURCES

FIFTH- AND SEVENTH-DEGREE APPROXIMATIONS IN THE

INHOMOGENEOUS TORSO

Total Pot. Torso Heart Right Lung1 Left Lung1

CC (n=5) .9993 ± .0002 .9987 ± .0010 .9973 ± .0006 .9976 ± .0006

CC (n=7) .9997 ± .0001 .9999 ± .0001 .9994 ± .0001 .9990 ± .0002

RE (n=5) .036 ± .006 .049 ± .018 .074 ± .009 .069 ± .009

RE (n=7) .026 ± .004 .016 ± .005 .034 ± .004 .043 ± .005

Sec. Pot. Torso Heart Right Lung1 Left Lung1

CC (n=5) .9981 ± .0001 .9999 ± .0002 .9972 ± .0006 .9975 ± .0008

CC (n=7) .9991 ± .0002 1.0000 ± .0001 .9994 ± .0001 .9991 ± .0002

RE (n=5) .062 ± .006 .011 ± .004 .074 ± .009 .069 ± .012

RE (n=7) .042 ± .005 .006 ± .002 .033 ± .005 .042 ± .006

1) Match using Infinite-medium potentials

TABLE II

PERFORMANCE MEASURES FOR DIPOLE AND QUADRUPOLE SOURCES

FIFTH- AND SEVENTH-DEGREE APPROXIMATIONS IN THE

INHOMOGENEOUS TORSO

Dip. Pot. Torso Heart Right Lung1 Left Lung1

CC (n=5) .9993 ± .0003 .9997 ± .0000 .9976 ± .0009 .9980 ± .0003

CC (n=7) .9996 ± .0002 .9999 ± .0000 .9995 ± .0001 .9992 ± .0003

RE (n=5) .038 ± .007 .022 ± .002 .068 ± .013 .063 ± .005

RE (n=7) .028 ± .006 .014 ± .001 .030 ± .005 .040 ± .007

Quad. Pot. Torso Heart Right Lung1 Left Lung1

CC (n=5) .9959 ± .0012 .9995 ± .0001 .9985 ± .0005 .9970 ± .0013

CC (n=7) .9991 ± .0001 .9998 ± .0000 .9997 ± .0000 .9990 ± .0003

RE (n=5) .089 ± .013 .031 ± .002 .055 ± .010 .077 ± .016

RE (n=7) .041 ± .004 .017 ± .003 .026 ± .001 .044 ± .007

1) Match using Infinite-medium potentials

The results in Table I summarize the performance of eight
uniformly distributed sources. Obviously, many other dis-
tributed sources could have been studied. Multipolar sources,
however, can be combined to characterize any distributed
source. Table II presents the mean and standard deviation
for fifth- and seventh-degree LSE approximation on all four
surfaces in the torso model to the total potentials of the three
dipolar and five quadrupolar orthogonal sources. Note that
for each surface the quality of the approximation to the total
potential for the fixed, discrete dipolar sources was comparable
to that for the double-layer sources (Table I). For example,
there is no significant difference on any surface between the
relative errors for the distributed and dipolar sources. The
performance for the quadrupolar sources is also similar to that
for the dipolar sources.

V. DISCUSSION

Although the methods for generating the direct and least-
squares-error approximations to the forward problem can be
applied with other basis functions, spherical harmonics were
successful in characterizing forward-problem solutions for a
variety of distributed and discrete sources. The average relative
error for seventh-degree, spherical-harmonic series over the
torso and heart in the four-surface, torso model was 0.024

for the 48 potential maps described in Tables I and II. The
characteristics of these sources suggest that these results are
representative of many other source configurations. Each of
the eight uniform double-layer sources actually represents
an infinite number of sources because the forward-problem
solution is the same for any double layer that closes the
surface containing the double-layer disks that were used [4].
Furthermore, the dipole and quadrupole sources are the first
terms in a multipole expansion which can be used to represent
any arbitrary source. Therefore, similar relative errors can be
expected for a wide variety of other possible sources. Similar
relative errors are also expected for additional inhomogeneities
because errors were virtually unchanged as inhomogeneities
were added to the torso model. The average relative errors
of the seventh-degree, spherical-harmonic series for the total
potential due to the eight distributed sources on the torso
surface were 0.026, 0.025, and 0.026 for the homogeneous
torso, for the torso with heart, and for the torso with heart
and lungs, respectively. Spherical-harmonic series also had
comparable relative errors when used to match the transfer
coefficients that relate epicardial to torso-surface potentials
[16]. Transfer coefficients for a 58-node heart in a 715-node
torso were matched with relative errors of 0.065, 0.037, and
0.026 for fifth-, seventh-, and tenth-degree series, respectively.

Spherical-harmonic approximations succeeded in matching
forward-problem solutions on the torso and heart. These sur-
faces were single-valued functions of the polar and azimuthal
angles from an origin at the x-ray center of the heart. The
lungs, of course, were not. Unfortunately, moving the origin
for the spherical-harmonic approximation to the center of
the lungs did not provide a comparable fit to that on the
torso or heart because the spherical-harmonic series was not
located in the vicinity of the primary source. Infinite-medium-
potential approximations at the x-ray heart center, however,
did provide matches on the lungs which were comparable
to the fits on the torso and heart found using spherical
harmonics. Infinite-medium approximations are composed of
a function of the radius in addition to spherical harmonics
(Compare eq. 4 to eqs. 6 and 7). Although spherical harmonics
provided a successful basis set for the torso and heart, other
inhomogeneities like the lungs presumably will require basis
functions that must incorporate knowledge of the geometry of
the inhomogeneity to reconstruct forward-problem solutions.

Computation of both the SASH and LSE series required
inversion of an NxN matrix, where N is the number of
coefficients in the spherical-harmonic series. N is the degree
of the harmonic plus one squared. Because N can be much
smaller than the number of elements in the surface model,
the forward problem can be approximated faster than the
conventional, iterative solution can be found. Forming the
SASH series was slower than the finding the LSE because
it also required multiplying the basis functions by the solid-
angle matrix. The SASH series was 3.8, 2.3, and 1.2 times
faster than the conventional solution for fifth-, seventh-, and
tenth-degree approximations. The LSE series was 76, 38, and 7
times faster than the conventional solution for fifth-, seventh-,
and tenth-degree approximations.

Results of the forward-problem using the iterative, con-
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ventional method are tabulated at nodes of the torso model.
Representation of torso-surface potentials with a spherical-
harmonic series replaces the list of potentials with a set of
coefficients. Series representation of surface potentials has two
advantages. First, the set of series coefficients can be smaller
than the list of potentials. Although the list need not contain
the potentials at all node, to include them all would require
715 values in this study because the torso model contained 715
nodes. A fifth-degree series contains 36 coefficients. Thus the
number of items required to represent torso potentials using
a fifth-degree series is reduced by a factor of about 20. The
reduction is by a factor of 11 and 6 for seventh- and tenth-
degree spherical harmonics, respectively. Second, the series
can be used to predict surface potentials everywhere on the
torso surface not just at the nodes of the torso model. This
advantage may be useful for cases in which electrocardio-
graphic measurements are made at sites which differ from
the location of torso-model elements. Using the conventional
approach, both the torso geometry and the forward-problem
solution are required to interpolate the transfer coefficients to
find the value at such an electrode site. With the spherical
harmonics, only the location of the electrode, as specified by
its polar angle θ and its azimuthal angle φ is needed; torso-
model geometry is no longer needed.

The spherical-harmonic approximations are a transformation
of surface potentials into an orthogonal basis set whose spatial-
frequency content increases with increasing degree. Conse-
quently, their use may provide a structure for the systematic
study of the effects on forward-problem solutions of both
changes in torso shape and inclusion of inhomogeneities. Con-
sider Figure 5, which shows the relative contribution of each
degree of a tenth-degree LSE series for the torso potentials
in the torso model with and without inhomogeneities. The
changes in the contributions to torso potentials are shown
with respect to the values found in the homogeneous torso
which was used as baseline. The homogeneous torso values
were set to zero for all harmonics and the solutions with
inhomogeneities adjusted accordingly. Clearly, the effect of the
inhomogeneities depends on the degree of the harmonic and
the amount of change at each harmonic depends on the nature
of the source. For example, for all three sources the addition
of the cardiac inhomogeneity reduced the contribution of the
fourth harmonic by about 5 dB. When the lungs were added,
however, the contribution for the fourth harmonic increased by
4 dB for the frontal source, decreased by 3 dB for the axial
source, and was unchanged for the sagittal source.

VI. CONCLUSIONS

Low-degree, spherical-harmonic series provide an accurate
representation of forward-problem solutions for both dis-
tributed and discrete cardiac sources. These series can be found
more rapidly than the conventional, iterative solutions with or
without knowledge of those solutions. Series coefficients fur-
nish a more compact representation of surface potentials than
a tabulated list of potentials at the elements of the torso model.
Furthermore, the series yield continuous approximations of
forward-problem solutions which are valid everywhere on the
torso surface.

Fig. 5. Relative contribution of each degree of a tenth-degree LSE series
for the torso potentials in the torso model with and without inhomogeneities.
Changes in the contributions to torso potentials are shown with respect to the
values found in the homogeneous torso which was used as baseline, i.e., set
to zero. The effect of the inhomogeneities depends on the direction of the
source and the spatial frequencies of the torso potentials, which increase with
the degree of the spherical harmonic.
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